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THE TRANSFORMATIONS OF ENERGY AND THE 
MECHANICAL WORK OF MUSCLES 


The twenty-third Guthrie Lecture, delivered 11 November 1938 


BYoRRoneA] V2 HICUtRiS: 


deliver this 23rd annual Guthrie Lecture. A personal pleasure, since the 

invitation, and the honour it signifies, were one more—and a very special—sign 
of the friendliness which I have so often experienced from your Society and its 
members: a scientific pleasure, since it gave one the opportunity of presenting in 
physical terms, for your consideration and criticism, some new and strikingly simple 
relations which have lately appeared in an old and apparently complicated subject. 
It will not seem to you strange that the discovery of those simple relations was 
preceded by a considerable improvement in experimental method and a long time 
spent in that improvement (figure 4 below); or that the apparent complexity was 
really due to an imperfect knowledge of the facts. That is the way in scientific 
progress. It is encouraging, however, to find once more, even in such uncompro- 
mising material as our own bodies are made of, that physical simplicity may be 
found if only we search for it patiently, with instruments and methods sufficiently 
well adjusted to the purpose. 

A philosopher once remarked that the chief occupation of mankind is moving 
things about: he might have added, “or holding things in place”. Both occupations 
are functions of the muscular system, both require the continual transformation of 
energy. In the dynamic process of moving things chemical energy is transformed 
partly into mechanical work, partly into heat: in the static process of holding things 
in place chemical energy is transformed only into heat. Muscle is by far the most 
important agent in the animal body for transforming energy : we shall discuss to-day 
the mechanical work which a muscle performs and the energy which it uses; and 
we shall see that the study of these can throw considerable light on the nature of the 
biological mechanism. 

There are many kinds of muscle, the voluntary muscles which move the limbs 
and other parts of the body, the heart which circulates the blood, the involuntary 


muscles which perform a variety of functions—for instance in digestion or excretion 
I 
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__and are outside the conscious control of the animal. All of these muscles consist, 
as to 80 per cent of water, as to the remainder chiefly of protein, but also of salts, 
carbohydrates and various chemical substances. Much has been learnt in recent 
years about the chemical processes occurring in muscle and the enzymes which 
catalyse them; but the story is complex and as yet by no means clear, and its details 
are, for the present purpose, irrelevant. All we need to know is that muscle is 
liberally supplied with oxygen by diffusion from its blood vessels, that it contains an 
ample supply of fuel for oxidation, and that a variety of chemical reactions are known 
to occur in it during activity to provide energy for the work it does and the heat it 
gives out. 

The mechanical activity of muscle resulting from stimulation, namely, shortening 
or the development of an external force, is probably associated with alterations in 
the mutual relations of an ordered array of protein molecules. A comparison of the 
molecular patterns of resting and of active muscle, by modern physical methods, 
should throw much light on the mechanism of muscle. That remains, however, 
largely a matter for future achievement: though research may be guided by the 
relationships which we are later to discuss. 

The anatomical unit of voluntary muscle is the single fibre, a long thin cylinder 
about 50. in diameter, to which comes a nerve fibre conveying impulses which 
cause it to contract. With the nature of those impulses we are not now concerned: 
it is sufficient that their action can be imitated electrically, in all significant respects, 
by short pulses of current, for instance by condenser discharges, applied directly 
to the muscle. When a muscle fibre is stimulated by a single shock it contracts and 
relaxes again : with a succession of shocks at a sufficient but not too high a frequency, 
it remains contracting until the succession of shocks, the stimulus, ends. A con- 
tracting muscle shortens and does work if its load is not too great: otherwise its 
tension rises and remains up until the stimulus ends. 

At rest a muscle uses oxygen and gives out heat at a very low rate depending on 
its temperature. During activity it uses energy at a high rate, part of the energy 
appearing as work if the mechanical conditions allow, the larger fraction, however, 
as in other engines, as heat. The rate at which energy is liberated is not constant, 
but depends on how fast the muscle is shortening and on how much work it is 
doing: in fact, as we shall see, the rate of energy liberation depends on the load. 

‘The work done by a stimulated muscle is due entirely to its capacity for shortening 
under a load. A change of volume does occur, but this is so small that it has no 
significant mechanical effect. A very important characteristic of muscle is the way 
in which the speed of shortening, and the rate of doing work, depend on the load. 
When the load is great the speed of shortening is low, when the load is small the 
speed of shortening is high, with zero load the muscle attains a certain limiting 
speed which will be referred to later. When a muscle contracts at constant length 
it exerts a certain force which is known as the isometric tension: with loads greater 
ne us it peng eas, faster the greater the load, until at a certain limiting load it 

gives” or “relaxes”, just like a wire stressed beyond its elastic limit. 

Consider a contraction steadily maintained by a series of shocks of frequency 
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high enough to give complete fusion of the individual responses. Let us vary the 
load and determine experimentally, in different contractions, how the speed of 
shortening depends on the load. It is very important, for simplicity in interpreting 
the results, that the load should be constant, that it should demand a constant force 
in the muscle to overcome it, whatever the velocity of acceleration. This is because 
the contractile part of the muscle, as we shall see, has in series with it an elastic 
part which instantly alters its length if the load on it changes. Constancy of load 
Tequires that the lever system used for applying the load should be without friction 
and without inertia. Friction can be sufficiently avoided by the use of miniature 
ball-bearings (R.M.B.): inertia by the use of the classical isotonic lever, consisting 
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Figure 1. Relation between speed of shortening and load in isotonic contraction of frog’s muscle 
at o° c. Circles, observed points: curve calculated from the characteristic equation 


(P+a) (v+b)=(Po +a) b, 

where P is load, w is velocity, P, is isometric tension and a and 6 are constants. 
of a thin metal strip with a load hung very close to the axis. At the speeds with 
which we are concerned the work done by a muscle shortening against an isotonic 
load of this kind is all used in lifting the load, no significant part of it appears as 
kinetic energy in the lever system. 

In a given contraction, if the load is constant the speed of shortening is constant 
also (see figure 8 below): this is not true if the muscle shortens more than a certain 
distance, but that need not be exceeded, and we want to avoid complications. The 
speed is simply measured from the slope of a record ona drum. The relation between 
load and speed of shortening is shown in figure 1. It seems natural enough at first 
that the speed should be greater the less the load. This is not so simple, however, 
when we come to analyse it. We are apt to think in terms of our muscular sense, 


and nearly always in ordinary life a greater load is associated with a greater inertia. 
I-2 
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If a contracting muscle behaved like a long stretched spring, an analogy which jumps 
to the mind at once, it would naturally give a greater velocity to a smaller mass: the 
acceleration, however, not the velocity, would then at first be constant. In the actual 
experiment, moreover, the load is without appreciable inertia, and the simple 
analogy of the stretched spring fails. If we wish to stick to the spring as a model it 
must be one possessing viscosity, a damped spring in which that part of its tension 
which is not overcoming external force is used in overcoming internal resistance. 
Then, with a greater external load, less force would be available internally for 
producing a change of form, and the velocity of shortening would be less. 

This modified analogy of the damped elastic body has dominated current views 
of muscles for some time. In its simplest form it required that the velocity of 
shortening should increase linearly as the load decreased. Let P, be the tension of 
the spring, the maximum force exerted at zero speed, kv the viscous resistance to 
shortening with velocity v, and P the load: then 

P,=P+kv. 

This linear relation is not the one which is found experimentally. Presumably in 
the rather complex heterogeneous system of muscle the viscous resistance was not 
simply proportional to the velocity, but to some function of it: for example, as we 
shall see, to v/(v+5), where 6 is a constant. v/(v+) increases with, but not as fast 
as, the velocity. Again, the viscosity, if it be viscosity, is present only to a very 
minor degree in resting muscle, as is easily found by stretching and releasing it. 
Presumably the “viscosity”, like the tension, was a property of the active state: 
stimulation produced in the muscle a new elastic system, of shorter natural length, 
and one endowed with considerable hysteresis. Strong evidence indeed existed, 
for example changes of double refraction, of a molecular pattern in muscle, which 
altered in activity, and the hysteresis observed might be due to the time taken by 
the molecules in forming new patterns when the muscle shortened and its external 
form was changed. Until the new pattern was complete the external force was not 
fully developed: in changing form at a constant speed, the force was diminished by 
a constant amount proportional to v/(v+)). 

This then was the picture. In the resting state a muscle is an elastic and slightly 
viscous body, with a natural length /,. In the active state it suddenly becomes a new 
elastic and highly viscous body, with a natural length J, considerably less than /,. 
It develops a force therefore and tends to shorten. The active state is due to a kind 
of crystalline pattern in the protein molecules tending towards a shorter length, 
and the apparent viscosity is the result of the time lag of the molecules in finding 
new places when the external shape of the muscle alters: until they find new places 
the full external force cannot be developed. This view of the matter must, I think, 
be replaced by quite a different and a more exact one, based on considerations of 
energy regulation, which we will discuss. It is possible, however, that in some 
respects, and for the case of some muscles, we may have to return to it. 

‘The experimental relation between load and speed is rather exact and can be 
expressed by a simple equation 

(P+ a) (v+6)=a constant, 


The transformations of energy and the mechanical work of muscles 5 


where P is load, v is velocity of shortening, and a and b are constants to which we 
will refer later. The curve is a rectangular hyperbola with axes at P= —a, v= —b. 
If Py be the isometric tension, for which v=o, the equation becomes 


(P+a) (v+b)=(Py+a) b. 


This can be written P,=P+(P)+a) oe 
; O+ 
which, by analogy with the equation, 
Py=P+khkv, 


suggests, on the hypothesis of the damped spring, that the internal resistance is 
proportional not to the velocity but to v/(v+5) as referred to earlier. We shall see, 
however, that quite a different explanation of the characteristic equation can be 
given, one based on the manner in which the energy output of the muscle is 
regulated. This explanation has the convincing evidence in its favour that the 
constants a and b can be determined independently by measuring the heat of 
shortening and the rate of energy liberation with a thermopile and galvanometer, 
and the values so determined prove to be the same as those found by fitting the 
equation to the purely mechanical observations of load and speed. 

Let us then turn to the heat-measurements. Figure 2 is a drawing of the 
thermopile which has made these particular measurements possible. It is a master- 
piece of Mr A. C. Downing’s skill. Its particular virtue is its thinness, giving it 
extreme quickness in taking up the temperature of the muscle and an almost 
negligible heat capacity. Quickness is necessary since the processes which we wish 
to follow are very rapid. The thermopile has to lie directly in contact with the muscle, 
so must be effectively insulated: after soaking in salt solution for hours its mica and 
bakelite, only 18,1. thick on each face, still maintain a resistance of many megohms 
between muscle and circuit. It has 42 couples of constantan-manganin, 15). thick, 
in a length of 14 mm., and it gives 1:56 mv. per 1° c. It has a special provision of 
dummy couples at each end, so that when the muscle shortens, or relaxes, no part 
of it shall come on to the active thermopile which has not previously been subject 
to the same thermal conditions, particularly of heat loss by conduction, as exist, in 
the part of the muscle already on the thermopile. It must be remembered that a 
muscle is always producing heat, and a difference of thermal conduction means a 
difference of temperature in the part affected. By these dummy couples serious 
errors are avoided: indeed this simple trick of protecting the active part of the 
thermopile from muscle of a different temperature coming on to it during shortening 
has been the chief factor in obtaining the present apparently rather accurate results. 
The thinness of the thermopile has given the necessary speed of response—8o per 
cent of the full e.m.f. is produced within 12 msec. of the rise of temperature causing 
it—and the protection of its active elements against temperature differences in the 
muscle moving over them has made the results reliable. 

If, however, justice is to be done to a rapid thermopile it must be connected to 
a rapid galvanometer, one with a natural period, say, of 50 msec. or less. Now no 
galvanometer with such a period has—or can have—anything like the required 
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sensitivity: about 20 times the deflexion is required. The obvious suggestion of 
amplification by thermionic valves can be put aside, since the temperature changes 
are small and we have to read to something less than o-1v.: no existing method of 
amplification is steady to that degree. A more sensitive thermopile, with a much 
larger number of couples, might conceivably be built, not by soldering where 
the limit has already been nearly reached, but perhaps by electrodeposition, or 
sputtering, of the active metals: a twentyfold increase of sensitivity, however, in 


ZZ 
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Figure 2. Thermopile for muscle heat. I (a) end view and I (b) side view of element, unmounted. 
II, end view of element mounted: hot junctions in middle of groove. III, complete instrument 
with pair of muscles, m, clamped at p and connected by thread and chain (fh, k) to recording lever: 
n, stimulating electrodes. IV, enlarged view of portion of element in groove: u, 42 insulated 
couples, protected by v, 20, and f, 3 insulated dummies. 


this way, is not at present within sight. A resistance thermometer can be shown 
to be much less effective than a thermopile. The only thing to do is to choose 
a galvanometer of suitable period and then to magnify its deflexion. 

Fortunately this can be done by photoelectric means, the light returning from 
the mirror of the primary galvanometer G, falling upon a differential photo-cell and 
producing a current which deflects a secondary galvanometer G,, figure 3. An 
adjustable fraction of the current from the photo-cell is fed back into G, in order to 
make it quicker and more stable: by this the sensitivity can be set to any value 
required; and any unnecessary sensitivity is not wasted but used to improve the 
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speed and steadiness of the system. The method works well and provides the 
sensitivity required. The deflexion resulting from a sudden rise of temperature of 
the muscle is nearly complete in 50 msec., figure 4. 

Hitherto photographic recording has been used. With the unlimited amplifica- 
tion, however, which is possible with a differential photo-cell the secondary galvano- 
meter can be of the pointer type, and a system is being constructed by which the 


Figure 3. Circuit of coupled galvanometers. Th, thermopile, connected to primary galvanometer, 
throwing light on to differential photo-cell P. R,, R2, resistances for adjusting feed-back to Gy. 
G,, secondary galvanometer, magnifying movement of G,. S, shunt to G,, for adjusting 
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Figure 4. To illustrate speed of recording muscle heat, after short or instantaneous heating. 
A, 1920 (lower time scale); B, 1933; C, 1933; D, 1937; E, 1938. 


movements of the primary galvanometer will be recorded, after amplification, on 
a smoked revolving drum. This arrangement may be useful whenever small e.m.fs. 
too small for ordinary amplification, have to be recorded at high speed. 

In figure 5 (A) the lines 4, E and K are heat deflexions produced by a muscle 
contracting isometrically—i.e. without shortening. The rate of heat production is 
greater at first and in a second or two becomes nearly constant. ‘The deflexions L, 
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Figure 5. Heat deflexions during isometric and isotonic contractions. (A) A, E, K, isometric 
N, M and L, release of 9:1 mm. under small load, at start, at o-9 sec. and at 18 sec. B, C and D, 
shortening under small load through 2, 3% and 5 mm. J, H, G and F, shortening 5-2 mm. 
against 3, 6, 14 and 25 g. load. (B) A and E£, isometric. B, C and D, shortening under small load 
through 3:4, 6-5 and 9-6 mm. J, H, G and F, shortening 6:5 mm. under loads of 2, 13, 24 and 
32 8 
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M and N were given when the muscle was allowed to shorten rapidly 9 mm. under 
a small load of 3 g. The beginning and the end of shortening are clearly shown by the 
angles in the curves. Extra heat is produced when shortening is permitted, and the 
amount of it is the same whenever the shortening occurs. The deflexions B, C and D 
were produced by shortening under a small load through various distances, 2, 34 
and 5 mm. Careful measurement in such cases shows that the extra heat is directly 
proportional to the amount of shortening. The deflexions ], H, G and F were due 
to shortening 5-2 mm. against various loads, 3, 6, 14 and 25 g. The greater the load 
the slower the shortening and the appearance of the extra heat, but careful measure- 
ment now shows that the total extra heat is the same whatever the load. With a 
greater load, of course, correspondingly more work is performed: but the extra 
heat for shortening is the same. A similar set of effects if shown in figure 5 (B), for 
shortening at the start. We see, therefore, that the process of shortening as such 
causes an extra liberation of heat, that this heat is proportional to the amount of 
shortening, and that it is independent (a) of the moment at which shortening occurs; 
(0) of the load, the work done, or the speed of shortening; and (c) as has been found 
in experiments made on the same muscle at different temperatures, after allowing 
for the alteration of force exerted, of the temperature. 

Letx be the distance whicha muscle shortens ; then the shortening heat, expressed 
in dynamical units, is ax. a is found to bear a very constant relation to Py, the 
maximum force which the muscle can exert in an isometric contraction: the mean 
value of a/P, is 0:25. It is as though the shortening of the muscle were resisted by 
a constant frictional force equal to one-quarter of the isometric tension, the work 
done against this resistance being degraded into heat. ‘The maximum force of frog’s 
muscle is about 2 kg./cm? of fibre cross-section, so the apparent resistance is 
about 500 g. In human muscle the maximum force is several times as great, so the 
apparent resistance to shortening is probably 1 or 2 kg./cm*, a fairly considerable 
quantity. The shortening heat may require delicate thermal methods for its detection 
and measurement, but if we express it in dynamical units we see how important it 
really is. 

When a muscle shortens, then, it gives extra heat ax, but it also does work 
Px, where P is the load. The total extra energy therefore is (P+ a) x. For very slow 
shortenings P may be nearly equal to Py, the isometric tension, so the work may be 
nearly four times the shortening heat. For rapid shortenings P must be small, and 
the work becomes small compared with the shortening heat. The rate at which 
extra energy is liberated in shortening is (P+) dx/dt or (P+ a) v, and a very simple 
and striking relation is found experimentally to exist between this and the load, as 
shown in figure 6. The rate of extra energy liberation is a linear function of the load, 
(P+a) v=b (P,—P), where 4 is a constant of the dimensions of a velocity, and in 
frog’s muscle at 0° c. is about 4 of the muscle’s length per second. Unlike a/P,, b 
is considerably affected by temperature, being about doubled by a rise of 10° c. 

Now the equation (P+ a) v=b (P)—P) may be written, 


(P +a) (v+b)=(Py+a) 4, 
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and this is the very equation which we found earlier to describe the relation experi- 
mentally observed between load and speed. The constants a@ and b are the same 
whether we determine them directly by measurements of heat and work, or indirectly 
by fitting the equation to the experiments on load and speed. ‘Thus the form of es 
relation, given in figure 1, between speed of shortening and load requires no eae 
hypothesis of viscosity or hysteresis to explain it: it is an inevitable consequence o 

the two facts, independently found by measurement of heat and work, (2) that 
shortening as such is accompanied by a proportional liberation of heat, which is 
independent of all other conditions; and (6) that the rate at which energy is liberated 
decreases linearly with the load on the muscle, as the load is increased. 
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Figure 6. To show rate of total energy liberation (in excess of isometric) as function 
of load during muscular shortening. Seven consecutive experiments. 


Reasonable and attractive, therefore, as the viscosity hypothesis appeared it is 
found to be completely unnecessary, and we are left with the problem of explaining 
(if we can) (a) the heat of shortening and (6) the decrease of total energy rate with 
increasing load on the muscle. We will return to that later. 

We have dealt so far with the case of a muscle shortening under a load less than 
the isometric tension. What happens when the load is greater? The equation 
(P+a)v=b (P,—P) suggests that if P is greater than P, then v will be negative : this 
is correct (see figure 7). If P is not too great the muscle lengthens slowly and the 
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work done by the falling load does not reappear as heat. The extra energy rate 
(P+ a) v becomes negative, and the total energy given out by the muscle is less than 
In an isometric contraction (figure 7 B: curve D). If P is too great the extra energy 
rate (P+a)v should become large and negative, and so might reduce the total 
energy rate too nearly to that of the resting muscle: the contractile state, depending 
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Figure 7 (A). Upper, heat deflexions; lower, mechanical records; during isometric contractions and 
during lengthening under various loads. E, isometric (long), 40 g. A, shortening under 2°5 g., 
then isometric (short). B, C, D, lengthening under 52, 57 and 63 g. 
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Figure 7 (B). Heat deflexions: A, isometric (long); B, isotonic, small load, then isometric (short); 
C, isotonic, small load, then lengthening under 59 g. D, net energy liberated during lengthening, 
i.e. (heat)-(work). E, mechanical record: note give, then slow lengthening. fF’, sudden give 
under 68 g. 


on a continual liberation of energy, might no longer be maintained. This is what we 
find: with too great a load the muscle gives, just as it does in relaxation when the 
stimulus ends, and the work of the load is turned into heat. For technical reasons 
the experiments on lengthening are very difficult, and at present an exact quantitative 
parallel cannot be drawn: qualitatively, however, the relations which have been 
established for shortening muscle seem to apply, with the necessary change of sign, 
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to lengthening muscle, showing that the processes involved are, to that extent at 
least, reversible. Had viscosity really been the basis of the relation between load 
and speed that reversibility could not have been found. 

We have considered so far the case of a contraction continuously maintained : 
it is interesting to see what happens when the stimulus ends and the muscle relaxes. 
In figure 8, A is the heat record of an isometric contraction due to a stimulus of 
0-6 sec. duration. B is the heat record and } the mechanical record of an isotonic 
contraction due to the same stimulus in which 39 g. was raised and held up, so that 
in relaxation no work was done on the muscle. C and ¢ are the heat and mechanical 
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Figure 8. To show heat deflexion during absorption of mechanical energy in relaxation. 0°6 sec. 
stimulus, A, isometric. B, isotonic, 39 g. load, all but 34 g. held up in relaxation. C, isotonic, 
39 g. load, bearing on muscle in relaxation. b and ¢ corresponding mechanical records. 


records of the same isotonic contraction in which the load was not held up but 
allowed to bear on the muscle during relaxation. The work done by the muscle in 
contraction was turned into heat in relaxation, and the excess of C over B is found 
in fact to be equal to the work. In this particular case the work was 30 per cent of 
the whole energy given out by the muscle. Apparently the process of relaxation is 
entirely irreversible: the muscle just gives under the load, as a wire gives under a 
tension beyond its elastic limit, and the work of the load is turned direct into heat. 

It will occur at once to an engineer that the observed relation between load and 
speed, figure 1, implies the existence of an optimum load, one with which the power 
output of the muscle is greatest. The rate of doing work is Pv. Using the characteristic 
equation this becomes bP (P)—P)/(P+.a) which can be shown to be a maximum 
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when P/a=/(1+P,/a)—1. In the frog P)/a=4, so that P/P)=0-31: that is, the 
maximum power output occurs with a load about 33; of the maximum force which 
the muscle can exert. It is possible that in other muscles P,/a will not be exactly 4, 
but it can be shown that for variation of P,/a from 3 to 7 the optimum value of P/P, 
changes only from 0-34 to 0-27. Thus in any practical case the optimum load is 
about 3°5 of the maximum. It would be very interesting to find out whether tools 
and devices by which work is done, such as spades and oars, have been designed 
empirically for a load which is near the optimum in this respect. 

Maximum horse power, however, is only one factor in a motor: economy is 
equally important. In muscle the limit to a maintained energy output is set by the 
oxygen supply through the lungs and circulating blood: if the power expended is 
greater than corresponds to the maximum oxygen supply, fatigue and exhaustion 
set in. Hence it is interesting to inquire what load gives the greatest efficiency, the 
greatest ratio of work to energy. The dominant factors now are these: (a) apart 
altogether from shortening and doing mechanical work, the mere maintenance of 
a contraction requires energy, as is seen in the isometric heat deflexions of figure 5; 
(6) a greater load gives correspondingly greater work, but it results in a slower 
shortening which has to be maintained longer. 

These factors act in opposite directions, and a balance must be struck between 
them. If the load is small the shortening is quick and little energy is then required 
to maintain the contraction; but little work is done. If the load is great the work is 
great too; but much energy is required to keep up the contraction throughout the 
long shortening involved. If we suppose, for simplicity, what is only a rough 
approximation, that the energy required to maintain a contraction is proportional 
to its duration; and if we assume that the stimulus is cut short so that the energy 
supply for maintenance of contraction is stopped as soon as shortening is complete ; 
then we may write down the following equations: 


Work =P, 
Heat =ax+At, 


where ax is shortening heat and kt is the energy required to maintain the contraction 
for time f. 
Hence the efficiency  =(work)/(total energy) 


= Px/[(P+ 4) x+ ki] 
= Pv/[(P+a) v+k]. 
With the aid of the characteristic equation we can eliminate v, and obtain 


(Pota)a 1 (Pot+K)K I 
Pjtat+KP+a P,+a+K Pjt+K-P’ 


where K=k/b. E is a maximum when 


E=1- 


& +a Z| 
(P+a)/(P)+K-—P)= ae 


Now in frog’s muscle at 0° c. all the quantities involved are approximately known. 
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In the earlier stages of an isometric contraction k may be taken as about 180 g.-cm. 
of energy per g. of muscle per sec., or for a 1-cm. cube of muscle about 189 g.-cm. 
per sec. 6 is about 4 of the muscle-length per sec., i.e. 0°33 cm./sec. Hence 
K=k/b=567 g. For the same block of muscle a= 400 g. and a/P)=0'25. Substi- 
tuting these we find, for the highest efficiency, P/P)»=0°46; and the calculated value 
of the highest efficiency works out at 39 per cent. Values of the efficiency are 
obtained experimentally as high as 37 per cent, and these with loads from 0-4 to 
o'5 P,. The agreement is good enough. 

These efficiencies refer only to the initial process. A prolonged recovery process 
follows contraction, during which about as much energy is given out, as heat, as in 
the contraction itself. The overall efficiencies, therefore, are only about one-half of 
those referred to. 

Apparently, therefore, the most efficient speed is somewhat less than that at which 
the greatest power is developed. The load for maximum efficiency is 46 per cent of 
maximum load: the load for maximum power is 31 per cent. Taking 39 per cent of 
maximum load, however, as a compromise, the calculated efficiency and the calculated 
power are both practically undiminished : the maxima involved are rather blunt. Itis 
an amusing sidelight on the excellence of biological engineering that the maximum 
efficiency and the maximum power of a frog’s muscle are so nearly obtained at the 
same speed. Similar experiments and calculations should be made on other muscles, 
and if possible on those of man: though, with the latter, very different methods will 
be required! I suspect that closely analogous results will be obtained. 

The maximum speed of shortening also should be referred to : from the character- 
istic equation it occurs at zero load and is simply bP,/a. Since P,/a is usually about 4 
the maximum speed of shortening is 4b. With this, as in the isometric contraction, 
all the energy is turned into heat. 

Having disposed of the damped elastic theory, involving the supposed viscosity, 
in favour of that involving energy regulation, we have regarded the muscle as being 
transformed very rapidly by a stimulus to an active state, in which its behaviour is 
defined by the characteristic equation with the appropriate constants. We have 
omitted as yet an important factor which must now be shortly considered, an 
undamped and inert series elasticity. If a muscle contracting isometrically, figure 9, 
be suddenly released, the tension will drop to zero if the release be of sufficient 
extent, and then will develop again only gradually, along a curve which is similar 
to that of the initial development of tension when the stimulus began. If, however, 
the release be less, not more (say) than 10 per cent of the muscle’s length, the 
tension will not drop to zero but to some intermediate value from which it will 
redevelop as before. ‘The muscle clearly consists of two parts in series, a purely 
contractile part governed by the characteristic equation, and a purely elastic part 
governed by ordinary elastic rules. 

Consider now the form of the isometric contraction—which, so far as the 
contractile portion C of the muscle is concerned, is not isometric at all, since it has 
e ee OP eee ees an external tension. The development 

; us is applied, we regard as instantaneous: 
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it is certainly very quick. C finds E at first at zero tension, and begins to shorten 
rapidly and to stretch it out: the tension of FE, however, rises as it is stretched, so the 
load on C increases and its speed of shortening correspondingly diminishes. Thus 
the development of tension proceeds at a continually decreasing rate, governed by 
the characteristic equation and the amount of series elasticity. The force P is related 
to the time ¢ by an equation 


—log, (1 —P/P,) i ome tie 
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Figure 9. To illustrate method and result of quick release during isometric tetanus. Left, instrument. 
Right, tension records on moving drum. Note that for release less than 3°7 mm. the tension 
does not drop to zero: for more than 3°7 mm. it remains at zero for a finite time before it begins 
to redevelop. 


where c is the amount of stretch of the elastic component under the full isometric 
tension. This equation, with the known values of a/P), b and c, gives curves, 
figure 10, which closely represents those experimentally observed. ‘There can be no 
doubt that the time taken for the tension to develop in an isometric contraction does 
not represent—as used to be thought—a lag in the development of the contractile 
state; but is occupied chiefly by the contractile portion shortening at a decreasing 
rate, as the tension in the elastic portion rises. 
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This series elasticity is of practical importance. Muscles, particularly mammalian 
skeletal muscles, are very powerful, and if they could exert their full force instantly 
against the inertia of the limbs damage would very probably result. Even as it Is, 
in athletes, tearing of muscles, tendons and ligaments is not infrequent. With its 
series elasticity a muscle cannot instantly develop its full force: and while it is 
developing it the mass accelerated begins to move, and by the time that the muscle 
would have developed its full force the mass is moving fast enough to cause that 
force to be appreciably diminished. 
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Figure 10. Calculated isometric contractions, assuming a contractile part, governed by the character- 


istic equation (P+a) (v+b)=constant, in series with an elastic part, and the usual values of the 
constants. 


The elasticity acts, moreover, as a buffer against shocks: and it allows the muscle 
to accumulate a certain amount of potential energy in an isometric contraction and 
so to shorten suddenly, when required, through a limited distance, at very high 
speed. This potential energy has two very obvious signs on the heat records. In 
relaxation from an isometric contraction, the potential energy turns into heat and 
warms the muscle, like the falling load illustrated in figure 8, but less: a small 
upward hump A, figure 8, appears in the deflexion at the time when the tension is 
falling most rapidly. At the beginning of activity, on the other hand, all the heat 
records of isometric contractions, figure 5, show a rapid upstroke at first, much 
more rapid than the later deflexion. This represents the shortening heat of the 
contractile part of the muscle rapidly stretching the elastic part. In shortening we 
find extra heat produced and work done: the extra heat ax is apparent at once: the 
work P)x/2 appears as heat in relaxation. Since P,/a is about 4 the latter should be 
about twice the former. Both effects can be exaggerated by including a spring in 
the attachment of the muscle to its recording lever: both can be diminished by 
making the attachments as rigid, and the tendons as short, as possible. 

Let us return to our two chief problems, that of the nature of the shortening 
heat, that of the mechanism by which the rate of energy liberation is determined by 
the load. The shortening heat has been written ax g.-cm., where a is constant and 
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« is distance shortened: a has necessarily the dimensions of force, and in frog’s 
muscle at 0° C. it is about 400 g.-wt./em? of muscle cross-section; it is natural 
to think of it as a constant resistance to shortening. It is difficult, however, to 
believe that if a were of a frictional nature it would not decrease with a rise of 
temperature: and experimentally it does not. Further, if it were, there should be 
a difference 2a between the loads at which a muscle (i) just shortens and (ii) just 
lengthens: 2a is a rather large quantity, certainly much larger than the difference 
in question, if it exists. Moreover, there is evidence, not yet quantitative, that the 
heat of lengthening is negative: so the resistance cannot be of a viscous or frictional 
character. It is probably best, therefore, not to think of a as a real force, but simply 
of ax as heat set free in shortening x. 

Without a more concrete picture of the mechanism of muscle than we have at 
present it is probably not useful to speculate very far about the nature of the 
shortening heat; one or two analogies, however, may be pertinent. Consider the 
case of surface tension. This has a negative temperature coefficient, so that heat is 
given out when an area exhibiting surface tension contracts and does work. With 
an air-benzene surface, for example, the heat given out is calculated as about 
0-04 g.-cm. for each 1 cm? by which the area is diminished. We can imagine a 
I-cm. cube made up of 5000 films of substance A interleaved with 5000 films of 
substance B. If each interface had the same properties as one of air-benzene, the 
10,000 of them together would give a shortening heat of 10,000 x 0-04, that is 
400 g.-cm./cm.: the same as frog’s muscle. If we desired a molecular and not a 
thermodynamic analogy we might think of chemical affinities, or electrical attrac- 
tions, satisfied, and heat given out, by the folding up of chains of muscle protein 
during shortening. When more is known about the spatial pattern of the protein 
molecules, and of their mutual relationships, it may be obvious why shortening 
causes a proportional liberation of heat: at present we can only guess. 

The control exercised by the load on the rate of energy expenditure may be due 
to some mechanism as follows. Imagine that the chemical transformations associated 
with the condition of activity occur by passage through, or perhaps by the catalytic 
effect of, certain active points in the molecular machinery: and that when the 
tension in the muscle is high the affinities of more of these points are being satisfied 
by the attractions they exert on one another, and fewer of them are available to take 
part in chemical transformation. When the tension is low, less of these affinities are 
being involved in mutual attraction, and more of them are exposed to, or ready to 
take part in, chemical reaction. The rate at which chemical transformation would 
occur, and therefore at which energy would be liberated, would be directly pro- 
portional to the number of exposed affinities or catalytic groups, and so would be 
a linear function of the force exerted by the muscle, increasing as the force diminished. 
Other such schemes could easily be devised, by which the tension in the muscle 
fibre determined its rate of energy liberation. It would be impossible, again, to 
decide between them until we have a clearer idea, both of the spatial pattern of the 
molecular machinery and of the manner in which chemical energy is transformed 


in it into work and heat. 
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Some ten years ago, when Rutherford was President, I was reading a paper to 
the Royal Society. I had apologized for what I thought was a rather adventurous 
theory and he—in the cheery way we all remember—interposed “Don’t worry 
about it, Hill: the physicists can do much worse than that”. If I could I would 
produce a theory of the mechanisms of which I have spoken to-day and leave the 
members of the Physical Society to go one better—or one worse! But I do not 
believe that we have yet a sufficient basis for a theory. Physiology is not yet ripe 
for overmuch hypothesis. What is wanted still is a more precise and quantitative 
knowledge of the facts; and we have seen to-day how much more easily facts can 
be fitted together, once they are accurately known. Twenty-eight years ago, on this 
very day, on 11 November 1910, Langley, then Professor of Physiology at Cam- 
bridge, suggested, in a letter which I still have, that I should “settle down to 
investigate the variation in the efficiency of the cut-out frog’s muscle as a thermo- 
dynamic machine”. One year later, being very young, I wrote at the end of my 
first paper on that subject, the following grandiloquent sentence, which Langley, 
who did not usually like such things, allowed me to publish: “A complete investiga- 
tion of these facts will give us more real insight into the nature of the muscular 
machine, and therewith of all living tissues, than any theories of contraction ever 
founded by ingenious minds upon insufficient knowledge.” It was provocative, and 
I know it provoked an old gentleman who believed that I must be referring to 
himself: and to-day perhaps I should write it more humbly. But, in spite of its 
grandiloquence, I still think that it is true, and I should not like now to fall under my 
own youthful condemnation by proposing a theory of contraction on evidence which 
is still inadequate. 
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By E. E. WIDDOWSON, University College, Hull 
Communicated by Prof. L. S. Palmer, 31 May 1938. Read in title 14 October 1938 


ABSTRACT. The linear relation R=0-460E x — 0-226, connecting the maximum range 
R in g./cm? with the Konopinski-Uhlenbeck upper limit Eg in Mv. for continuous 
f-ray spectra, is obtained from experimental results; and those results which show large 
deviations from it are discussed. The {range, energy} relation for electrons in lead, 
aluminium and air is obtained from quantum mechanical formulae, and is found to be 
linear in the region under consideration. Reasons for the differences between the theo- 
retical and empirical relations are suggested. 


§1. THE RELATION BETWEEN RANGE AND ENERGY FOR 
KONOPINSKI-UHLENBECK UPPER LIMITS 


is the maximum range in g./cm?, and E is the upper energy limit in Mv., 

for continuous f-ray spectra; a and b being best represented by o-511 and 
—o-ogi respectively. This relation applies to the upper limits determined directly 
from the experimental data. Upper limits obtained by extrapolating a Konopinski- 
Uhlenbeck plot™ are, in general, higher than those obtained directly, and it is of 
interest to obtain a similar linear relation connecting the maximum range and the 
Konopinski-Uhlenbeck upper limit. 

The table gives results for those radioactive elements, emitting electrons or 
positrons, for which results have been obtained both for the maximum range, by 
absorption, and for the extrapolated Konopinski-Uhlenbeck upper limit, by expan- 
sion chamber or magnetic focusing. All available results are given except certain 
widely divergent values generally held to be in error. Figure 1 gives the maximum 
range plotted against the Konopinski-Uhlenbeck upper limit for the 14 elements 
listed in the table. In cases where two or more results are given for one element, 
their mean value has been used. 

The points corresponding to nine of the elements lie close to the straight line 
fitted to them by the method of least squares. Its equation is 

R=0'4608,—0°:226, = = ——— warane (1) 
where Ex is the Konopinski-Uhlenbeck upper limit in Mv. The dotted line, which 
is shown for comparison, corresponds to Feather’s relation given above, between 
the maximum range and experimental upper limit, corrected in accordance with 
more recent determinations™, thus 


R=0°536E—07165. ete (2) 


Pietem obtained the empirical relation R=aE+b (E>0-7 Mv.), where R 
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The remaining five points, for actinium B, radium C’, mesothorium Ap uranium 
X, and fluorine, which show considerable deviations, may be considered briefly. 
The Konopinski-Uhlenbeck upper limits for radium C’, mesothorium 2 and 
uranium X,, determined by Lecoin “ with an expansion chamber, are all too low 
compared with results expected from relation (1). Lecoin states that in the case of 
uranium X, the Konopinski-Uhlenbeck plot was not linear, and no great importance 
can therefore be attached to this result. The absorption measurements by Sargent "” 
and Feather“ are in very good agreement with each other, and with the value 
obtained for the maximum range by applying relation (2) to the experimental 
upper limit of 2-32 Mv. found by Gray and Ward®”, It is probable that in this 
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Figure 1. Relationship between range and energy for Konopinski-Uhlenbeck upper limits. 


case and in the case of mesothorium 2 and radium C” the expansion-chamber 
results are too low, and that the Konopinski-Uhlenbeck upper limits are approxi- 
mately 2-9 Mv. for uranium X,, 2:5 Mv. for mesothorium 2 and 2:4 Mv. for radium 
C”, as determined from relation (1). 

Determinations for actinium B are difficult owing to its short half-life and the 
overlapping of the f-ray spectra of actinium B and actinium C”. For this element 
the range is low in comparison with the Konopinski-Uhlenbeck upper limit: it is 
also low in comparison with the value of 0-23 g./cm? expected from the decay 
constant, Even this value is less than that obtained from the expansion-chamber 
result by relation (1), which is about 0-3 g./cm? 

The discrepancy for the point corresponding to F!” (positron emitter) is pro- 
bably due to the fact that the value 0-55 g./cm?, at which thickness Danysz and Zyw 
state the positrons to be ‘‘completely absorbed”, is not strictly comparable with 
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the ‘end point’ used by other workers. A similar determination by Zyw for Sct?) 
gives a result correspondingly low compared with the maximum range obtained 
from the experimental upper limit by means of relation (2). The range for F!” given 
by relation (1) is about o-g g./cm? 

We may conclude that in general the linear relation 


R=0:460E,—0:226 (Ex > 1-0 Mv.) 


between the maximum range and Konopinski-Uhlenbeck upper limit provides a 
satisfactory representation of the experimental results. 


IME a | Konopinski- 
Element = |*"#X/mum Tange! Reference | Uhlenbeck Method Reference 
| (g./em*) limit (mv.) 
AcB | 0-08 (3) 1 2)5 chamber (4) 
Ace? | 0:60-0:65 (5) 1°850 chamber (4) 
Race | 0°86 8 1°95 chamber (4) 
(0-475 I 
RaE | 10-458 | (3) 1°36 mean value (7), (8) 
he 0°98 (9) 2°70 chamber (10) 
My | ar 
Lhe = aoe a Peis chamber (12) 
MsTh2 o'9I (13) I°900 chamber (4) 
ie = |) oye tr) 1850 | chamber (4) 
FY | wen (14) 2°4 chamber (15) 
SP deere . Res chamber (15) 

: ; {2:10 mag. focusing (17) 
ee we bes (16) (2:15 chamber (15) 
ASt 0'432 (18) Tas chamber (15) 
As* 1400 (8) 3°4 chamber (19) 
Dy 0°46 (5) 1°4 chamber (20) 


The errors estimated by different workers are not strictly comparable, and are therefore 
not given in the table. 


§2. THEORETICAL DEDUCTION OF THE RELATION BETWEEN 
RANGE AND ENERGY 


The reason for the linearity of the relation between range and energy can be 
obtained from a consideration of the general theory of the energy-losses of an 
electron in its passage through matter. This subject was treated by Bohr and others 
by classical methods, and has been worked out more recently by Bloch (3), Bethe 
and Heitler®” and others by the use of quantum mechanics. 

Now while in general the energy lost by an electron in traversing unit path 
varies rapidly with the energy, it is practically constant for energies from 0-7 to 
3:2 Mv., and it is between these values that the known upper limits of continuous 
B-ray spectra lie. For energies below 0-7 Mv. the energy-loss is due almost entirely 
to inelastic collisions, and the loss per unit path decreases rapidly as the energy 
increases. The loss due to collisions is a minimum at about 1 Mv., and thereafter 
increases steadily and very slowly, figure 2. Radiation losses cease to be negligible 
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after about 1 Mv., but for light elements they constitute less than one-tenth of the 
total loss for energies even up to 5 Mv. At very high energies radiation losses 
become enormous, so that the total rate of loss of energy increases rapidly. Curves 
showing the energy-loss per cm. of path in lead for electrons of energies from 
o-01 mc? to 1000 mc? are given by Heitler?®. 

The energy-loss due to collisions has been calculated by Bloch (23); the average 
loss in Mv. per unit (g./cm?) of path for an electron is given by 
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Figure 2. Loss of energy of an electron per unit path in lead, aluminium and air. 


where F is the energy of the electron in Mv., x is the length of path in g./cm?, N is 
the number of atoms per cm? of the substance, Z is the atomic number of the 
substance, p is the density, ¢o is the cross-section of an electron, 6:57 x 10-5 cm?, 
p is the ratio of the velocity of the electron to the velocity of light, TJ is the kinetic 
energy =+mc?, [1/(1—B?)#—1] or 1-96 E, and IZ is the average ionization energy 
of the atom, J having the value 13-5 v.° This formula is valid so long as BS 1127 

‘The energy loss due to radiation (Bremsstrahlung) being emitted by the electron 
as a result of deflexion in the field of an atom is given by °* 

Can N $raa. (Becta) 

where ¢raa. is the appropriate cross-section, which reduces to 164/3 for very small 
velocities, and to 4¢ {log 2 (1:96£ + 1) — 1/3} for extremely high velocities. Values 
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for intermediate velocities, with which we are concerned, have been calculated by 
Bethe and Heitler“?. $= Z*r?/137, where r is the classical electronic radius. 

The occurrence of the factor o-51 and its reciprocal 1-96 is a result of the 
relationship T/mc?=1-96E, where E is in Mv., since Imc?=o0-51 Mv. 

The values of (—dE/dx), the total energy loss per unit path, and (— dE/dx)raa. 
are given for lead, aluminium and air, in figure 2. 

The average range R of the electron is given by 


Se ieee 
J (—dE/dx)’ 


and may be obtained by numerical integration from a graph of the reciprocal of 
(—dE/dx) plotted against E. The results for lead, aluminium and air are given in 


Range R (g./cm?) 


0. | Z 3 4 5 
Energy E (Mv.) 


Figure 3. Range of an electron in lead, aluminium and air. 


figure 3, together with the empirical linear relationship (2) for experimental upper 
limits, R=0-536H—0-165. Aluminium has been used for practically all the 
absorption determinations of upper energy limits, but the theoretical curves for 
lead and air are given for comparison. 

The first point of interest is the approximate linearity of the curves for aluminium 
and air for energies above o-7 Mv. For aluminium the calculated values show that 
the slope nowhere differs by more than 3 per cent from its average value, in the 
region 0-7 to 3:2 Mv. This fact is striking in view of the multiplicity of operating 
factors. Since the energy-loss due to collisions alone is a minimum at about 1 Mv., 
the curves cannot be accurately linear above this energy, for both collision and 
radiation losses are increasing with E. Complete linearity would be obtained only 
over a region where, for example, collision losses decreased with increasing energy 
and radiation losses increased, so that their sum was constant. Within experimental 
accuracy, however, the curve is linear over the region concerned, and even up to 
energies considerably higher than 3:2 Mv. 


24 E. E. Widdowson 


Secondly, divergences between the empirical and the calculated straight lines 
for aluminium must be considered, with regard both to the slope and the actual 
position. The average calculated value of 1/(—dE/dx) between 0-7 and 3°2 Mv. 1S 
0°63, showing about 16 per cent difference from the slope of the empirical line 
(0536). The slope of the line fitted by the method of least squares to all available 
experimental upper limits was found to have a slope of 0°593, which is considerably 
nearer to the calculated slope. Upper limits of continuous spectra of 8 ray and 
positron active elements may be considered together, since although at high 
energies the energy lost in passing through matter is slightly greater for a positron 
than for a negative electron owing to annihilation, for energies below 5 Mv. the 
difference is negligible. 

With regard to the actual position of the line, the calculated range is from 20 to 
25 per cent higher than that found by experiment. It must be borne in mind, 
however, that the actual superposition of the two lines constitutes a far more 
stringent test than is usually applied; in most cases the variation of theoretical 
formulae with certain factors is tested by calculating some expression which should 
have a constant value. The discrepancy is probably due to two factors. In the first 
place, owing to scattering, some electrons are eventually deviated through so large 
an angle that they are not received by the counting apparatus, while others finally 
reach the counter or ionization chamber, but only after they have traced out paths 
considerably in excess of the direct path through the absorber. Even for homo- 
geneous f rays the form of the absorption curve is thus very dependent on the 
experimental arrangement, and although the total range of homogeneous f rays 
appears to be approximately independent of experimental conditions, it is obtained 
from extrapolation of the absorption curve, which exhibits a tail owing to the 
straggling introduced by scattering. (The true straggling which also occurs is very 
small in the region under consideration®®.) Thus although the effective range 
measured experimentally is a reproducible quantity fairly independent of experi- 
mental arrangement”, it is not identical with the range defined theoretically. 

In the second place, similar considerations apply to the maximum range of 
inhomogeneous f rays from radioactive substances. The form of the absorption 
curve depends on experimental conditions®, and again, the effective maximum 
range for which fairly reproducible results can be obtained is not identical with the 
maximum range defined theoretically“. While the experimental maximum range 
has a definite and consistent meaning, it is an empirical conception, and it will be 
considerably lower than the actual range of the electrons of highest energy emitted 
by the source. 

According to the present theory the range (g./cm?) of electrons increases with 
the atomic number of the absorber. Early experimental workers did not find this 
to be the case: Schonland®® found the range to be independent of the atomic 
number of the absorber for cathode rays with energy below 0-04 Mv., while accord- 
ing to Schmidt and Douglas“? the maximum range in g./cem? of 8 rays from 
radium £ is less in heavy than in light elements. Douglas points out, however, that 
the actual range, which includes the zigzag path through the absorbing material, 
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increases with atomic weight. Bloch shows that in the case of « particles the 
dependence of the range on atomic number of the absorber is very satisfactorily 
represented by the quantum-mechanical results. The apparent discrepancies are 
again probably due to the difference between the definitions of theoretical and of 
effective experimental range. 

In consideration of the character of the Konopinski-Uhlenbeck upper limit of 
f-ray spectra, there is little to be gained from a close comparison of the theoretical 
{range, energy} relation with the empirical relation found in §1 connecting the 
maximum range and Konopinski-Uhlenbeck upper limit. The most significant 
result is the fact that the theoretical relation, as well as the empirical relation for 
both experimental and Konopinski-Uhlenbeck upper limits, is linear over the 
region which includes the upper limits of B-ray spectra of radioactive elements. 
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THE EXTINCTION OF DISCHARGES IN GEIGER- 
MULLER COUNTERS 


By A. NUNN MAY, Pu.D., Halley-Stewart Laboratory, 
King’s College, London 


ABSTRACT. The discharge in Geiger-Muller counters is discussed in terms of the 
Townsend theory. It consists of a series of electron avalanches, each avalanche being 
generated from photoelectrons ejected from the outer wall by the previous avalanche. 
At low currents the average number of photoelectrons per avalanche is small, and if the 
actual number for some avalanche happens to be zero, the discharge will stop. This accounts 
for the extinction of the discharge at low currents. The theory gives an exponential decay 
formula for the probability of the discharge lasting a given time, and the mean life-time 
increases exponentially with the current. This is in accord with Werner’s experiments, 
and his numerical values are in good agreement with the theory. 


§1. INTRODUCTION 


tT has been found by a number of experimenters“) that the discharge in a 

Geiger-Muller counter can only be continuous if the current is allowed to be 

greater than a critical value, /min. For currents smaller than this the discharge 
cannot be maintained without some external source of ionization. This fact is the 
foundation of all methods of using Geiger-Muller tubes as counters. By means of 
an external resistance, or some valve circuit, the current is kept below Jmin when the 
discharge sooner or later stops. 

This instability at small currents is difficult to explain. Most of the recent 
workers on the subject ascribe it to the action of the space charge produced by the 
positive ions or to fluctuations in this space charge®. This type of mechanism 
may well be important in special cases, such as the counters containing alcohol 
vapour which Trost has investigated, but the following theory based on the 
essentially discontinuous nature of a small current appears to account for the 
extinction of the discharge without invoking any space-charge effects.* Before giving 
an account of this theory we must describe briefly the mechanism of the discharge 
in Geiger-Muller counters as it has been elucidated by other workers in terms of 
the Townsend theory. 

The usual form of counter consists of an outer cylinder, of a few centimetres’ 
radius down the axis of which a wire of about 7 mm. radius is stretched. These are 
in a vacuum tight enclosure, inside which there is some gas at a pressure of a few 
centimetres of mercury.t A potential difference V is applied to the two electrodes, 


* Note added in proof. Since this paper was written the author has seen a paper by von Geel 


and Kerkum (9) who gave a similar theory; their treatment differs, however, in many points from 
that given here. 


+ The numerical data in this paper are for counters filled with hydrogen or oxygen. 
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the outer cylinder being negative. With proper adjustment of the potential V, any 
lonization occurring inside the counter leads to a discharge, but if by some means 
the current in the discharge is kept below Jmin the discharge will soon stop, and the 
counter is then reset ready for the next count. This is the normal, non-proportional 
operation of a counter, 


§2 PROPORTIONAL MULTIPLICATION 


If the potential V is less than the value V, at which non-proportional counting 
Starts, then the counter acts proportionally. The electrons generated by the primary 
ionization are pulled towards the wire by the electric field, and in the strong field in 
the neighbourhood of the wire they acquire sufficient energy to ionize the gas by 
collision. The fresh electrons so formed ionize the gas in their turn, and so each 
primary electron gives rise to an electron avalanche containing in all, say, m electrons. 
When all these electrons reach the wire the discharge will stop, unless fresh electrons 
can be supplied from outside, which does not occur for low potentials. The electron 
avalanche therefore continues only for a time 7 about equal to that taken by an 
electron to reach the wire from the outer wall. In general 7 will be about 10-6 of 
a second.* 

This type of discharge is often used in detecting small amounts of ionization. 
We are not at the moment concerned with this process except as a part of the 
normal, non-proportional discharge. 


§3. THE NON-PROPORTIONAL DISCHARGE 


It is found in practice that the multiplication factor m in the proportional 
discharge cannot be made much greater than 104. Above this figure the discharge 
continues for a time which is long compared to 7. It is now generally admitted that 
this is due to the emission of photoelectrons from the outer wall of the counter, 
these being ejected by photons from gas molecules which have been excited by 
collisions with electrons in the avalanche to states of higher energy than the work 
function of the cathode. Let the number of atoms or molecules so excited by 
one primary electron be sm, so that s is a measure of the ratio of excitation to ioniza- 
tion produced by the electron avalanches. The probability that one of these excited 
atoms will cause the emission of a photoelectron from the outer cylinder will be 
ey, where e is the probability that the atom will lose its energy by radiation and not, 
for instance, by colliding with another atom, and y is the photoelectric yield from 
the outer wall in electrons per quantum. 

Thus the number of photoelectrons generated by each primary electron will be 
eysm, and if Z 

eysm = 1 
the discharge will be self-maintained. That is, on the average each avalanche of 
electrons will be followed by another of equal size. The corresponding value of m 

* The positive ions formed by the avalanche in the neighbourhood of the wire move away 


towards the outer electrode. Their speed is much less than that of the electron and they will take 
about 107% sec. to cross the counter. 
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we will call the normal multiplication, M, so that 
Wie a8 coe 1). a ee rrr (1) 
eys 

According to the measurements of Kreuchner™ y is of the order of 10~* for 
copper, and photons of about the energy involved here. Since es is probably of the 
order of 1, M will be of the order of 10°. For values of m less than M the successive 
avalanches decrease in size, and the discharge dies away. For values of m greater 
than M the avalanches increase in size, and the discharge grows. 

The value of V at which m reaches the value M is Vy, the starting potential. For 
values of V considerably less than V,, the tube counts proportionally, since m is 
then considerably less than M and only the first avalanche is of any importance. 
When V is nearly equal to V,, m is nearly equal to VM; the first few avalanches will 
then be nearly equal in size, but the slow-moving positive ions formed by them will 
accumulate near the wire, and their space charge will distort the field, so as to 
reduce m. The subsequent avalanches therefore decrease rapidly, and the discharge 
stops. For values of V greater than V,, the initial multiplication is greater than M 
so that the discharge current increases. This causes the rapid development of space 
charge, and so decreases m. Finally equilibrium is reached when m=, and the 
current attains a steady value, at which enough positive ions are formed by each 
avalanche to replace those which have moved away in the time 7 since the previous 
avalanche.* 

The conditions for this equilibrium have been studied by Werner®. His 
equations give the distribution of space charge, and the current J corresponding to 
any given over-voltage (V—V,). In particular J is proportional to (V—V ). The 
potential across the counter is therefore given by 


V=Vorki 9 Se 1 ee eee (2) 
where k is the internal resistance of the counter and is generally of the order of 
I megohm. 

The counter is normally used in series with a large resistance R. The total 
resistance in the circuit is then (R+2), and the current through the counter will be 
iven b 
g M/ ee Ce or 


STR R Tr 


where U is the external potential applied to the circuit. 
A discharge which satisfies these conditions should continue to burn indefinitely. 


In fact, however, it will always be extinguished if the current in the discharge is less 
than the critical value Jin, or if 


U- Vo < (R+k) LEwtine ences (3) 


I 


* If m>M then the first few avalanches may form considerably more than the number of 
positive ions required by the equilibrium conditions. The multiplication will then be much less than 
M until this excess space charge has moved across the counter, and in this time the successive 
avalanches may have decreased to zero. This may be the explanation of the type of discharge observed 
by Trost), in which the discharge was extinguished by the positive ion space charge without the 
use of a high resistance in series with the counter. 
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This equation gives the range of applied voltage within which the discharge is 
still intermittent. The range in which the number of discharges is independent of U 
is generally much smaller than this, and since the counter is always used in this 
region, J is generally much less than Jin. 


§4. INSTABILITY AT SMALL CURRENTS 


To explain this instability we must consider the discharge process in greater 
detail. Each avalanche of electrons occupies a time of about 10-® sec. Only during 
the last 10~* sec. of this time are the electrons in the strong field near the wire. 
Nearly all the excitation of atoms of the gas will therefore occur during the last 745 
the time taken by the avalanche. In this time the photoelectrons necessary to bring 
about the next avalanche must be generated. Thus the apparently continuous 
current actually consists of a chain of individual avalanches, the connexion between 
successive links of the chain being the emission of photoelectrons from the wall. If 
for any reason this connexion breaks, the discharge will cease. We proceed to 
calculate the probability of this break.* 

We express the current / in electrons per sec., a current of 1a. being equal to 
6-24 x 10! electrons per sec. The multiplication being M, the number of photo- 
electrons emitted by the wall per second is //M, since each photoelectron gives rise 
to (M—1) others in the discharge. Thus the average number 7 of photoelectrons 
ejected during each avalanche is given by 


n=. e Sees (4) 


This is of the order of 10 assuming the value 10° for M and 10~* sec. for 7; and for J, 
1ya., which is the order of magnitude given by Werner for counters containing 
hydrogen. 

If the average number of photoelectrons generated by each avalanche is as small 
as 10, there is a finite probability of the number for some particular avalanche being 
zero. It is just this which is believed to be responsible for the discharge stopping. 
The individual photelectrons are emitted quite independently, so that the proba- 
bility p) of m being zero for any avalanche is given by 


Pp rs Scic8 (5) 


The probability that n is at least 1, and therefore that the discharge continues 
for at least one more avalanche is 


I—Po, which =1—e-™. 
Similarly the probability that the discharge continues for at least Nr sec. is 
(1—P))%, which=(1—e-")\", ae (6) 
* This account of the discharge is only strictly correct if all the primary ionization is formed at 


the same distance from the wire. The error in the life-time predicted by the theory if this is not so 
will be of the order of 7, and may be neglected. 
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If 7 is the mean life-time of the discharge, we can write this probability as 


Sar TE. 
Hence, =e") =2a58 
| eee I ) 
or =e t/log, C 5) rr (7) 
If we can assume that e~” is small, then 
Vine" 
= eT Mn se ee (8) 


Thus the probability of the discharge surviving for a given time at a current / 
is given by an exponential decay formula, in which the mean life T increases 
exponentially with J. 


§5. COMPARISON WITH EXPERIMENTS 


Werner has measured the mean life-time of the discharge for various values 
of J, and obtained a formula of the type (8) for the variation of 7. His equation is 


Tt! =) Se eae (9) 


where V’ is the over-voltage, which, by equation (2), can be replaced by Al. 
Comparing equations (8) and (9) we obtain 


and Tait. 


‘ 12 
so that is oe (10) 


where k is expressed in megohms and « in reciprocal volts. 

Werner™ gives the values of «, & and ¢, for counters filled with hydrogen and 
oxygen, and in the following table these are shown together with values for M 
deduced from equation (10). In accordance with the above deduction, 7 is taken as 
equal to ty. 


Pressure 
Gas (mm. of a (v.7) k (MQ.) oa 
mercury) (10 “ sec.) 
Hp 124 2°53 4°5 2°5 
Oz 41 1°57 570 6:5 


It is an important verification of these views that as Werner has pointed out 
these values of 7 are of the order of magnitude we expect for the passage of an electron 
across the counter, and also the values of M agree with the estimates we have made 
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above from the fact that the multiplication in the proportional region cannot be 
greater than about 104, and from the orders of magnitude of e, y and s. Thus the 
theory not only predicts the correct formula for the variation of the life-time of the 
discharge with J, but without the use of any arbitrary constants gives a satisfactory 
quantitative agreement with the observations. 


§6. THE MINIMUM CURRENT 


The order of magnitude of Jmin may be deduced from these equations by 
remembering that Jmin is the limiting current at which there is still a small pro- 
bability of the discharge breaking down. We can obtain this by making 7 large in 
equation (8). 

For instance, if we take T equal to 10-2 or 1 sec. we obtain 


fh : 
=—==10°= "OL" 10", 
= 
ef 
so that from equation (8) Wie oF sitS. 
Thus ons Ee eae (11) 


where min is the number of photoelectrons per avalanche at which the discharge 
just becomes stable, and from the above is of the order of 10. From the values of M 
and 7 found above we obtain a value for Jmin of the order of 1 va. in agreement with 
observation (3). If we substitute the value of WZ from equation (1) in equation (11), 
we obtain /min in terms of the various constants of the counter, 


The substitution of this value of Jmin in equation (3) will give the range of 
applied voltages within which the discharge will be intermittent. 

In using the counter it is desirable to keep R as low as possible in order to 
obtain a quick recovery from each count. At the same time it is desirable to use a 
large over-voltage, since then the kicks themselves are large and even a partial 
recovery will give a detectable count. By equation (3) we see that these two con- 
ditions together necessitate a large value of Imin. By equation (12) it will be seen 
that this can be obtained by reducing each of the factors in the denominator; that 
is, by reducing the time occupied by each avalanche and the rate of production 
of photoelectrons by a given current. 

In fact it is found that the functioning of a counter is very dependent on such 
conditions as the presence of impurities in the gas or of surface layers on the outer 
electrode, which would be expected to change these factors. In this connexion we 
may mention again the experiments of Trost in which the addition of alcohol 
vapour to the gas, and varnishing of the outer cylinder, were found to produce a 
considerable improvement in the working of the counter. 


a2 A. Nunn May 


We cannot at the moment embark on any more quantitative discussion of the 
above equation since the data which would be required are not available. Experi- 
ments on the verification of the theory, and its application to the design of counters, 
are now in progress. 


§7. ACKNOWLEDGEMENT 


The author wishes to thank Prof. C. D. Ellis for many very helpful discussions 
during the writing of this paper. 


REFERENCES 


(1) Moon, P. B. ¥. Sci. Instrum. 14, 189 (1937); and papers cited there. 
(2) von Hipret. Z. Phys. 97, 455 (1935). 

(3) WerNER, S. Z. Phys. 92, 705 (1934). 

(4) Trost, A. Z. Phys. 105, 399 (1937). 

(5) GEIGER and KLEMPERER. Z. Phys. 49, 753 (1928). 

(6) GREINER. Z. Phys. 81, 543 (1933). 

(7) KreucHNER, K. H. Z. Phys. 97, 625 (1935). 

(8) WERNER, S. Z. Phys. 90, 384 (1934). 

(9) VON GEEL and Kerkum. Physica, 5, 609 (1938). 


33 


FERROMAGNETIC COMPOUNDS OF CHROMIUM 


By L. F. BATES, Professor of Physics, University College, Nottingham 
AND 
GG. TAYLOR, Bsc. 


Received 8 Fuly 1938. Read in title 28 October 1938 


ABSTRACT. It is found that when powdered chromium prepared from chromium 
amalgam is heated with sulphur in vacuo, a series of ferromagnetic compounds is formed. 
The Curie points and specific magnetizations of the prepared specimens are recorded. 


§1. INTRODUCTION 


HROMIUM and manganese belong to the elements of the iron group, but 

while manganese is well known to form ferromagnetic compounds when 

heated with diamagnetic elements, for instance, MnP, MnAs, MnSb and 
MnBi, and gives the ferromagnetic Heusler alloys when alloyed with copper and 
aluminium, the ferromagnetic behaviour of chromium in combination with other 
elements has only recently been appreciated. Ochsenfeld™ found that certain 
combinations of chromium and tellurium are ferromagnetic, and Bates and Baqi” 
showed that there is good reason to suppose that chromium combined with hydrogen 
to form ferromagnetic compounds; a feature of both the hydrogen and tellurium 
compounds of chromium is that in some instances the magnetization rises to a 
maximum slightly above room-temperature, although ‘little is known about its 
variation with applied field. Early this year Nowotny and Arstad™ recorded that 
CrAs and Cr,As, are weakly ferromagnetic, but gave no details of their ferro- 
magnetic properties. 

Apart from the fact that ferromagnetism is a much more widely spread pheno- 
menon than is generally believed, it seemed from the behaviour of chromium and 
tellurium that an examination of compounds of chromium and sulphur was likely 
to lead to interesting results, although Mellor records no ferromagnetic sulphides 
of chromium. Accordingly a series of compounds of chromium and sulphur were 
made from pure chromium, prepared by Bates and Baqi® by the distillation of 
chromium amalgam, which had not been heated to temperatures above 400° Cc. 
The several specimens were prepared as follows. Weighed quantities of chromium 
and sulphur in atomic proportions were placed in a large thick-walled pyrex tube, 
evacuated and sealed. This was first heated to 100° c. and examined, the product 
consisting in each case of dark grey masses. Complete combination did not occur 
with specimens containing a high proportion of sulphur. The earlier specimens 
were next heated to 200° c. and examined, but as little change was observed, this 
treatment was later omitted, specimens being heated to 300° c. for about 1 hr. and 
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then examined. The product was generally a dark grey powder containing large 
nodules, and on heating to 400° c., partial fusion occurred. The specimens were 
finally heated to 500° c. for 1 hr., the end product consisting of black fused masses 
and of smaller globules with a highly polished surface and in some cases with a 
metallic appearance. The tube was opened and the contents were ground to a 
powder, which sometimes weakly adhered to a magnet. The powder was placed in 
a pyrex tube, which was evacuated, sealed, and annealed for 5 or 6 hr. at 400° Cc. 
No change in appearance was thereupon observed. Test samples were then placed 
in pyrex tubes, of internal diameter approximately 3 mm. and length about Io cm., 
the tubes being half filled. These were then evacuated and sealed, a small hook 
being formed at one end of each tube to permit examination of the ferromagnetic 
properties by the method used by Bates and IlIlsley® in their experiments on iron 
amalgams. 

When a uniform tube having a cross-section with an internal area of « is half 
filled with a powdered specimen and suspended vertically from one arm of a 
sensitive chemical balance, so that the upper level of the specimen lies midway 
between the plane pole-tips of an electromagnet while the ends of the tube are 
remote from the field, then 


dmg =a (k,) H?+a0H, 


where 6m is the apparent decrease in mass on the application of a field H, k, is the 
paramagnetic susceptibility of the substance per unit volume and o the saturation 
intensity of magnetization of the material. Hence, when ferromagnetism is present 
the graph of dmg/«H? against 1/H should be a straight line, whose slope is a measure 
of o. 


§2. EXPERIMENTAL RESULTS 


The results for the several specimens are shown in figure 1, and the values of o 
per gramme of material and per gramme of chromium-content are given in the 
table. In the second column of the table are given the initial constitutions of the 
mixtures of powdered chromium and sulphur from which the specimens were 
made, while in the third are given the results of the chemical analyses made for us 
in the Chemistry Department through the kindness of Professor Gulland. 


é Atomic ratio S/Cr | 
Specimen a/g. o/g. 0 
no. Peal Final material chromium E 
I O'5 —- O:0175 — 30 — — 
2 1° 0°65 0°134 0216 200 ee 
3 1°5 1°37 O97 0°327 a SAMOS 
4 2°0 0:89 0°072 pies 30 —- 
5 Large Te37) 0:0206 0038 30 — 100 


The chemical analysis of specimens 1 and 2 was difficult as they consisted of 
parts which were soluble in boiling concentrated hydrochloric acid plus potassium 
chlorate and parts which were not. The insoluble portion in the case of specimen 2 - 
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was definitely ferromagnetic and comprised some 14 per cent of the whole; the 
constitution of the soluble portion only is given in the table. 

The Curie points of the specimens were measured by the method devised by 
Bates, Gibbs and Reddi Pantulu®. The specimen was packed in a thin-walled 
pyrex tube about 4:5 cm. long and 3 mm. in internal diameter and suspended hori- 
zontally from a vertical pyrex fibre hanging froma fine phosphor-bronze suspension. 
The pyrex tube was enclosed in a furnace and the period of oscillation t was ob- 


10 X dmg/upH? 


0 2 4 6 8 10 12 14 16 
10% x 1/H (oersted 1) 


Figure 1. Graphs of magnetic pull as a function of 1/H. 


served when the system vibrated in a constant magnetic field at chosen temperatures 
T. When 1/¢? was plotted against T a curve showing a prominent kink at the Curie 
point was obtained ; such curves are shown in figures 2 (a) and 2 (b), and represent the 
behaviour of the specimens when heated to 400° c. and then allowed to cool slowly, 
different temperature regions being shown separately in figures 2 (a) and 2 (db) for 
the sake of clearness. It was found that the magnetization exhibited by the specimen 
depended markedly upon the quenching of the specimen, the more rapid the 
cooling the less the intensity of magnetization of the specimen in the applied field. 

The above results show that at least two ferromagnetic combinations of chro- 
mium and sulphur are possible, with Curie points at 30° and go° or 100° approxi- 
mately, but the exact chemical constitution of these combinations is not known. 
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In view of the importance of chromium in the manufacture of magnetic materials 
the results are of interest. Jaanus” has recently given a theoretical study of the 
magnetic effects of ferromagnetics in dilute concentrations in other materials. It is 
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Figure 2. Curves showing variation of magnetization with temperature. 


not proposed to discuss his interesting results here, but it is desirable to point out 
that the results of Bates and Ilsley and those of the present communication show 
that the value of the demagnetization factor 4 assumed by Jaanus is at least twice 
too large and that the coercive force must be considerably less than 30 oersteds. 
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ABSTRACT. The paper describes a method for the measurement of capacitance in 
terms of mutual inductance and resistance. The circuit is developed from the Carey- 
F oster bridge, and a combination of two bridge circuits used successively leads to the 
elimination of small correcting terms. The power factor also of the condenser under test 
is determined. The values of capacitance and power factor are deduced entirely in terms 
of two readings of a mutual inductance and two readings of a resistance box. The screening 
of the bridge, including the mutual inductance, has been carried out in great detail, and 
the whole circuit is enclosed in an earthed screen within which certain of the components 
are again screened independently. The effects of stray capacitances within the network and 
between the network and earth are thus reduced to negligible proportions. The equipment 
is designed for measurements on capacitances ranging from 1000 puyF. to 2 pF. at frequencies 
ranging from 50 to 3000 c./sec., and the probable errors are estimated as 5 parts in 10° on 
capacitance and 0-00005 on power factor at 1000 c./sec. At higher frequencies and for 
capacitances outside the stated range, the accuracy may be halved. The circuits are very 
adaptable and the bridges, as finally constructed, can be used also for the measurement 
of self-inductance and other quantities. 


§r1- INTRODUCTION 


T is perhaps not generally realized that, in the system of electrical measurements 

used in this country, capacitance is a secondary derived unit. There is, in other 

words, no primary standard capacitor with which other capacitors can be 
directly compared, and although, as a matter of practical expediency, capacitors 
are often calibrated by direct reference to capacitance substandards, the sub- 
standards themselves have to be measured in terms of the primary standard of 
mutual inductance at the National Physical Laboratory”, the fundamental 
standard to which all reactance measurements are ultimately referred. The induct- 
ance of this standard is computed from its dimensions, so that the ultimate standard 
of reference here is the unit of length. The measurement of capacitance is therefore 
of the type traditionally described as “absolute”, although there is in the measure- 
ments none of the finality commonly implied by that term. From the viewpoint of 
the experimenter, absolute measurements are characterized by the special dith- 
culties attendant on correlating quantities of different physical natures, and they 
demand much more refined technique than the more common electrical measure- 
ment which is based on a simple comparison of quantities of the same kind. 
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The circuit which has been in use at the National Physical Laboratory for the 
past thirty years for the comparison of capacitance and mutual inductance was 
developed from Carey Foster’s classical network, in which capacitance is deter- 
mined in terms of mutual inductance and resistance. Contributions to the theory 
and technique of this method have been made by a number of workers OIL EE 
but the method required an apprenticeship, and considerable trouble had to be 
expended to achieve an accuracy of one part in ten thousand in capacitance measure- 
ments. With the improvements in the design and manufacture of substandard 
capacitors which has followed the rapid growth of the communications industry, it 
became apparent that something more certain in operation than the traditional 
circuit was required, and it was to meet the demand for more accurate and rapid 
calibrations that the work described in this paper was carried out. 


§2. PRINCIPLE OF THE PRESENT METHOD 


The Carey Foster circuit as arranged by Heydweiller™ is shown in figure 1. 
The Wagner earthing arm there shown was added by Dye. If C is the capacitor 


under test, M is an adjustable mutual inductance, L and P are respectively the total 


Figure. 1. Carey-Foster bridge (Campbell-Heydweiller). 


inductance and resistance of the arm XY, R is the resistance of the arm XZ, and S 
is the resistance in series with C, then, when balance is established, the values of 
capacitance C' and power factor y of the capacitor under test are given by 


C=M/PR, | nee (2:1) 
y=oC [R{(L—)/M= S|) eee (2:2) 


w/27 being the frequency of the alternating current supplied to the circuit. These 
equations do not include the effects of small residual inductances and capacitances, 
which were first given in full by Butterworth. Amongst other things, the measure- 
ments call for an accurate knowledge of P, a resistance which includes a highly 
inductive copper coil, and of L, the self-inductance of that coil, each of which 
quantities depends on w. Additional small correcting terms must therefore be 
added to the equations to take account of this. The original equations are given in 
references (6) and (7). They are too complicated to be given in detail here. 

The Wagner arm does not eliminate from the circuit the effects of impedance 
to earth from the junctions of C and S and of L and P, and spurious values of C 
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and y may result in consequence. The actual composition of the Wagner arm made 
it cumbersome and inelastic while the presence in it of an inductive component 
which may have a considerable stray magnetic field is undesirable. 

The main lines of attack leading to the evolution of the present method were 
directed to removing the objections outlined above. The first step was the complete 
elimination of S. A consideration of equation (2-2) shows that if S=o, the power- 
factor balance can be established by adjustment of L, if this can be effected without 
alteration of M. A simple method is to add a variable capacitor in shunt with P. 
The effective inductance of the arm then becomes approximately L—PK?; see 
figure 2. We are then left with only one mid-arm junction in the circuit, that 


between L and P, and the difficulties arising from this are then met by adequate 
screening. 


Capacitance bridge: detector between Inductance bridge: detector between 


X and Y Y and Z 
Figure 2. New bridge. 


Next, the measurement of the effective resistance and inductance of the arm 
containing Z and P must be made simply and accurately at the required frequency. 
This is done by converting the circuit into a modified Campbell-Heaviside in- 
ductance bridge, so that L may be measured in terms of M and P in terms of R, 
the latter being made continuously adjustable for this purpose. The simplicity of 
such a conversion will be apparent from a consideration of figures 2 (a) and 2 (6). 
In the latter, the resistors U, U are equal ratio arms. We then have the following 
equations for C and y. Let M,, R, be the values of M and KR required in the 
capacitance bridge, and M,, R, those required in the inductance bridge. ‘Then 


C= Misi, = eee (233) 
y=w(2M,—M,)/R, ssess (2°4) 


The properties of the condenser are thus determined completely in terms of the 
properties of the mutual inductance and the resistance R. As will be seen later, 
this statement remains true when the effects of residual inductance and capacitance 
are taken into account. The practical importance of this is very great, for the pro- 
perties of M and R can, with proper design, be determined with high precision. 
There is thus at once a great advance on the earlier method, in which a knowledge 
of the characteristics of several components is required. 
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The Wagner earthing arm as originally used by Dye ‘S) tended to become un- 
manageable when M was small, owing to the fall in impedance of the branch WX, 
figure 1. This is easily overcome, at the expense of a slight loss in bridge current, 
by the addition of a series resistance in this branch. The Wagner balance is then 
simply effected, with non-inductive components, by applying the principle of the 
well-known Maxwell inductance bridge. The arrangement is shown in figure 2, 
where 1; is the added series resistance. 

The screening of the complete circuit must be arranged with a view to localizing 
and accurately defining the points of action of earth-capacitances, and to reducing 
to negligible amounts the earth capacitances of the junction of L and P, and of 
the common point X of the mutual inductance. The latter is especially important, 
for, although the point X is brought to earth potential in the capacitance bridge, 
figure 2a, it cannot be so treated by any simple system in the corresponding 
inductance bridge, figure 2b. The theoretically desirable screening arrangements 
are shown in figure 2: a fuller treatment of these and of the practical attempts at 
realization must be reserved for discussion later in the paper. 


§3. ANALYSIS OF THE CIRCUITS 


In the practical utilization of the circuits broadly described above, consideration 
must be given to the effects of stray impedance not only as affecting the individual 
properties of the components of the network, but also as affecting the behaviour 
of the network as a whole. Thus, in deriving the complete network equations, the 
resistances must be regarded as possessing finite phase angles, and the mutual 
inductances as possessing finite phase defects. These can be regarded as charac- 
teristic and individual properties of the components and can be measured as 
such. In addition, the assembly of the components in the network gives rise to a 
system of mutual impedances and impedances to earth, all of which must be taken 
into account in establishing the final equations of balance. Fortunately, the effects 
both of the defects of the components and of the defects of the network are small, 
and it is therefore permissible to consider each independently. This leads to a 
considerable simplification of the analysis, which would otherwise become un- 
manageably involved. 

Considering first the circuit independently of the effects of stray mutual 
impedances and impedances to earth, we define the following quantities ; see figure 3. 
f is the mutual impedance operator of the mutual inductor at any setting 1, A the 
impedance operator of winding in arm XY, 7, the impedance operator of winding 
in arm WX at setting 1, €, the impedance operator of arm XZ at any setting 1 of 
the resistor R, ¢ the impedance operator of the combination P—K in the arm XY, 
p the ratio of impedance operators of the arms U, U, and « the impedance operator 
for the capacitor C under test. 

The fundamental equations of the networks are then best derived by trans- 
forming the mutual inductance into a star of impedances from which mutual 
impedances are absent. The results of these transformations are shown in 
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figures 3 a—b for the capacitance bridge, and figures 3 c—d for the inductance bridge. 
We then have to consider the four-arm bridges shown in figures 3b and d, the 
equations of balance for which are easily seen to be 


(Sot+ps)=p(C+A—ps), hee (372) 


In practice, p is made as nearly as possible equal to unity. We may write it 
therefore as I +6, where @ is a complex quantity of the first order of smallness. 
Thus equation (3:2) becomes 


(So+pe)=(1+0)(C4+A—py), eee (2-3) 


Figure 3. Network transformations. 


The ratio arms U, U can be reversed, and balance can be restored by slight 
alterations in €, and y, to values €,’ and p,’. We then have 


GaGa IE (3-4) 
Now 64 (u,—p') will be of the second order of smallness and we may therefore, 
using € and fi, to represent mean values of & and p2, write 
aha tee 4 Se eee (3°5) 
Thus @ is eliminated from the equations. 
Substituting for €+A from equation (3:5) in equation (3-1), we get 
ee (EA oi pia te (3:6) 


From this equation the effective capacitance C and power factor, y of the capacitor 
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under test can be calculated. If w/2z is the frequency of the alternating current 
in the networks, we may write , 

K=1/joC (1—Jy) 

py =joM, (1+8m,) 

be =joM, (1 +6y,) Po BO HCI (3°7) 

&,=R, (1+782,) 

£,=R, (1 +78p,) 
in which the Ms represent mutual inductance, the Rs represent resistance, the ds 
represent small phase angles, and j is the operator rotating through a right angle. 

These values can now be substituted in equation (3:6). The approximate rela- 

tionship C= M,/R, R, in equation (2-3) can be used in simplifying first-order terms, 
and further, since neither 5, nor dz varies to any measurable extent for changes 
in M and R of the order assumed in equations (3-3) and (3-4), the question of mean 


values of 5, and 5, does not arise. We then find, writing M, and R, for the mean 
values of M, and R,, 


C=M {140 (Moy, =2M,5y,) RY Ree (3°8) 
v= Ou, + On, + On, + © (2g — MR ees (3°9) 
The expression for C is still further simplified if we put 
wMsdy=<e, 


where o is the impurity of the mutual inductance. The small correcting term in the 
bracket in equation (3:8) then becomes (o,— 202). In general 


M,=2M,, 
and for most variable mutual inductances the law 
oM =constant 
is approximately true. It thus follows that 
(a, —20,) =0 
and that in general (o, —20,)/R, will be completely negligible. We then have 
C= RERS 


The method thus automatically eliminates a number of small correcting terms 
and the final expression for C is similar to Carey Foster’s classical expression for 
his d.-c. bridge. 

The quantities 53;, 5z are constants of the mutual inductance and the resistance 
R and their values can be predetermined for all values of M and R. Thus, from the 
practical viewpoint, the power-factor measurement is based on the two experi- 
mentally observed readings of M and on the value of R,. The equation for power 
factor can in fact be written 

y=A+w (2M,—M,)/Ry, 


where A is a tabulated quantity characteristic of the circuit. 
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The values of C and y so determined must be corrected for the residual capacit- 
ance and power factor of the leads connecting the condenser to the measuring 
circuit. This leads balance is easily obtained by disconnecting the condenser and 
balancing in the normal way. The value of M for this balance will of course be 
very small. Some practical aspects of the leads balance are dealt with in later 
sections of the paper. 

The modification of the circuit equations arising from the presence of small 
stray impedances calls for very involved analysis which cannot be given in full 
here.* A brief summary of some of the results of the analysis is given in an appendix, 
and it is deduced that, with the screening system and technique adopted, the 
residual stray impedances will introduce uncertainties of the order of 2 parts in 
10° on capacitance values and uncertainties up to 3 x 10-° on power-factor measure- 
ments at I000 C./sec. 


$4. THE CONSTRUCTION OF THE BRIDGES 


The facility with which a projected circuit and its associated screening system 
can be sketched out is often apt to mislead the experimenter into the belief that the 
practical problem of circuit arrangement and screening is correspondingly simple. 
This is by no means the case, for the circuit sketched as an open loop must in 
practice be arranged to have no appreciable magnetic field, and the disposition of 
leads in astatic pairs which are amenable to simple screening treatment and yet 
will not possess high capacitance or leakance to the screen, is too often in the end 
a matter of hopeful compromise. The problem was not made easier in the present 
instance by the need for assembling the bridges in permanent self-contained units 
of manageable size. Preliminary experiments brought out the desirability of 
building the inductometer as a separate instrument, the rest of the circuit forming 
a screened unit. 

The design and construction of the variable mutual inductance have been 
described in detail elsewhere®. The screening of the instrument is exactly as 
shown in figure 2. The fixed, or secondary, winding has an inductance of just over 
II mH. and a resistance of 1. The adjustable windings provide a maximum 
mutual inductance of 11-11 mH., variation being provided by three decade dials 
and a slider, on which changes of o-or pH. can be easily read. The calibration of 
this instrument and the determination of its frequency errors and impurity will be 
referred to later. 

The remainder of the bridge circuit is built up of units supplied by various 
instrument firms to specification. The resistance R is a non-reactive resistance box 
with 5 decade dials and a constant-inductance slidewire, giving a maximum value 
of 11, 111 Q. It is mounted in a glass tank containing transformer oil and screened 
by fine-mesh copper gauze which encloses not only the resistance coils but also the 
switch dials. The screen is connected to one end of the resistance as shown in 
figure 2. The resistance P consists of a number of non-reactive units arranged on 


* A paper dealing with the effects of stray impedances in bridge networks has recently been 
published by one of the authors (13), 
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a dial so that resistances of 0, 50, 100, 200, 500, 1000, 2000, 5000, 10,000 Q. and 
infinity can be obtained. This is mounted, oil-immersed and screened, in the same 
way as the resistance R, and the switch dial is duplicated so that the capacitance K 
can be connected not only across the whole resistance but also across any section. 
The condenser K is an adjustable mica condenser of good quality, and of 1 pF. 
maximum capacitance, with a continuously variable air condenser of 1000 HEE. 
maximum capacitance as a fine adjustment. It was supplied by the makers with its 
own screen connected to one terminal. 

The ratio arms are carried on a panel together with the switchgear for making 
the changeover from the capacitance to the inductance bridge, and are enclosed in 
a gauze screen connected to the earthed screens of the system. The Wagner arms 
are mounted on a separate panel. All the components are separated from each 
other by earthed screens by placing them in screened compartments in a screened 
box. These earthed screens are provided by facing the wooden structure of the 
box with sheets of perforated zinc. This makes a cheap, robust and efficient electro- 
static screen without introducing large areas of metal into the system, for it must 
be remembered that the mutual inductance has to be placed within a reasonable 
distance of the apparatus and there must be no risk of affecting its properties as a 
result of this proximity. 

The box containing the bridge circuits is about a metre long, 60 cm. wide and 
25 cm. deep. The lid is made up of a number of thin aluminium panels through 
which the operating handles of the various switches and dials pass, and which 
carry the appropriate engraving. These panels, which complete the earthed screen 
of the system, are readily removable for inspection and cleaning of switchgear. A sec- 
tion of one panel is hinged and conceals the main terminal system of the bridge, 
consisting of a number of small screened compartments which are built up from 
thin aluminium sheet and house all the terminals necessary for the external con- 
nexions except those leading to the inductometer and test condenser, which it was 
considered expedient to place at opposite ends of the box. Besides the supply and 
detector terminals, each pair of which is in its own screened compartment, a pair of 
terminals is provided in shunt with the condenser K and another pair in series 
with the resistance P. These four terminals are enclosed in a double-screened com- 
partment, the inner screen, which is insulated from the outer, being connected 
to the screens of P and K, while the outer screen is earthed. The points X, Y, Z 
and the common point of the ratio arms are brought by double leads to terminals 
and copper cups containing mercury all housed in screened compartments. The 
current and potential leads thus provided for the four arms of the inductance 
bridge allow the measurement of the d.-c. resistances of these arms to be made with 
high precision. The cup and terminal on the leads from the point X are enclosed 
in a double-screened compartment, the inner screen being connected to the screen 
of resistance R while the outer screen is earthed. All the leads to this terminal 
system are screened or double-screened to conform with the conditions at the 


corresponding bridge points. A plan of the layout is shown in figure 4, on which 
the lettering corresponds to that in figures 2 and ay 
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The leads to the test condenser are twinned and separated from each other by 
earthed screens. ‘I'he effective capacitance between them is thus kept low, and their 
series inductance is small. The series resistance of these leads is also made as small 
as possible by the use of wire of as heavy a gauge as is practicable, since the loss in 
the leads may affect the measured power factor of the condenser (see below). ‘The 
leads to the mutual inductance are made in a robust rigid unit conforming to the 
same screening arrangements as the mutual inductance itself and, in determining 
- effective properties of the instrument, this leads system is regarded as part 
OF it, 


Common point of ratios In parallel with K Detector leads 


Ratio adjustment In series with Pye Supply leads 


we [OO EERE OOO OO 
Seo | ememem ener. 


O 


Ratios 


Figure 4. Plan of layout: full lines represent earthed screens, broken lines inner screens. 


§5. OPERATING TECHNIQUE 


The bridge is designed primarily for measurements at frequencies ranging from 
50 c./sec. to 3000 c./sec., and the necessary supplies of current are assumed to be 
available. It may be taken as a general principle that the supply unit should be 
isolated from the bridge where possible as this makes for a stable system of earth- 
impedances and a consequent overall stability in the bridge balance points. In the 
present case, the isolation was effected by the use of a toroidal transformer, wound 
on a nickel-iron ribbon core and enclosed in an earthed screen, with an earthed 
screen separating the windings. The capacitance balancing of this transformer, 
although an attractive refinement, is not essential since a Wagner earthing arm is 
used. For audio-frequency work a valve amplifier and telephone are used as a 
detecting system, and these are isolated from the bridge by a transformer similar to 
that used in the supply circuit. The importance of the use of such a transformer 
here lies in the fact that it reduces the earth-impedances imposed on the detector 
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points and so facilitates the simultaneous balancing of the main bridge and the 
Wagner arm. If the earth-impedances of the detector points are allowed to assume 
magnitudes comparable with the impedances of the bridge arms, then this simul- 
taneous balancing may prove difficult or even impossible; the balances may 
become divergent. For power-frequency work, a vibration galvanometer of the 
Campbell type is used as detector, and as a rule no amplifier is necessary. 

Theoretically, the balance points are aperiodic when condensers of very low 
power factor are under test. In practice, however, circumstances may arise in 
which a departure from this condition is very marked, owing to the use of the P—K 
combination as a means of balancing out part of the self-inductance of the secondary 
winding of M. The effective resistance P’ and effective inductance L’ of a condenser 
K in shunt with a resistance R are given by the following equations, in which 
w/2m is the frequency: 


Pl= Pi(1--@7 22K), a (5-1) 
Ls = KP or 7K) ee (5:2) 
The approximate forms already quoted, 
gta 8 24 
and L’=—KP? 
are valid only if Ned At IEE © 
We may put w?P?K? = wm (L— M)?/P? 
since L=L—M, 


and the conditions under which the balance points tend to depart from aperiodicity 
can be more clearly shown. For the normal working of the bridge, M is the maxi- 
mum reading of the inductometer and is therefore nearly equal to L. When P 
has its lowest practical value of 100 Q., the quantity w? (L — M)?/P? is of the order 
of o-oor at 1000 c./sec. For low values of M, which in the extreme case include 
the very small leads readings, the term becomes large and the balance point becomes 
more dependent on frequency. Since the technique of the method involves the 
determination of P’ and L’ in situ, no error arises from this, but a practical incon- 
venience may be caused if the harmonic content of the supply is high, for balance 
will be obtained only for the frequency w, and a background of harmonics remains 
in the telephone. Similar conditions may sometimes arise in establishing the 
Wagner balance, but the use of a simple resistance volume-control in shunt with the 
telephone is surprisingly effective in establishing good conditions for rapidly 
working into balance from a fairly large out-of-balance voltage, even when the 
harmonic content of the supply is as high as 5 per cent. 

An examination of equations (3:11) will show that for measurements on con- 
densers of poor power factor at power frequencies, the quantity (2M, — M,) may be 
very large, and in fact it may well be that for some conditions the effective induct- 
ance of the arm ZY, even with K at zero, is too small to satisfy the conditions of 
balance. In the few cases in which this condition does arise the difficulty can be 
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met very neatly without the introduction of any extraneous inductive coils by the 
device of connecting a condenser between a tapping point on the P resistance and 
the Wagner earth point. The effect of a capacity C, connected in this way and 
flanked by resistances P, and P,, is to increase the inductance of the arm by an 
amount C,P, P,.* The calibration and general quality of this condenser need not 
be of a high order, and by slightly overadjusting it the power factor balance can 
be made in the normal way on K. The successful use of this device depends, of 
course, on the correct adjustment of the Wagner arms. 

When the circuits are switched over to the inductance bridge, all the adjust- 
ments in the P arm remain unaltered and balance is obtained by adjusting M 
and R. The series resistance 7, figure 2, in the Wagner arm is best reduced to zero 
for this arrangement. A switch is provided for reversing the ratio arms, as was 
indicated in §3. It is important that this switch shall effect the reversal without 
altering 4, and, in addition, @ should be as small as possible to start with. Part of 


/_.— Differential 


condenser 


To ~ Potentiometer 


Ratio coils 


Figure 5. Arrangement of ratio adjustor and reversing switch. 


the wiring of the reversing switch is shown in figure 5. ‘The heavy copper leads 
LML’', L,M,L,', MN, and M,N’ connect the studs of the switch and the actual 
coils. Preliminary adjustment was made during assembly to bring M and M, to 
the mid-points of LL’ and L,L,' respectively, and MN and M,N’ were adjusted for 
equality. The connexions between the switch and coil were thus made equal in 
resistance within less than 0-001 Q. for both positions of the switch. In order to 
reduce 0, a small panel is incorporated in the system carrying a potentiometer of 
about 500,000 Q. resistance and a differential air condenser of about 200 pF. 
capacitance. The connexions of these components to the ratio arms and reversing 
switch are shown in figure 5. This system can be preset, and equality of resistance 
and phase angle can be checked by reversal, and once this has been done subsequent 
reversals can be omitted in a series of measurements. 

Reference has already been made to the leads passing to the terminals to which 
the test condenser is connected. Exigencies of design necessitated that these leads 


* It can be shown that this device does introduce a small error in the determination of R,, but 
at the low frequencies at which this scheme is used, the error does not exceed 2 parts in 10°. 
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should be nearly a metre long, and in spite of all available precautions they possess 
resistance and inductance of such magnitudes that allowances must be made for 
these quantities in measurements on condensers of large value. If 7 and / are 
respectively the resistance and inductance of the leads, then at a frequency 
w/2m c./sec. the effective capacitance of the condenser under test is increased by a 
fraction /Cw2 and its power factor by rCw. In the present case, the measured 
values are r=0-030 Q. and /=1-04 wH., so that at 1000 c./sec. the corrections on a 
I-WF. condenser are 4 parts in 10® on capacitance and 0-0002 on power factor. As 7 
and J are known to within 5 per cent, the application of these corrections is not 
likely to introduce any significant errors. 

The phase defect of the mutual inductance and the phase angle of R are found 
by reference to appropriate standards. Hartshorn has described the use of a 
special standard of mutual inductance, the characteristics of which are determined 
from radio-frequency measurements, as a method for determining phase defect, 
while one of the present authors” has described a series of resistors of calculated 
phase angles which are used for determining the phase angle of resistances of any 
magnitude. The phase defect of the specially constructed screened mutual in- 
ductance was negligibly small (less than 0-00002 radian) at all settings at a frequency 
of 1000 c./sec. The phase angle of the resistance R was determined for a number of 
settings, and the effects of variation of R on this phase angle were studied in 
sufficient detail to enable the phase angle for any combination of the dials to be 
deduced. The variation with frequency of the magnitudes of M and R has also 
been investigated, the former by assuming the invariability with frequency of a 
standard air condenser, which is measured on the bridge at various frequencies. 
This method of measurement, the results of which have been confirmed by tests 
against condensers ranging in value from 1000 to 10,000 puF., has the advantage 
that the effects of certain stray impedances (see appendix) are correctly allowed for. 
The capacitance between the resistance R and its screen acts in shunt with the 
resistance and might therefore be expected to alter the effective resistance for large 
resistances at audio-frequencies. The comparison of R with resistors known to be 
invariable with frequency up to 10,000 c./sec. showed that at a setting of 10,000 Q. 
the change of R with frequency was only 4 parts in 10° at 1000 c./sec. It is con- 
cluded that the properties of M and R are known with sufficient accuracy to permit 
the use of the bridge at frequencies up to 3000 c./sec. 
; The absolute calibration of M is determined by a building-up system, starting 
trom a direct comparison between M at the setting of ro mH. and the primary 
standard of mutual inductance. The values of R are determined by comparison 
with laboratory standard manganin coils. A set of such standards in pairs of 100, 
1000 and 10,000 {2. will give, by the use of parallel and series connexions, a range of 
standard values of 50, 100, 200, 500, 1000, 2000, 5000 and 10,000 Q., and the 
values of R and P are chosen to fall in this series. The calibration of M is thus 
obtained in absolute c.g.s. units and the values of R are obtained in terms of 
laboratory standards calibrated both in absolute and in international units of 
resistance"), 
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The value of C is thus obtained either in international units or in absolute 
units. The former is the value in general use in industry at the present time, but if 
the recommendations of the International Bureau of Weights and Measures are 
adopted, the latter will come into use in 1940. The relation, derived from the work 
mentioned above, is 


I #F. international = (1-50 x 10~°) pF. absolute. 


In carrying out an actual calibration, the values of P and R are first chosen to 
give a convenient reading of M. Balance is obtained first on the capacitance bridge 
by adjusting M and K, the circuit is then changed over to the inductance bridge, 
and balance is obtained by adjusting M and R, the presetting of the ratio arms for 
equality of resistance and phase angle having been carried out. The two settings of 
R are then compared with the appropriate d.-c. standards. The high quality of the 
resistance R, together with the fact that, owing to oil immersion, its thermal 
stability is of a high order, makes it unnecessary to carry out these d.-c. calibrations 
for every test. The test condenser is then disconnected and the leads readings are 
obtained in an exactly similar manner. From these the effective capacitance and 
power factor of the leads are calculated, and the appropriate corrections are applied. 
It is found that the leads power-factor correction is less than o-ooo1 for capacit- 
ances greater than 2000 pur. The leads readings can actually be regarded as circuit 
constants and it is not generally necessary to determine them on every occasion. 

As an overall test of the equipment, a three-dial mica condenser of total capacit- 
ance I mF. was calibrated throughout its range for capacitance and power factor at 
1000 c./sec. A set of values was also obtained by a building-up method“ in which 
the values of power factor are deduced on the assumption that the power loss of a 
standard air condenser remains constant for all scale settings, while the capacitance 
values are related to a single value (0-1 pF.) measured on the new bridge. In the 
following table are given the maximum and mean deviations between the values 
obtained by the two methods. The range of capacitance values covered was o-oor to 
1-o pF. and the table is drawn up in three sections, covering respectively the ranges 
0-001 to O:OI pF., O-OI to Orr pF. and ovr to 1°0 pF. 


Table 1 
Capacitance (pF.) Power factor 
Deviation o-oo1 to | o-or to | ovr to 
0-001 to o-o! ool to Ovl ol to 1'0 ST On ee 


| 
4 parts in 10° | 10 parts in 10° | 0:00009 | 0:00008 | 0-00008 


I part in 10° 6 parts in 10° | 0-00005 | 0:00004 | 0:00003 


Maximum | 20 parts in 10° 
Mean 8 parts in 10° 


The conclusion is therefore drawn that the effects of stray impedances have 
been correctly assumed to be negligible and that the validity of the fundamental 
equations (3:10) and (3-11) is such that at 1000 c./sec. the probable limits of error 
on capacitance do not exceed +5 parts in 10°, and those on power factor do not 
exceed +0-00005 for capacitances in the range 0-001 to I pF. 
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The values recorded in the above table represent the results of a single series of 
measurements, taken without any checks. Numerous tests on subsequent occasions 
have shown that the accuracy estimated above may easily be doubled in any special 
case. 

The bridge has been used successfully at 50 c./sec. and the agreement found on 
capacitances ranging from o-o1 to I uF. was substantially that found above for the 
measurements made at 1000 c./sec. The performance of the bridge at frequencies 
higher than 1000 c./sec. has not yet been explored in the same detail, but measure- 
ments have been made at a frequency of 3000 c./sec. on capacitances as low as 
5000 jupF. with results which suggest that the accuracy is not worse than one-half 
that at 1000 c./sec. 


§6. CONCLUSION: GENERAL UTILITY OF THE CIRCUIT 


The experience obtained with the bridge has shown it to mark a very great 
advance on the systems which have preceded it, not only as regards the reliability 
of the results but also in the speed with which the measurements can be made. 
Routine tests have been carried out on condensers up to 2 pF. capacitance and the 
practical upper limit of the measurable capacitance is regarded as 4 pF., for which 
P=R=50Q)., although in special cases capacitances as high as 10 pF. could be 
measured with a somewhat diminished accuracy. 

The circuit was primarily designed as a capacitance test set and it is considered 
to have fulfilled the original requirements. It is, however, very flexible and can 
be used for a number of other purposes. Incorporating as it does a Campbell- 
Heaviside self-inductance bridge, it can obviously be used for measuring self- 
inductances, and its range as a self-inductance bridge has been extended by the 
inclusion of additional ratio coils giving ratios of 10/1 and 100/1. The Campbell- 
Heaviside circuit cannot at this stage be regarded as suitable for high-precision 
measurements on large inductances at audio-frequencies, and for such measure- 
ments power frequencies are to be preferred. Small self-inductances of the order 
of a few microhenries may also be conveniently measured on the bridge if the 
inductometer is removed and replaced in the circuit by short-circuiting links, 
effective variations of self-inductance being obtained by variation of K. When the 
inductometer is removed, the bridge can also be used as a series-arm resonance 
bridge, a self-inductance being inserted in the P arm while P itself is set to infinity. 
The condenser K and the added inductance can then be put in series, and the 
bridge so adjusted can be used for the measurement of frequency or of total har- 
monic content of a supply wave. 


APPENDIX: THE EFFECT OF STRAY IMPEDANCES(3) 


Stray impedances internal to the bridge. The references are to figure 3. Stray 
impedances between O and X, X and W, W-and Q, W and Y, and X and Y, 
modify the properties of M and of the P and R arms. The characteristics of these 
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components are determined in situ and therefore include the effects of these im- 
pedances. 
A small admittance [,, between Q and Z, figure 3, leads to a modification of 
equation (3:6) to 
& 
Sei [S2+2p2— ma tT (Apu) (S+e)—C (Ea +A]. ee (A 1) 


If I, =jwC,, where C, is a small capacitance, the above equation can be inter- 
preted for three important practical cases: 


(a) dp, 
(6) AR2,4, 
(c) AS py, and py, o. 
Let L be the reactive part of 4, so that L is the self-inductance of the secondary 
of M, and let the resistance of the secondary be negligible in comparison with R, 


and R, (in practice it does not exceed 1 per cent of these values). Then the errors, 
AC and Ay, in C and y are as summarized in table 2: 


Table 2 
Case NGG: Ay 
A= py wM,C, wCR, 
AS2¢y ° aC, (R,— R;) 
»1> 4 and p47 Oo ° wCyL/C 2 


The third case is interesting, for it corresponds to the leads reading, for which 
y was found to be 0-007 and C was 28 pyr. If the whole of the leads power factor be 
assumed to be due to C,, then C, can be estimated from the above result, giving a 
value of 8 pr. This therefore is an upper limit to the probable value of C,, from 
which maximum probable values of w?M,C, and wC,R, can be calculated, giving 
the figures already quoted on p. 43. 

Stray impedances to earth. Stray impedances to earth from the points W, Y 
and Z are dealt with by the Wagner arm in both circuit arrangements. Impedances 
to earth from Q and X (the latter in the inductance bridge) are not dealt with. If 
admittances I’, and I’, connect O and X respectively to earth, equation (3-6) must 
be modified to 

pak =€1 [G+ 2b pa — {P28 (ta oe) —Pokooed]. eee (A 2) 

Assuming T,=T;=jwC,, the interpretation for the important cases p= 2p 
and 1,0 can be given in simple form. In the first case M, can be regarded as 
being altered by a fraction w?C, (2M,—L) which is almost always negligible since 
generally 2M, and L are of the same order. In the second case the leads power 
factor is altered by an amount wM,.w?LC,/R,, which is quite negligible for any 
reasonable value of C, at audio-frequencies. 
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ABSTRACT. A detailed investigation has been made of the mechanism by which sound 
is transmitted between adjacent rooms in brick buildings. The relative importance of 
sound transmitted by the intervening partition and by the flanking walls and floors is 
deduced from measurements of their vibration, and it is shown that indirect transmission by 
the flanking walls and floors can be markedly greater than direct transmission through the 
intervening partition. It is shown, for example, that in one pair of average rooms the sound 
transmitted indirectly was about six times as much as that transmitted directly. A method 
of predicting the importance of the indirect transmission in any given case is described. 
It is concluded that in average buildings there is probably no advantage to be gained by 
installing partitions of special construction having sound-reduction factors greater than 
55 or 60 decibels. 
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both because sound reaches, in this way, parts of a building which are remote 

from the original noise and also because, as has been mentioned in an earlier 
paper“, conduction along the flanking walls and floors limits the insulation obtain- 
able between neighbouring rooms. This form of transmission has been referred to 
as transmission by indirect paths to distinguish it from direct transmission through 
an intervening partition. 

It is important to study the indirect transmission in an average building so that 
it can be allowed for in sound-insulation schemes. It is important, also, to ascertain 
whether the effect can be minimized by varying the construction of the building 
or by a suitable choice of material. 

A few measurements have been made by different workers in various types of 
building of the attenuation of sound travelling through the building fabric. 
A. Gastell® has measured subjectively the transmission of impact sounds in steel- 
frame buildings and in ordinary brick buildings, and has concluded that trans- 
mission by indirect paths is less important in those of the latter type. Berg and 
Holtsmark® have made objective measurements in an ordinary brick building of 
the transmission of audio-frequency vibration originated by a loudspeaker and 
conclude that sound is attenuated by an average amount of } db./ft.in such buildings. 
The author made similar measurements“ in a reinforced-concrete building and 
observed an attenuation of about the same amount for a frequency of 200 c./sec. 


TT beth of sound through the structure of a building is important 
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In the present paper the chief problem discussed is the effect of indirect trans- 
mission upon the sound-insulation between a pair of adjacent rooms. A source of 
sound in one room generates vibrations in all the boundaries of the room. One of 
these boundaries, the partition between the rooms, is common to both rooms, and 
by its vibration will radiate sound directly into the second room. Of the remaining 
five boundaries, one, the wall opposite the partition, has no direct connexion with 
the second room; the other four, the flanking walls and floors, are extensions of the 
corresponding walls and floors in the second room and vibration can be conducted 
along them from one room to the other. Each wall may be taken to radiate sound 
energy in amounts proportional to the product of its area and of its mean square 


Room 3 Room 2 Room 1 
(Room 6 below) (Room 5 below) (Room 4 below) 


10 20 
feet 


Figure 1. 


amplitude of vibration. That radiated by the common partition constitutes the 
direct sound while that radiated by the other surfaces constitutes the indirect sound, 
and it was the purpose of the measurements described below to determine the 
relative importance of the two paths. 

Two buildings have been investigated, the measurements in one being on a 
more extensive scale than in the other. The first consisted of a modern block of 
flats built with brick. The building is approximately in the form of a square, is four 
storeys high, and contains two suites of rooms on each floor. The room-distribution 
is shown in figure 1, which is a plan of the second floor and is representative of the 
lay-out on all floors. The outer wall is of cavity construction, consisting of two 43-in. 
brick leaves separated by 2-in. air space, and the floors are of reinforced concrete 
52 in. thick covered with a wood floating floor insulated with rubber blocks. The 
interior walls consist mainly of plastered 3-in. hollow-tile partitions. 
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A set of six rooms was selected, figure 2, the central rooms of which were divided 
from the remaining rooms by a plastered g-in. brick wall on one side and a plastered 
3-1n. clinker concrete wall on the other. This disposition enabled the transmissions 
through the two partitions to be compared under identical conditions. 


§2. DESCRIPTION OF MEASUREMENTS 


A warbling note was generated in room 2, figure 2, by a loudspeaker and the 
intensity of the air-borne sound in each of the rooms was determined. Frequencies 
of 200, 700 and 2000 c./sec. were used for the measurements. The mean square 
amplitude of vibration of certain of the walls was also determined, a modified form 
of loudspeaker movement being used for this purpose. This instrument proved 
sufficiently sensitive to detect the vibration generated in a wall by a 50-w. loud- 
speaker working in a room over 100 ft. away. 


Room containing 
loudspeaker 


Cavity wall consisting of 
two Alin. brick leaves 
separated by 2-in. inter- #2 


space 


3-in. clinker concrete wall 


9-in. brick wall 


5}-in. reinforced 
concrete floor 


0 10 20 
Geerecteeret +4 "feet 


3-in. hollow tile wall 


Figure 2. 


The measurements of the intensity of the air-borne sound gave the acoustical 
insulation against transmission vertically, horizontally and diagonally from the 
room containing the loudspeaker. The vibration measurements enabled the 
relative amounts of air-borne sound radiated by each of the walls to be calculated. 

Careful check measurements were made to confirm that the sound measured 
had actually been transmitted through the building structure and was not appre- 
ciably contributed to by sound leaking through apertures—for example, through 
gaps round the edge of doors. 


§3. RESULTS 


The results obtained are given in table 1. 

It will be seen that, as was to be expected, the g-in. brick wall is more insulating 
than the clinker concrete wall, the difference between the average insulations being 
6 db. Actually, the difference which would have been expected from laboratory 
measurements is between 10 and 12 db. The observed effective sound-insulation 
of each partition is less by at least 5 db. than the figure determined by laboratory 
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Table 1. Acoustical insulation against horizontal, vertical and diagonal 
transmission in set of rooms shown in figure 2 


Acoustical insulation (db.) Meatr 
Mode of transmission Atos At 700 Apsaso sae 
c./sec. c./sec. c./sec. sh 
Horizontal transmission from room 2 40 45 52 46 


to room 1 through 9-in. brick wall 
weighing go lb./ft? 

Horizontal transmission from room 2 36 40 45 40 
to room 3 through 3-in. clinker con- 
crete wall weighing 20 lb./ft? 


Vertical transmission from room 2 to 38 47 57 47. 
room 5 through 53-in. reinforced- 
concrete floor covered with wood 
floating floor insulated with rubber 
blocks and weighing 65 lb./ft? 


Diagonal transmission from room 2 45 Gi 61 52 
to room 4 
Diagonal transmission from room 2 44 52 62 52 
to room 6 


measurements for the sound reduction factor. The difference may in part be 
accounted for by the reverberation of the receiving room, though, as will appear 
later, there are other reasons for expecting the measured insulation to be lower than 
the laboratory figure. The total absorption in these rooms was not determined, so 
that a correction cannot be applied for this factor. By making the reasonable assump- 
tion, however, that the room surfaces each had the same average absorption coefh- 
cient, we find that the differences between the corrections to be applied to the 
values obtained for the insulation of the two walls would be about 1 db. only. This 
is insufhicient to account for the fact referred to above, that though the difference 
between the observed insulations should have been to db., it was actually only 6 db. 
To ascertain whether this effect arose from some unusual behaviour on the part of 
the partitions themselves, measurements were made of the actual vibration of the 
brick and clinker concrete walls. The mean differences between the vibration of 
the brick wall and of the clinker concrete wall are shown in table 2. 


Table 2. Amount by which the mean square amplitude of vibration of the 
brick wall was greater than that of the clinker concrete wall 


Difference between 
Frequency mean square ampli- 
(c./sec.) tude of vibration 


of walls (db.) 


200 9 
700 14 
2000 15 


It will be observed that the average difference between the mean square ampli- 
tudes of vibration was 13 db., which differs, by an amount exceeding the experi- 
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mental error, from the difference between the intensities of the air-borne sound 
(6 db.) and corresponds more nearly with what would have been expected from 
laboratory measurements. 

It is clear therefore that sound was not transmitted through the intervening 
partitions only. As check measurements indicated that the additional transmission 
did not occur by doorways or windows, there is ground for believing that trans- 
mission along the flanking wall and floors may have been responsible. To test this 
point, measurements were made of the vibration of all the walls of rooms 1 and 3. 
It was not possible to determine the vibration of the structural floor as it was 
covered with an insulated wood floating floor and the amount of sound transmitted 
through the gaps between the floor boards was uncertain; the ceiling could not 
easily be reached and was for this reason not measured. The relative proportions 
of sound radiated by the partition and by the remaining surfaces of the room were 
calculated on the assumption (justified by measurements made in other buildings) 
that the ceiling had the same average amplitude of vibration as the walls, the radia- 
tion from the floor being neglected. Neglecting the floor involves only a small error, 
probably only of the order of 1 db., since its area is only about half that of the walls. 
The vibration of the windows, which could not be measured since it would be 
altered by the pressing of a vibration detector against the glass, was assumed to be 
the same as that of the walls. Actually the area of the windows was only a fraction 
of that of the walls, so probably no appreciable error is involved. In the calculation 
allowance had to be made for the fact that the vibration in the flanking walls 
decreased as the distance from the room containing the loudspeaker increased. 
A number of measurements had been made at equally spaced points on these walls 
and the arithmetic mean of the squares of the observed amplitudes was taken as 
the mean square amplitude of the wall. The contribution of sound energy from the 
wall was taken as proportional to the product of the area of the wall and the mean 
square amplitude of vibration. In view of the practical difficulty of determining 
ceiling vibration, measurements of the indirect transmission to room 5, below room 
2, were not made. The results obtained are given in table 3 and show the amounts 
by which the sound transmitted by indirect paths exceeded that transmitted through 


the partitions. 


Table 3. Calculated contribution of sound transmitted by indirect 
paths in the set of rooms shown in figure 2 


Excess of indirect transmission 
over direct transmission 
Mode of Intervening through partition (db.) 
transmission partition 
At 200 At 700 At 2000 
C:/Sec: c./sec. c./sec. 
Horizontally from g-in. plastered brick y 8 8 
room 2 to room 1 wall 
Horizontally from 3-in. plastered clinker I ° I 
room 2 to room 3 concrete wall 
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It will be seen that the indirect paths were definitely predominant in the case 
of transmission between rooms 1 and 2, but that in the case of transmission between 
rooms 2 and 3 they were only of an importance comparable with that of the direct 
transmission. The explanation is to be sought partly in the greater insulating value 
of the g-in. brick wall between rooms r and 2 and partly in the fact that in room 1 
the area of the flanking walls was larger in comparison with the area of the partition 
than it was in room 3. The figures given for the indirect transmission enable the 
insulation provided by the partitions alone* to be deduced from the observed 
insulation between the rooms. ; 

Using results averaged for all three frequencies, we find that the insulation 
provided by the brick partition alone is about 55 db. while that provided by the 


45-in. brick wall 


14-in. brick wall 


18-in. brick walls 


Figure 3. 


clinker concrete partition alone is about 43 db. The difference between these 
insulation figures is 12 db. which is in very satisfactory agreement with the differ- 
ence, 13 db., obtained by measurements of the actual vibration of the two walls, 
and also with laboratory measurements. 

A similar but less extensive series of measurements was made on a pair of rooms, 
one vertically above the other, in a 3-storey building built with brick walls and 8-in. 
reinforced-concrete floors. Each room was bounded on two sides by the exterior 
brick wall which was 18 in. thick in the case of one room and 14 in. thick in the 
other. The construction is shown diagrammatically in figure 3. A loudspeaker was 
operated in one room and measurements of the intensity of the air-borne sound 
were made in the other, the concrete floor acting as a partition between them. 
Measurements of the vibration of the walls and floor enabled an estimate to be 
made of the relative amounts of sound transmitted by direct and indirect paths. 
The results obtained are given in table 4. 


* This calculation does not include an allowance for the reverberation of the rooms, 
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Table 4. Transmission of sound between two rooms 
separated by an 8-in. concrete floor 


Frequency of test sound (c./sec.) 200 700 1000 
Measured insulation against air-borne sound (db.) 23 45 50 
Excess of indirect transmission over direct trans- 34 2 2 

mission through floor (db.) 7 
Decrease of effective insulation of floor due to in- 5 4 4 
direct transmission (db.) 


It will be seen that the indirect transmission was markedly greater than the 
direct transmission. Accordingly any improvement in the insulation provided by 
the floor alone would have a negligible effect. 


§4. DIAGONAL TRANSMISSION 


Measurements of the wall vibration were also made to examine the transmission 
diagonally between rooms 2 and 4, figure 2. From these results it was possible to 
calculate the difference to be expected between the air-borne sound-intensities in 
rooms 1 and 4, 1.e. the difference between the insulation against horizontal and 
diagonal transmission. The figure obtained was within 1 db. of the experimentally 
observed figure, a satisfactory agreement. It has previously been assumed that a 
measurement of the insulation against diagonal transmission provides an indication 
of the contribution made, in the case of horizontal or vertical transmission, by the 
sound transmitted along indirect paths. The results show that this criterion is un- 
reliable; for the insulation against diagonal transmission is, as is shown in table 1, 
considerably greater than that for horizontal and vertical transmission, yet, as is 
shown in table 3, indirectly transmitted sound is predominant in at least one room. 
The reason for this apparent discrepancy lies in the fact that the vibration of the 
walls is attenuated by several decibels along the length of the flanking walls, this 
attenuation being more important in the case of diagonal transmission than for 
horizontal or vertical transmission. Roughly speaking, the wall vibration is halved 
in intensity for every increase of 6 ft. in the distance from the boundaries of the 
room containing the loudspeaker. The areas of wall nearest this room contribute 
most to the indirectly transmitted sound. In the case of horizontal or vertical 
transmission there is a substantial area of wall, near the room containing the source 
of sound, which vibrates with about the same amplitude as that part of the flanking 
wall which bounds the room containing the source of sound. As far as diagonal 
transmission is concerned, however, there is only a small area, in the corner adjacent 
to the room containing the source of sound, which vibrates with the maximum 


amplitude. 
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§s5. POSSIBILITY OF PREDICTING MAGNITUDE 
OF INDIRECT TRANSMISSION 


In view of the importance, shown by these measurements, of transmission by 
indirect paths, a method of calculating the magnitude of the effect when buildings 
are being designed would be valuable. The results obtained during the measure- 
ments in the buildings referred to in this paper throw some light on this point. 

It is to be expected that the relative amplitudes of vibration of the walls of the 
room containing the source of noise will be calculable with sufficient accuracy from 
the curves relating sound-transmission through solid walls with their weight. 
This is confirmed by measurements made in the buildings referred to in the present 
paper. The amplitudes of vibration of three of the bounding walls of room 2, 
figure 2, could be measured readily from outside the room. The vibration of the 
exterior flanking wall could not be measured, for obvious reasons, on the section 
of it which formed part of room 2. Measurements of the vibration of this wall in 
the rooms 1 and 3, close against the partitions dividing these rooms from room 2, 
showed, however, an amplitude slightly greater than that of the g-in. brick partition, 
a result which accords with the weight of the wall. Similarly, measurements of 
the vibration of the exterior wall of the rooms shown in figure 3 proved that the 
amplitude was one or two decibels less than that of the floor, a difference to be 
expected from the relative weights. ‘This behaviour may possibly be explained as 
follows. Where two walls or a wall and a floor meet they must, obviously, vibrate 
with the same amplitude. Hence, it is to be expected that, whatever the amplitude 
of vibration of the walls and floors bounding a room which contains a source of 
sound may be, the vibration of prolongations of these walls and floors will be 
influenced by the vibration of the other walls and floors to which they are con- 
nected. It is to be expected on this account that the observed attenuation of 
vibration travelling along a light wall will, in suitable circumstances, suffer a sharp 
change where the wall comes into contact with a heavier wall or floor. In fact, in 
rooms remote from that containing the source of sound, the amplitude of vibration 
of the walls and floors may be expected to tend towards the same average value; 
the vibration of the heavy elements may be supposed to have been increased by 
their contact with the light elements and conversely. In actual buildings the 
majority of the walls and floors usually seem to have weights of the same order, and 
hence would in any event be expected to vibrate with about the same amplitude; 
certain of the partitions have a light construction, however, and in the light of the 
foregoing discussion it is to be expected, as was found experimentally, that their 
amplitude of vibration will, except where they form part of a room containing a 
source of sound, be about the same as that of the heavy walls and floors in their 
neighbourhood. 

This circumstance fortunately limits the importance of indirect transmission. 
However, since the area of the flanking walls and floors in rooms of average shape 
tends to be large in comparison with that of the partition, it will be seen that when 
the partition has about the same insulating value as the walls, the contribution of 
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sound from the latter is likely to exceed that from the partition as, indeed, was 
shown in the case of the rooms described in this paper. 

Normally, partition walls would not be made heavier than the heaviest flanking 
wall, which is often an exterior wall, and attempts to improve the insulation of the 
partition wall would be made by adopting double or complex construction rather 
than by adding to its weight. Without additional weight the partition would not 
restrict the vibration of the flanking walls attached to it, so that there would seem 
to be no point in making such partitions much more insulating than the heaviest 
flanking walls and floors would be if they were treated as partitions. This means 
that in average buildings there is probably no point in installing partitions of special 
construction having sound-reduction factors greater than 55 or 60 db., unless steps 
are taken to reduce the indirect transmission. In certain circumstances increasing 
the weight of the partition might decrease the vibration of the flanking walls and 
thus effect an improvement, but this would only be expected to occur if the partition 


were heavier than any of the flanking walls and floors—a condition which is prob- 
ably rare. 
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ROTATIONAL ANALYSIS OF THE ULTRA-VIOLET 
BANDS OF GERMANIUM MONOXIDE 


By A. K. SEN GUPTA, M.Sc., the University College of Science 
and Technology, Calcutta 


Communicated by Prof. P. N. Ghosh, 9 May 1938. Read in title 24 Fune 1938 


ABSTRACT. From measurements on high-dispersion spectrograms, rotational structure 
analysis is made of the (1, 0), (2, 0) and (0, 3) bands of the ultra-violet band system of 
germanium monoxide (GeO). The bands are found to be due to a 1X +!% transition and 
are thus analogous to the A bands of SnO and PbO, as has been suggested in a previous 
communication. Relevant molecular constants have been obtained for both the states. 
A few lines due to the less abundant isotopic molecules 7°GeO and 7*GeO have been ob- 
served in the (0, 3) band. 


Si, INTRODUCTION 


and A3320 is known for germanium monoxide, GeO. It consists of a large 

number of bands degraded to the red and appears in the spectrum of an arc 
between carbon electrodes fed with germanium dioxide or potassium germani- 
fluoride or of an uncondensed discharge through the vapour of germanium tetra- 
chloride in an atmosphere of oxygen. Shapiro and his co-workers? have also 
secured weak indications of these bands in absorption. The observation of ger- 
manium isotope effect in several of the band heads has proved beyond doubt the 
identity of their emitter. 

The vibrational structure analysis of the bands has been carried out satisfactorily 
by several investigators™** working independently. But no attempt has yet been 
made to study their rotational structure. Thus the nature of the electronic states 
involved in the transition remains still uncertain. It has, however, been suggested 
that since the band system also appears in absorption, its lower state corresponds to 
the ground state of the molecule and is in all probability a 1X state as has been found 
in the case of the monoxides of group IV}; while its upper state may be either 11 or 
‘X according as it is analogous to the fourth positive and the ultra-violet bands of 
CO and SiO respectively or to the A bands of SnO and PbO. Jevons and his co- 
workers are in favour of the first alternative in view of the complex structure of 
some of the strongest bands from their moderate dispersion spectrograms. They 
have not, however, overlooked the fact that the complex isotopic nature of ger- 
manium might be responsible for such a structure although in reality the bands are 
due to a !X +12 transition. 

It was, therefore, thought desirable to undertake a complete rotational structure 
analysis of these bands with a view to ascertaining definitely the nature of the 
transition to which the band system is due. 


S o far only a single band system lying in the ultra-violet region between 42340 
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The present paper reports the results of such an analysis carried out for the 
(1, 0), (2, 0) and (0, 3) bands. Each of these consists of only one P and one R 
branch, thus indicating that the band system in question is due to a 1X +1 transi- 
tion. In addition to the lines of these two branches a few faint lines due to the 
isotope effect of germanium have also been recorded in the (0, 3) band. 


§2. EXPERIMENTAL PROCEDURE 


From an inspection of the plates taken previously by the author with a Hilger 
Ex quartz spectrograph, it was found that the bands (2, 0), (1, 0), (1, 1), (0, 2) and 
(0, 3) are fairly intense. Of these (1, 1) and (0, 2) bands are so much superposed by 
the structure lines of the neighbouring bands that they present a very complicated 
appearance. Hence the bands (2, 0), (1, 0) and (0, 3) were chosen for a study of their 
rotational structure. 

These bands have been photographed in the first order of a 21-ft. concave 
grating set up on a Paschen mounting and having 30,000 lines per inch with a 
6-in. ruled surface. For light source a carbon arc fed with potassium germani- 
fluoride has been used. An effective exposure of about 25 hr. was necessary for 
obtaining the bands with measurable intensity. Fine-grained photographic plates 
were used for securing the best definitions of the structure lines and Pfund iron-arc 
lines were utilized for comparison spectrum. 

Measurement of the structure lines was made with a Gaertner comparator 
(M 12014) readable directly to o-oor mm., and estimable to 0-ooo1 mm. For each 
band at least four independent sets of measurements were carried out and reduced 
to wave-lengths in the usual manner. In no case did the individual wave-lengths 
data differ from their mean value by more than o-or a. for any particular line. Re- 
ductions to vacuum wave-numbers were made with the aid of Kayser’s Schwin- 
gungszahlen. 


§3. ANALYSIS OF BAND STRUCTURE 


The high-dispersion spectrograms of the three bands investigated reveal that 
their resolution is complete except for a small region near the heads. Each band is 
found to consist mainly of two series of lines which are fairly long, owing to the high 
temperature of the source, and have nearly the same intensity. ‘The two series may, 
therefore, be associated with the P and R branches of a band arising from a transi- 
tion involving similar singlet states. The possibility of one of these series being 
actually a blend of P and R branches while the other is a Q branch seems impro- 
bable from the following considerations. All the three bands, though they have 
different (v’, v”) values, show practically identical structure. Further, the lines of 
(1, 0) and (2, 0) bands are very sharp in the regions in which the rotational isotopic 
shift would be nearly neutralized by the vibrational isotopic displacement. In other 
regions they look slightly diffuse. This feature can be attributed to the unresolved 
isotopic lines under the dispersion employed; their diffuse width, however, corre- 
sponds to the calculated spread of the isotopic pattern. On the other hand, a few 
faint lines due to the less abundant isotopic molecules “GeO and GeO have been 
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observed in the (0, 3) band. Hence one can conclude that the diffuseness of the 
lines should not be attributed to unresolved A-type doubling. This rules out from 
consideration a transition involving 4II states and leads one to assign the band 
system in question to a 1X +12 transition. 

After the two main series of lines in each band had been sorted out, the next step 
was the identification of each series and the assignment of quantum numbers to the 
lines belonging to it. As the bands are degraded to the red, the series of lines start- 
ing from their heads should evidently belong to the R branch. This method of 
identification was not possible in this case owing partly to incomplete resolution 
near the heads and partly to the fact that the lines of the two branches appear as 
close doublets which coalesce into single lines as they approach the head. A little 
further from the head one can, however, identify the neighbouring lines of the 
components of the doublets as belonging to either R branch or P branch merely 
from a visual inspection of their relative photographic intensities. Once this had 
been achieved, it was only a matter of trial to find out the proper combination 
relationship between them and thereby to arrive at the unique assignment of their 
K numbering. Since no lines with low K values have been observed in these bands, 
owing to incomplete resolution near the head, it was not possible to secure the 
ees confirmation of the correctness of assignment of the band system to a 

+1! transition from the criteria of missing lines. 

ee is well known that the combination differences, A,T (K), between the lines of 
Rand P branches of a band are given by 

A,T’ (K)=R (K)—P (K), 
A,T" (K)=R (K—1)—P(K +1). 

According to the combination principle all the bands having the same upper 
vibrational state should yield sets of values of A,7’ (K) which are numerically 
identical; and similarly all bands having the same lower vibrational state should give 
identical sets of values of A,7” (K). For each of the bands analysed the wave- 


numbers of the lines with their K numbering as well as the values of A,7’ (K) and 
A,T” (K) are given in table 1. 


§4. CALCULATION OF MOLECULAR CONSTANTS 
‘The rotational energy of a molecule in a 1X state being given by 
T (K)=B,K (K+1)+D,K? (K+1)?+ 
the combination differences A,T (K) can be expressed as follows: 
A,T (K)=T (K+1)—T (K—1) 
= 4B, (K+3)+8D, (K+3) 


where terms small in comparison with 8D, (K+4)* are dropped. Both B, and D, 
depend upon wv according to the relations 


B,=B,—«(v+4) 


Table x 


(x, 0) band, at A26 14-65 


(2, o) band, at t Aas7e 89. (0, 3) band, at A288r- 7 
ns 5 ANSI UKS, NSO Che . A, T K NAR (UE A, Me 
R (K) Pe (K) (v’ = iS) (v” ths, R (K) 1% (K) (v’ rn (K) (v’ a) R (K) P oa = Gas (K) ) 
38812°28 | 
08°70 34637°35 
05°00 33°59 
00°99 30°10 
38796°75 26°32 
22°43 
89:02 18-31 
85:00 14°02 
38149°95 80°13 09°57 
38194°68 44°80 49°88 75°41 05°60 
90°87 39°53 51°34 60°73 70°52 00:96 
86-94 33°95 52°99 62°73 38818-00 65°57 52°43 34596°36 
82°76 28-14 54°62 64°26 13°06 59°20 53°86 64°80 34647°15 92°04 55°11 
78°84 | 22°68 56°16 66-04 08-70 53°20 55°50 66°73 44°40 87:68 56°72 65°38 
7446 | 16°72 57°74 68-16 03°70 46°73 56°97 @8°30 40°90 81°77 59°13 66°87 
69°86 | 10°68 59°18 70°12 38799°05 40°40 58-65 70°46 37S 77°53 59°82 68-75 
65°06 | 04°34 60°72 71-03 93°52 33°24 60:28 PROS 33°59 Vests, 61°44 70°46 
60°22 38097°93 62°29 73-017 88-69 2'7°00 61:69 73°85 30°10 66°89 63°21 72°48 
55°29 91°39 63°90 75°57 82-91 19°67 63°24 75°73 26°32 61-11 65°11 7407 
49°95 84°65 65°30 7035 77-68 12°96 64°72 77°64 22°43 56:03 | | 66-40 75°94 
44°80 77°94 66°86 78°95 71°59 05°27 66-32 79°35 18°31 50°38 67°93 77°68 
39°53 71°00 68°53 8r-o1 66°33 3869833 68-00 81°36 14°02 44°75 69°27 79°61 
33°95 63°79 70°16 83°07 59°60 90°23 69°37 83°30 09°57 38-70 70°87 81-30 
28-14 56°46 71°68 84°96 53°90 83°03 70°87 84°95 05°23 32°72 72°51 83°23 
22°16 48°99 73°17 86°85 47°39 74°65 72°74 87°00 00°27 26°34 73°93 85:28 
16°00 41°29 74°71 88-78 40°91 66-90 74°01 88-60 34595°38 19°95 75°43 86-99. 
09°66 33°38 76°28 90°54 34°34 58°79 75°55 90°61 90°29 13°28 77-01 88-74 
03°36 25°46 77°90 92°39 27°48 50°30 T7418 92°36 85°28 06-64 78-64 90°63 
38096°55 17'27 79°28 94°60 20°88 41°98 78:90 94°78 80°08 34499°66 80-42 92°57 
89:60 | 08°76 80°84 96°27 12°90 32°70 80:26 96-22 74°72 92°71 82-01 94°20 
82°71 00°28 82°43 98-10 06°63 24°66 81:97 98:07 69:21 85-88 83°33 96:01 
75°45 37991°50 83°95 100°04 38698-33 14°89 83°44 T0012 63°70 78°71 84-99 97°77 
68-13 82°67 85°46 101°83 Q1I°34 06°51 84°83 IOI"42 58:07 71°44 86-63 99°60 
60°56 73°62 86°94 103°63 83°35 38596-91 86°44 103°44 52°06 64:10 87:96 IOI'45 
53°09 64°50 88-59 105°43 75°70 87-90 87:80 105°36 46-20 56-62 89°58 103°26 
45°35 55°13 90°22 107°24 67°32 77°99 89°33 107°47 40°00 48°80 91-20 10505 
37°60 45°85 91°75 109°03 58-99 68:23 90°76 33°71 4L15 92°56 106-96 
29°46 36°32 93°14 I10'94 50°70 I10‘99 27°04 33°04 94:00 108°70 
21°37 26:66 94°71 112°88 41°90 48°00 93°90 I12'92 20°56 25°01 95°55 T1061 
12°63 16°58 96°05 II5°C3 33°06 37°78 95°28 114°56 13°57 16°43 97°14 112°60 
04°25 06°34 97°91 L16°71 24°26 27°34. 96:92 116:20 06:64 07°96 98-68 I14'13 
3799514 37895°92 99°22 118°58 14°89 16°86 98°03 118-35 34499°66 34399°44 100°22 11592 
86-60 85-67 100°93 119‘9i 05°57 05‘91 99°66 120'18 92°71 90°72 °| Lor-99 117-65 
77°89 7523 102'66 121°86 3859612 38494°71 IOI‘4I 122'06 85°29 82°01 103°28 119°65 
68-78 64°74 104'04 124'08 86-63 83°51 10312 123°69 78-01 73°06 104°95 I21°27 
59°12 53°81 10531 125°70 76:69 72°43 104'26 125°79 70°45 64:02 106743 123°42 
50°07 43°08 106-99 127°29 66°49 60°84 105°05 127°36 62°46 54°59 107'87 125°25 
40°22 31°83 108-39 129°48 49°33 129°35 54°71 45°20 sO015) Sek 
311i 20°59 I10°52 £30277 45°97 37°14 108°83 46°97 35°83 ane tak 
20°52 08-95 II1‘57 133°33 35°72 25°30 T10°42 133°10 38°79 26° species oie: 
10°75 37797°78 112°97 24°88 12°87 I12‘o1 135°04 30°80 16°62 II4'1 132°20 
00°38 14°14 00°68 113°46 136°80 22°09 06°59 I15°50 13418 
37890°38 02°82 38388:08 114-74 138-41 13°55 34296°62 116-93 136°09 
79°50 38491°52 75°73 15°79 140°30 04°57 86:00 118°57 137°75 
68-81 80-01 62°52 117°49 14214 34395°81 75°80 120°01 139°31 
57°94 68°79 49°38 11Q‘41 143°97 86-96 65°26 121°70 14119 
47°02 57°21 36°04 I2I‘17 145°65 77°85 54°62 123°23 142°82 
35°99 45°46 23°14 122°32 147°21 68-86 44°14 124°72 144°80 
24°20 33°68 10°00 12368 149°65 59°34. 33°05 126:29 146°55 
12:98 20°92 38295°81 C25-00 151'46 50°14 22°31 127°83 148-22 
ae 08:67 82-22 126°45 153°26 40°33 L112 129'21 150°34 
c 38396-00 67:66 128°34. 154°78 30°32 34199°80 130°52 151°96 
83°60 53°89 129°71 20°57 88°37 132°20 15358 
71'96 10°64 76°74 133°90 155°17 
58°70 00°84 65°40 135°44 
“46 34290°24 
ie 79°60 
18°21 68-81 
04°82 58-07 
38291°29 48-40 
76:67 37°64 
62°10 abe 
. 14°07 
48°17 pee: 
34192°33 
81-68 
68-97 
58-71 
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and D,=D,+ B (w+) 
=D, + bu. 


Here B, and D, are the extrapolated values of B, and D, corresponding to a non- 
vibrating and non-rotating molecule. 

The mean value of the combination differences have been taken in cases where 
there was more than one datum available for a particular pair of rotational levels. 
For each vibrational level, the first approximate value of B, was determined by a 
graphical method. ‘This was used to calculate also the approximate value of D, from 
several data of A,7’(K). Then by successive approximation and repeated trials B, 
and D, were assigned their final values. When (A,T (K)—8D, (K +4)) is plotted 
against K, the points lie very closely on a straight line; this shows that there is no 
need for considering higher-power terms to represent A,T (K). 

The variation of D,, with v was found to be of negligible magnitude. From the 
variation of B, the values of x and B, were determined. J, and r, were then evaluated 
from the following relations: 


a 0°04 5. 19-40 g/cm? 
ee Caer) ee 
and T. ~ 1-649 A, A, x IO em; 


where A, and A, are the atomic weights of the constituent atoms of the diatomic 
molecule. In table 2 the values of the several constants thus evaluated are given. 


Table 2. Rotational constants of GeO 


Upper 1% state Lower !% state 
Bo —CAOTS Cin B.” =0'4704 cm: 
By’ =0°4000 cm?! By” =0'4689 cm-1 
=0°3960 cm:t F024 OO machines 
B,=0:3926 cm-* “” =0:0029 cm: 
0100877, Che Dye — Aaa Oya O me Chie 
D,’= — 6-07 X 10~ ieme- a= O47 co 1Om Cine 
Tp = 1-782 < TOs Cm. Ihy SISSUSIO) Se 1K) PRS 0s 


W658: OA atom 21cm: 


To ensure the correct evaluation of B, and D, for each vibrational state, values of 
A,T (K) were calculated from the theoretical equation and compared with the 
observed data. In general the agreement between them was satisfactory. A check 
on the correctness of the values of B and D is afforded by the theoretical relation, 


viz., Pate 4B. 
é D, ° 
On substitution of the proper values of B, and D, it is found that w,’=653-8 cm:? 
and w,”=984:1 cm: These values are in sufficiently close agreement with those 
obtained from the vibrational structure analysis of the bands on the basis of the 
data of their band heads. 
A further check on the correctness of the analysis is obtained from the approxi- 
mate relation between 7, and w, as given by Morse, viz., w,7,2= a constant, which 
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has a value equal to 3000 x 10~** cm? for diatomic molecules composed of atoms of 
nearly equal mass. But if the masses of the atoms are unequal, as in the present 
case, the value of this constant should be greater. This condition is satisfied, since 
we have 


u 


= 1 —24 2 
w,' 7.2 = 3689 x 10-4 cm? and w,”7r,"3= 4384 x 10-™ cm. 


An additional check is afforded by a rule due to Birge which states that the 
quantity 2x, B,/« is approximately equal to 1-4+0-2. In the present case one finds 
us / 2x "B uM 
Baal aloe and —*,* =1°20. 
a a 
The value of the internuclear distance in the ground state of GeO, obtained 
from the present analysis, is also of the right order of magnitude as is evident from 
a comparison of values of 7,” for the other monoxides of group IVé included in 


table 3. 


Table 3. Internuclear distances of the ground states of group [V4 monoxides 


Molecule Ted Source 
CO 1'127 | Read (7) 
SiO 1°505 | Saper ®) 
GeO 1'647 | Present work 
SnO 1°832 | Mahanti and Sen Gupta‘9) 
PbO 1-918 | Christy and Bloomenthal © 


Sse ROMWAT LOIN Aiea Of OP ge hae Ei @aly 
Aston” has reported that germanium has five isotopes as follows: 


Mass number 70 72 73 74 76 
Abundance AOD 2768 GIRS BqPi 6°5 

The spectroscopic evidence of the existence of all these isotopes has been secured 
by Shapiro and his co-workers") from observations of isotopic heads in the less 
refrangible band system of GeS. Very recently the author® as well as Jevons and 
his co-workers™ have also identified band-heads due to the less abundant mole- 
cules, GeO and 7*GeO, accompanying, in favourable cases, those of the main 
molecule “GeO in the band system in question. One may, therefore, expect to 
observe the isotope effect in the rotational structure of the bands under investiga- 
tion, 

From the theory of the isotope effect in the band spectra of diatomic molecules 
it is evident that the total isotopic shift (which is the algebraic sum of the constant 
vibrational shift and the varying rotational shift) in the (2, 0) and (1, 0) bands will 
gradually diminish at first from its maximum value at the head to zero, and then 
increase with opposite sign. hus in each of these two bands we should have a 
region in which the lines would appear fairly sharp, while on either side of this 
region they would appear broad or diffuse if the dispersion is not sufficient to resolve 
their isotopic components. Such features have actually been observed in these two 
bands. ‘The structure of the (2, 0) band near the head looks very complex, owing 
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Table 4. Rotational isotope effect of germanium in the (0, 3) band of GeO 


“GeO MEO) 

K Ri (K) | A 4 Vv Ri Av Av 
| (obs.) (calc.) (K) (obs.) (calc.) 
oF | 34461°39 | «= 8-78 8-66 34452°45 17°72 17°77 
ae 53°24 | 8-92 8-70 44°75 17°41 17°86 
9 T45°83 | = 8-68 8°73 30°55 17°96 17°93 
1o | 37°90 8-79 8-77 28°77 17°92 18-01 
of 20,026 lO. O47 8-81 20°78 17°91 18:09 
Vad *21-88 8:58 8°85 12°19 WOre7, 18-18 
73 13°37 8-51 8-90 03°82 18:06 18°27 
74 04°51 8-86 3:94 *395°58 17°79 18°35 
75 *395°58 8°93 8-98 $86-43 18-08 18-44 
7 | 186-43 oe Sa a eX} 7742 18-16 18°53 
Tih an *77°85 Op igen O07 *68-56 18-40 18-62 
78 *68-56 9°29 Q'rl 58°94 18-91 18-71 
oy | 59°52 Q-04 0216 49°50 19:06 18-81 
80 | 34350714 8:90 | grat $34340°43 18-61 18-90 
SED | 40°43 Ceri | Opa +30°69 18°85 19:00 
82 | 30°69 Dye || “Cpe 21°11 18:81 19°10 
83 *20°46 9°37 9°35 10773 19'I0 19°20 
84 | tto-73; |" 0-73 9°40 01°33 19°13 19°30 
85 | *oo0'84 9°34 | 9°45 290°84 19°34 19°40 
86 | 291°43 9°41 9°50 81°22 19°62 19°50 
87 | 80-79 9°45 | 9°55 70°79 19°45 19°60 
88 70°23 9°37 | 9:60 59°93 19°67 19°71 


* Superposed on a main branch line. + Superposed on an isotopic branch line. 


Table 5 
“2GeO MEO 

IK 
| i Av Av i Av Av 
P* (BK) (obs.) | (calc.) P’ (K) (obs.) (calc.) 
54 | 34462-97 8°47 8°65 34453°62 17°82 17°76 
55 55°10 9:00 8-69 145°83 18:27 17°84 
56 | 47°76 8:86 8°72 *38-69 17°93 17°91 
57 40°57 8°53 8:76 31°00 18:10 17°99 
58 32°08 9:07. | 8:80 Baa 18°38 18-07 
59 23°98 9:06 «6| ~~ 8-84 14°54 18-50 18°15 
60 +16°43 8°58 8°88 06:89 18:12 18°23 
61 *34407:96 8-47 8-92 34398°34 18:09 18-32 
62 *34309°44 8°52 8:96 89:69 Loo 18°41 
63 *90°72 8°72 g:oI 81°32 18-12 18-49 
64 *82-01 8-71 9°05 71°99 18°73 18°58 
65 *73°06 8°95 9°09 me aa 18°67 
66 ¥64°02 | 9°04 9°14 *54°59 18°47 18°76 
67 *54°59 9°43 918 *45°30 18-72 18:85 
68 *45°30 9°29 9°23 *35°83 18-76 18°95 
69 £35203 9°47 9°27 *26°29 Ig‘Ol 19°04 
70 *26:29 9°54 9°32 *16-62 19°21 19‘14 
Gx 7110-02 9°67 9°37 +0749 18-80 19°24 
72 t07°49 9°13 9°42 134297°46 19°16 19°34 
73 134297°46 9°13 9°47 $87°51 19°08 19°44 
74 $87°51 9°21 9°52 Tp it 19°61 19°54 
75 eee: 9°38 9°57 66:94 19°55 19°64 
76 66-32 9°64 9°62 56°34 19°62 19°75 


* Superposed by a main line. + Superposed by an isotopic line. 
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probably to the overlapping of the resolved isotopic components of the lines of the 
two branches. 

On the other hand, the vibrational and rotational isotopic shifts are of the same 
sign on the low-frequency side of the origin of the (0, 3) band and thus add together 
to give the total isotopic shift. For this band, the magnitude of the vibrational 
isotopic displacement alone is also fairly large, being 7-6 cm-1 for GeO and 
15°5 cm71, for GeO. One may, therefore, expect the isotopic components of the 
lines to be resolved under the dispersion used. In fact, their presence has been 
definitely ascertained. In several cases, however, they are found to be superposed 
upon the lines of the main molecule. It is only for high values of K that the super- 
position is less prominent and the agreement between observed and calculated 
isotopic shifts is fairly satisfactory. For illustration a few of these lines are included 
in tables 4 and 5. 
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ABSTRACT. The characteristic temperature of magnesium oxide is derived from 
measurements of the intensity of x-ray reflections at 86° and 293° K. The result obtained, 
@=715° + 44, agrees favourably with a recent determination by Ribner and Wollan who 
_ give () =743° K., a value which, they state, carries ‘‘a rather large probable error”. 


N a recent paper Wollan and Harvey have suggested that magnesium oxide is 

a particularly suitable substance to use as a standard in making comparative 

measurements of the intensities of x-ray reflections from powders at different 
temperatures, since “‘it has the advantage that it is readily obtainable in the form 
of a fine powder and also, due to its very high characteristic temperature, the 
effect of temperature on the intensity of reflection is very small”’. We thought it 
desirable to determine the characteristic temperature of magnesium oxide by the 
x-ray method before utilizing this suggestion. In the meantime Ribner and 
Wollan® have published the results of an entirely independent x-ray deter- 
mination of this quantity which agrees approximately with the value we have 
obtained, but in view of the great difficulty of making an accurate determination 
by means of x rays, it seems worth while to give a brief account of our own experi- 
ments. 

The experiment consists in measuring the intensities of reflections at two 
temperatures, actually 86° and 293° K. Then assuming that the exponent M in the 
expression for the dependence of the reflected intensity on temperature is given by 
the Debye-Waller expression,* 


M=(6h?T|/mkO2) [@ (x) +4/4] (sin? A), sane (1) 


where @ is the characteristic temperature, x =©/T, and ® (x) is the Debye function, 
we can calculate © from the experimental results. If Jz, and /s are the intensities 


* This applies strictly to cubic lattices containing atoms of one kind only; for lattices containing 
more than one kind of atom, M will be different for the different atoms. Ribner and Wollan show 
that for magnesium oxide a mean value of M is obtained by assuming a single value of M for the 
even order reflections and taking m in the Debye-Waller expression to be the mean atomic mass. 
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of a reflection AR/ at the two temperatures, then 
(L56/Lo93) = EXP {2 (Moo3 — Mg) nx i} = exp (2AM jx), 
or log, (Leg/ Log) = 24 Va) (2) 


For two reflections hkl and h’'k'l’, we have 


2 (AMi xi — AM wv) = log. {78 oe 


I, 293 ‘* 293 


Vie 
logfile (3) 


From a consideration of these equations it is seen that we could obtain © by 
combining equations (1) and (2) provided we could measure directly the ratio 
(s6/Lo93)nz1- Since the intensities Jz, and J,., must be measured on separate oc- 
casions, their ratio cannot be obtained unless there is some means of measuring or 
controlling very exactly the intensity of the radiation incident on the powder at the 
two temperatures. This difficulty might be overcome by utilizing Brentano’s 
suggestion” for inserting a thin reflecting powder or crystal in the primary beam 
before it reaches the powder under investigation, a reflection from which would 
give a measure of the intensity in the primary beam. It will be seen, however, that 
in the present connexion the difficulty is eliminated by using equations (1) and (3), 
for then we have to measure only the ratios of the intensities of two reflections 
separately at the two temperatures. Since four intensity measurements are required 
to evaluate the quantity {(Lhxi/Inxv)se/(Lnei/Lne vos} 1 equation (3), it might 
appear that the use of equations (1) and (2) has an advantage in that only two 
intensity-measurements are required, but as two intensity-measurements would 
also be required for the substance inserted in the primary beam, there would 
still be four intensity-measurements necessary for each determination of ©. The 
use of equations (1) and (3) is therefore not attended by any disadvantage which 
would not also be present in the use of equations (1) and (2). It is easily seen that 


in order to use equations (1) and (3) successfully to evaluate © the two reflections — | 


hkl and h’k'l’ must be separated as widely as possible, for otherwise the quantity in 
the curly brackets will be of the order of unity and the probable error in the natural 
logarithm will be comparatively large. Since for cubic crystals, 


(sin @)/A= +/(h? + k? + P?)/2a, 
equation (1) may be written in the form 
M=b (h?+k?+2)=bxh?, 
where b= (3h? T/2a? mk?) [® (x) + x/4], 


and equation (3) can be written in the form 


/ I ¢ u 
2Ab [Xh?—Sh'?] =log, {( rel i ( ju) | ; 


= Lint Lara ! 
whence Ab = log, C=) /G= /2 [2ht—= hea) ae aene (4) 


EN RV 
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The experimental method consisted in reflecting radiation from a flat plate of 
powder in the manner previously described. The widest range of reflections 
which could be obtained with a single setting of the powder, CuK« radiation being 
used, was from the 220 to the 422. Since magnesium oxide has the rocksalt type 
of structure, the structure factor for the even order reflections is of the form 
4 (Mg +0) and, as Ribner and Wollan® have shown in detail, we are able from 
measurements of these reflections to obtain a mean characteristic temperature for 
the lattice. We have therefore confined our attention to making careful measure- 
_ ments of the 220, 420 and 422 reflections; their relative intensities at the two 
temperatures together with the probable errors calculated by the usual Gaussian 
formula are given in table 1. In table 2 are shown the essential stages in the calcu- 
lation of Ab. Since the quantity {(Liv/Livwv)se/(Lnnr/Lnnv)293} has values which do 


LL ea 


oe ee ee 


Table 1. Relative intensities at 86° and 293° K. 


ARI | I sg 1993 

f weezenii aca 0-7 99°4 £06, 
420 | 108-7 + 0°6, 97°5 £0°6, 
422 | 116-7+0°8, TOG se OSs 


Table 2. Calculation of Ab 


hkl | WR’ dh2 Sh’? Dh? — dh”? {( 7h /(#*) | Ab= log, { COO EG } 
86 293 


; Lyn Thev Ale zh” 
420 220 | Zeta) 15 12 1'058 +0013, 00023; + 0°0005; 
422 Sezai | 8 | 16 1'075 +0°0149 0°0022; + 00004 


Mean Ab=0:0023y + 0:0003, 


not differ greatly from unity the question of the probable error in the final results 
must be carefully considered. We have taken the probable percentage error in 
{(Lirea|Lnwv)e6/(Lnnr!Lnwv)e93} to be the square root of the sum of the squares of the 
probable percentage errors in the four separate intensities. The probable error 
in Ad has been found by taking the logarithms of the upper and lower limits of the 
quantity in curly brackets. The probable error in the final mean value of Ad is 
taken as the mean of the errors in the separate values of Ab, divided by 1/2; this 
error is of the order of 15 per cent. Fortunately © is approximately proportional to 
4/Ab, so that the probable error in © will be of the order of 7 per cent. 

From the expression for 6 given above we easily calculate values of Ad for a 
range of values of @, and hence by interpolation we obtain the value of © corre- 
sponding to the experimentally determined Ad. The result obtained is 


OFS Ay iy 
This result agrees within the limits of experimental error with the value found 


by Ribner and Wollan™, namely 743° K.; they state that the value carries ‘‘a rather 
large probable error” but they give no estimate of its magnitude. Assuming their 


2 G. W. Brindley and P. Ridley 


error to be of the same order of magnitude as in the present work, we may take the 
average of the two investigations as being the most probable value of © obtained by 
x-ray methods, namely 
@= 720-430 

From specific-heat measurements, Giinther™ has obtained a value for © equal 
to 768°; Ribner and Wollan have also estimated a value of © from available 
specific-heat data and they give a value of 744°. The limits of probable error are 
not specified in either case but they are stated to be large by Ribner and Wollan; 
from the data given by the latter authors, it appears that the probable error is of the 
order of +20°. There is, then, a general agreement between the x-ray and the 
specific-heat values of ©, though the former appears to be somewhat smaller than 
the latter. 

The experiments described above were assisted by a grant for apparatus from 
the Government Grant Committee, and by a maintenance grant from the Depart- 
ment of Scientific and Industrial Research to one of us (P. R.). 


REFERENCES 


(1) BRENTANO, J. Z. Phys. 99, 65 (1936). 

(2) BRINDLEY, G. W. and Spiers, F. W. Proc. Phys. Soc. 46, 841 (1934); 50, 17 (1938). 
(3) BrinDLey, G. W. and RIwiey, P. Proc. Phys. Soc. 50, 757 (1938). 

(4) GtntTuHeEr, P. Ann. Phys., Lpz., 51, 828 (1916). 

(5) RrBNerR, H. S. and Wotan, E. O. Phys. Rev. 53, 972 (1938). 

(6) Wo..an, E. O. and Harvey, G. G. Phys. Rev. 51, 1054 (1937). 


pee 


Ts 


AN X-RAY INVESTIGATION OF ATOMIC 
VIBRATIONS IN CADMIUM 


By G. We BRINDLEY) MLS). PH.D}, 
Mackinnon Student of the Royal Society 


AND 
P. RIDLEY, Pu.D., Physics Laboratories, University of Leeds 


Received 3 August 1938. Read in title 11 November 1938 


| ABSTRACT. Measurements are made of the intensities of x-ray reflections from cad- 
/ mium powder at 86° and 293° K. Absolute values of the ratio Igg/J253 are obtained from 
/ comparative measurements on a composite specimen of cadmium and aluminium powders. 
| The results are discussed in relation to recent theoretical work regarding the effect of 
_ lattice vibrations in hexagonal metals on the intensities of x-ray reflections. It is shown 

that the lattice vibrations in cadmium are considerably greater parallel to the c axis than 

in the basal plane. Values are calculated for the mean atomic displacements in different 
_ directions in the metal at 86° and 293° kK. (see figure 2), and the results are also expressed 
in terms of characteristic temperatures: ©, (parallel to the c axis) = 107° and gy (normal 
to the c axis)=164.;° K. These results are compared briefly with similar results for zinc 
and magnesium, and with values obtained from specific-heat measurements. 


§r. INTRODUCTION 


N investigation of the asymmetry of the atomic vibrations in cadmium has 
been carried out by the method recently used for a similar investigation of 
magnesium™ in which the intensities of x-ray reflections from the powdered 

metal are measured at two temperatures, room temperature 293° K., and liquid-air 
temperature, 86° k. Previous measurements on cadmium at room temperature 
made by one of us“ some years ago indicated a marked asymmetry of the atomic 
vibrations but gave no absolute values for the atomic displacements. It therefore 
seemed worth while to apply the technique described in the paper on magnesium 
to a detailed study of cadmium. 


§2. EXPERIMENTAL DETAILS 


The cadmium powder was prepared by precipitation from cadmium sulphate 
solution by the addition of finely powdered zinc. The best conditions for obtaining 
a powder free from appreciable impurities were carefully determined. In the 
method finally adopted zine powder, freshly filed from a pure zinc rod and sieved 
through a gauze with 350 meshes to the inch, was added to a cold solution of 
cadmium sulphate; the solution was vigorously shaken and the precipitate washed 
by decantation and quickly dried on filter paper at room temperature. 
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The measured values of the intensities reflected from the cadmium powder at 
the two temperatures were standardized by comparing suitable cadmium reflections 
with reflections from aluminium, a specimen of mixed cadmium and aluminium 
powders being used. The same experimental arrangements were employed as have 
been described in the recent paper on magnesium™, 


§3. RESULTS 


The experimental results are set out in table 1, the first four columns of which 
give respectively the indices of the reflections, the relative intensities* J, and 1295 
corresponding to the two temperatures at which measurements were made, and the 


Table 1. Intensities of x-ray reflections from cadmium at 86° and 293° K. 


I 2 3 4 5 6 a 
Bence Vege Tisos Veil lees { be03 Agq3) ( fs6/fo93) 
Relative values | bsg Ase J Relative Absolute 
renee Te Tehs 108°6 1'026 098, | 1°008 1°334 
2020 192 ZAI o'gol 0°99; 0893 1-181 
2021 88:5 QI-4 0'968 0°99 0:966 1'278 
1014 29°3 232 1°261 0°98, 1°247 =| 1°650 
2022 29°8 2)3-OR ne L040 0°95 1036 1°370 
2023 77°6 60°8 1°276 CRO); || AKO) 1°680 
2130 30°1 26:2 I°149 0°994 I‘I4I I°509 
2131 L572 £3773 Lois OL OLO /5 I°I25 1°488 
2132, 60°9 44°9 1°356 0:98; | 1338 1°769 
2025 89°8 42°3 DEAN 0°94; 2004 2°651 
3032 75a 122-0) 1°425 | o96, | 1 s74 1816 


ratio I,4/I9,. ‘The change in the lattice dimensions of cadmium when cooled to 
86° K. is sufficiently large to produce an appreciable change in the angles at which 
reflections occur; since the intensity of reflection depends, among other things, on 
the Bragg angle @., allowance must be made for the change of 6 when the crystal is 
cooled. ‘The intensity reflected by a flat layer of powder is given by the relation 


De psd (jad,  " 9) ee aaa (1) 
where ¢ (8) =(1 + cos? 26)/(sin @ sin 26), 
A =[sin (20—«)]/[sin (28—«)+sin «], 
a is the angle of incidence of the radiation on the surface of the powder, fy is the 
scattering factor at temperature 7’, p is the multiplicity factor, and SS is the structure 


factor. We can therefore make allowance for the change of intensity of a reflection 
due to a change in the lattice dimensions between two temperatures, by means of 


the following relation: 
ce y= ( 738.) f (P)oos ral 
Toss Ty93 p (A)s6 Agg 


* Whereas previously in measuring relative intensities we have set one reflection (usually a 
strong reflection which is well focused) equal to 100°0, in the present case we have preferred to set 
the sum of the two reflections, 1122 and 2021, equal to 200-0 since under the conditions of the 
experiment they are equally well focused and are of comparable intensities. 
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For the majority of the reflections investigated ¢ (0) and A change in opposite 
directions when the powder is cooled and consequently the factor in the curly 
brackets differs from unity by less than 1 per cent, but for the higher-order re- 
flections it amounts to several per cent and cannot, therefore, be neglected. In 
calculating this factor we have taken the mean coefficients of thermal expansion 
between 293° and 86° kK. to be 55 x 10°* parallel to the c axis and 15 x 10~* normal 
to the c axis; these values are based on the results obtained by Owen and Roberts™. 
The following values have been published for the lattice constants of cadmium: 


A=2°97235 C=5-6038, (Owen and Roberts’, at 18° c.) 

A=2:9731, C=5:606g, (Jette and Foote) 

@=2:9736 c=5-6095 (Fuller). 

_ We have used the values obtained by Jette and Foote, since these lie intermediate 
between those of Owen and Roberts and of Fuller®?. 

The values of (593 Azgs/s6 Ags) calculated from these data are given in the 
fifth column of table 1, and hence we obtain the values of ( fgg/fo93)? given in the sixth 
column of the table. 

‘The second part of the investigation consists in placing these values of (fg¢/f293)?, 
which are essentially relative values, on an absolute scale by a comparison of suitably 
placed reflections from a mixture of cadmium and aluminium. The most favourable 


reflections for such a comparison are the 1122 and 2021 from cadmium and the 
220 and 311 from aluminium. The results are set out in table 2. The intensities of 


Table 2. Comparison of intensities from cadmium and aluminium 


I 2 | 3 4 5 6 a7 8 
(bees Aste ( fe/ feos)” 
Becucctions Tose Tes 76) Taos ae 4a Mean absolute 
86 “*86 “| Relative | Absolute Dalies 

Al 220 1000 1000 I'000 I‘OOI I‘OOI Lorn 

Cd 1122 57 160'9 1185 0:998 1°183 1322 

Cd 2021 104'T 117°6 I‘130 1004 rad 12200) Cds ais 34. 
Alle 0r 100°0 100°0 1:000 1'003 1'003 1166 | Cd 2021: 1278 
Cd 1122 103°9 120°3 1158 0:998 1156 1°345 

Cd 2021 79:2 87°5 I°105 1004 I*109 I‘2Q1 


the cadmium reflections are given relative to the aluminium reflections at the two 
temperatures and hence knowing the values of (fe6/fz93)” for the aluminium re- 
flections we can calculate the corresponding values for the cadmium reflections, 
The essential stages of the calculation are indicated in the table, and it will be seen 
that we have again made allowance for the effect on the reflected intensities of the 
small changes in ¢ (9) and A. The values assumed for (fg6/fo9s) for the aluminium 
reflections have been calculated from the experimental results obtained by James, 
Brindley and Wood who investigated the intensities reflected by single crystals 
of aluminium between room temperature and that of liquid air. Their results are 
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expressed in the following form: the scattering factor fp at temperature T is 
related to the scattering factor f, for the atom at rest, by the equation 


fr =fe™, 
where, for the (A, R, l) reflection, 
M=(h?+k?2+ 2) [3-87 x 10-°T+0-177/T—277/T7]. wee (3) 
Hence ( fas/foss)® = e?M 203 Mao). 


It will be seen from the seventh column of table 2 that for each of the two 
cadmium reflections there is good agreement between the two values of ( T/f293)” 
obtained by comparison with the aluminium reflections, the mean values of which 
are given in the final column of the table. 

We now use the absolute values of (fg¢/fo93)? for the 1122 and 2021 reflections 
to place the relative values in the sixth column of table 1 on an absolute basis. The 
necessary data are collected together in table 3 and the final absolute values of 
(fs6/fo93)” are given in the seventh column of table 1. 


Tables 
(fs6/foos) Ratio of 
Reflections Absolute values Relative values absolute values 
from table 2, from table 1, relative values. 
column 8 column 6 
1122 TORY | 1°008 1°323 
2021 1-278 See os 


Mean ratio, 1°323 


§ 4. DISCUSSION OF RESULTS 


It has been shown in previous papers™®’® that for hexagonal crystals the 
exponent /V/ in the equation fp=fe-” can be expressed in the form 


My= oe I(&), cos” p+ (&). sin? 7 (Sins0/)0)" = ae ene (4) 


where ¢% is the angle between the c axis and the normal to the reflecting plane, Q, 
the so-called “‘ quantization factor”, is [¢ («)+x/4], 4 (x) being the Debye function 
while x=0/T, © is the characteristic temperature which is to be regarded as a 
function of %, m is the mass of the atom and the other symbols have their usual 
significance. ‘The suffixes o and go attached to the quantity (Q/@2) indicate values 
corresponding to directions parallel and perpendicular to the c axis. This equation 
can be compared with the experimental results as follows. We have 


log. (feo/foos)® = 2 (Mogg—Mg)=24M, naa, (5) 


seine [fs (T2) a(R) Jowrvra (22) J, 


whence 
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| Bue the symbol A (TQ/@2) denotes the change in (TQ/©?) between 86° and 
293K. In table 4 are given the values of ys and cos? # calculated from the equation 


cosp=(>) {4 (Hkh + RZ EIR, cane (7) 


where h, k and / are the indices of the reflection and R is the axial ratio; this table 
also gives the values of [log, ( feg/fo93)?] (sin GA) =: 

According to equation (6) we should expect to obtain a linear relation between 
[log. (fe /fos3)”] (sin @/X)-2 and cos? ys. These quantities are plotted in figure 1, where 
the vertical line attached to each observation indicates the probable experimental 
error; the error has been calculated from the probable errors in the measured 


x 1018 
wa 
[} 


(og, (fs6/foos)”] (sin 0/A)~* 
+ 


0-2 0-4 0-6 0-8 +0 
cos? ys 
Figure 1. 
Table 4 
j Probable logs (fealfone)” 
16 (sin @)/A p 5 ercen- | 108 (J 86/J293)" 
Reflection | *° at ee z nee cos” (fs6/foos)” , tage ~ (sin? 6)/a2 Lon 
error 
ero 0°381 62:1 0'220 1°334 06 1°99 40:04 
2020 0°388 goo 0000 1181 ZO I'1Io+0'13 
2021 0°397 fafa 0050 1'278 o'7 1°55 to0'04 
1014 0406 28°6 O77 7a 2050 2°4 3°04 40°14 
2022 0428 65°3 O'174 1°370 Faze) Mice 2 tO 
2023 0°472 55°4 0°322 1°680 2°0 2 B21 OLOO) 
2130 O°514 goo 0:000 1°509 3:0 I°56+0°11 
2131 07522 80°1 0°029 17488 1°4 1°46 +0°05 
2132 0°544 70°9 O°107 1°769 2) 1°93 0°07 
2025 o'591 41'0 0569 2651 1°6 2°79 £0°05 
3032 0610 73°0 0086 1'816 2 1°61 +0°03 
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intensities obtained by means of the usual Gaussian formula. ‘The best straight line 
calculated by the method of least squares is shown; the point corresponding to the 
2020 reflection lies well off this line and was therefore neglected in making the 
calculation. From the gradient and intercept of the line we obtain the following: 


12h" E (os) -4 (5) | = 212, 61m 


mk | \©? ©? / 
121° 167) ee as 
and ae A eke 50, clogs: 
12h? 


LV -16 
whence h A oul 3 O25 <10—0' 


Taking h=6:554x 10727, k=1°372x10716 and m=112'4x1:649 x 107%, 


we obtain A (TQ/O?)g=0°741 x 10? 

and A (TQ/®?))=1°789 x 10. 

The corresponding values of © derived by a graphical method are 
Oy = 107, Ky 
O59 = 1045" K. 


Using these values of © we now calculate the root-mean-square atomic displace- 
ments as a function of % and of the temperature. For the particular cases 0° and 
go°, we have for the mean-square displacements 

—, 3°T — 3 30 
ie=— 5 (S) and Te 5 (S) ; 
4m? mk \@?/, 47?*mk a 


and for the mean-square displacement in any direction 


iy = 1g? cost + ity? sin? 

The following numerical results, expressed in Angstrom units, are obtained: 
T =86° K.: Up2=O'0I01, Ug)? =0'0044,; Vy? =0'100, V/ Uy? = 0'066g, 

when T=293° K.: t2=0°0330, Ugo? = 0°01 403 V/ ty? = 0°182, VV tg? = 0-118. 

Figure 2 shows the root-mean-square displacements at 86° and 293° kK. as 
functions of the angle #. 

Finally it 1s of interest to compare the present results for cadmium with those 
obtained by Wollan and Harvey® for zinc using a similar x-ray method. The 
characteristic temperatures obtained by Griineisen and Goens™ from experiments 
on the thermal expansion of single crystals of cadmium and zine may also be con- 
sidered. These data are set out in table 5. For both metals the ©’s from the x-ray 
data are less than those given by Griineisen and Goens, while the ratio @g9/@, has 
larger values from the x-ray measurements than from the thermal-expansion data. 
When the values of @ for zinc are compared with the corresponding values for 
cadmium obtained by the two methods, we see that there is a somewhat greater 


difference between the @s derived from the x-ray data than between those obtained 
from the thermal expansion data. 
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Figure 2. Polar diagram of root-mean-square atomic displacements in cadmium at 86° and 293° kK. 
The vertical axis of the diagram corresponds to the c axis of the crystal and the horizontal axis to the 
basal plane. 


Table 5. Comparison of the characteristic temperatures of 
cadmium and zinc 


. : Zinc/ 
Cadmium Zinc cadmium 

: é Oy 107 170 1°59 

x-ray determinations Ooy 164°, 285 nes 
Ooo/Oo 1°54 168 = 

Given by Griineisen and Goens from Bo 160 200 1°25 
thermal expansion data 90 Bae; 320 1°49 
Og0/Oo 1°34 1:60 ae 


§s. COMPARISON OF X-RAY MEASUREMENTS WITH 
SPECIFIC-HEAT MEASUREMENTS. 


Added in proof, 5 December 1938 


It is also of interest to compare the @s from the x-ray data with the values 
obtained from specific-heat measurements. Since the latter are values averaged 
over all directions in the crystal lattice, we must first calculate average values from 
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the x-ray results. The mean square displacement in a hexagonal crystal is given 
by the equation 


ay? = 4 (ate oa ee (8) 


Correspondingly we have 


I 1 ee 2 

eo 
The results are collected together in table 6 for the three hexagonal metals 
magnesium, zinc and cadmium. In our previous paper on magnesium™ we pointed 
out that there was an appreciable difference between the mean x-ray value, 331°, 
and the specific-heat value, 290°. In the meantime, Dr Blackman has kindly 
drawn our attention to a more recent determination of the specific heat of 
magnesium by Clusius and Vaughan”, who state that “above 30°K. a © value 
of 322° reproduces a fairly satisfactory atomic heat value”. This improves very 
considerably the agreement between the @s from the x-ray data and from specific- 
heat data. For zinc there is also a reasonably good agreement between the 0 
values obtained in the two ways, but for cadmium the ageement is not so close. 


Table 6. Comparison of © from x-ray data and © from 
specific-heat data 


| From x-ray data 
: : From 
Metal Axial ratio | O, | Oe, | Ony. specific-heat data 
| | 
Magnesium 1°624 BOW) || ayy | BRI | 322 
Zinc — 1°856 170 285 | 22 5a 235 
Cadmium 1:886 | 107 164.5 | 136.5 | 172 
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ABSTRACT. The formulae normally employed in the application of the critical- 
frequency method of measuring upper-atmospheric ionization are examined and are shown 
to be appropriate in the case of ionospheric regions which are thick when measured in 

terms of a wave-length. The complications arising from the occurrence of ionized clouds 
or strata embedded in the normal regions are described and interpreted. 


§xr1. INTRODUCTION 


using vertical radio-wave sounding”), has now been adopted by many stations 

in different parts of the world and a fairly extensive long-term investigation 
of the ionosphere by means of it is now in progress. The essential procedure is as 
follows. The equivalent height h’ is found as a function of the radio-wave frequency 
f, and, from the fh’, f} curve, the critical frequencies are noted. From the mag- 
nitude of the critical frequency for either the ordinary or the extraordinary wave 
components, the maximum ionization-density in any region can be calculated. 


Ts critical-frequency method of measuring upper-atmospheric ionization, 


§2. THE RELATION BETWEEN CRITICAL FREQUENCY 
AND MAXIMUM IONIZATION-DENSITY 


The various critical phenomena which attend the propagation of waves in the 
ionosphere are usually interpreted in terms of the magneto-ionic theory. In the 
general formulation of this theory, Appleton has shown that the refractive index p 
of the ionized medium becomes equal to zero when 

Cate OP Se EP (1) 
or when (5 pe) a 00 Sc (2) 
while p attains an infinite value when 
6 
2 eee (ieee eet a a Ve Eran 
a (; -) VER" IE (3) 
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The nomenclature here adopted is somewhat similar to that used by Lorentz, and 
may be conveniently written as follows: 


> Nes i 
anf rr 
H™ Ne? ’ 
anf 
Vr Nez ’ 
7m 
and 0 sue : 


Here N represents the number of electrons, of charge e and mass m, per cm?, 
f is the frequency of the exploring radio waves, and f;,, fp and f;, are the electron 
gyro-frequencies corresponding respectively to the earth’s total, transverse and 
longitudinal magnetic components. The so-called Lorentz polarization term is 
denoted by 1. 

By virtue of the fortunate fact that the normal conditions for the reflection of 
either the ordinary or the extraordinary wave at normal incidence (i.e. w?=0) are 
independent of the angle between the wave track and the direction of the earth’s 
magnetic field—see equations (1) and (2)—the same formulae relating the maximum 
ionization-density in a given region to the critical penetration frequency f can be 
used in any part of the world. The numerical magnitude of N depends, however, 
on whether the Lorentz polarization term / is included or not in the fundamental 
formulae of the magneto-ionic theory. If the polarization term is neglected, so 
that =o, equations (1) and (2) become, in practical form, 


N="E fe = 1°24 10," (ordinary, wave), 9.1) ita (4) 


TM 
e2 


ayavel = IN) = 


(fo? + fof) = 1:24 x 1078 (f,? + fof) (extraordinary wave), ...... (5) 


where f, and f, are the critical frequencies for the ordinary and extraordinary waves 
respectively. The first of these two formulae is applicable as the expression of the 
condition for zero refractive index (j4=0) for all values of f,. The second formula 
(upper sign) is valid when f,</,. When f,>/;,; the same formula with the lower 
sign is relevant. 

For the conditions expressed above the group velocity of the waves falls to zero 
with the refractive index. The group velocity is zero also when the refractive index 
becomes infinite. The practical relation between N and f for such conditions 
(J=0) may then be obtained from equation (3) as follows: 


2 2 
Nea —8f2 tes 
124 1m (aa eae (6) 
Equation (6) applies for the extraordinary wave when f>f,,, and for the ordinary 
wave when f<f;,. When f,<f<fy the condition = oo cannot be fulfilled. When 
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f> fiz, equation (4) applies alone for the ordinary wave. For the extraordinary wave, 
condition (5) is reached before condition (6), so that the wave is reflected at the 
level at which the refractive index is zero. Some experimenters“, however, claim 
that they have observed simultaneous reflections from ionization levels given by 
conditions (4), (5) and (6). 
When f<f;, condition (4) is reached before condition (6) for the ordinary 
wave, so that the former relation should still be used as the criterion of reflection. 
Martyn and Munro have, it is true, claimed that they have detected critical effects 
expressed by both equations, but it is possible that they were confusing ordinary 
_ waves and extraordinary waves. 
When the Lorentz polarization term is included,* so that /=4, equations (1) 
and (2) become, respectively, 


eS 7mf” ASAIO 
SS HOw jee Be See (7) 
and N=3 me (fe + fafa) =186X 10-8 (f2+fefg) sneer (8) 
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The corresponding equation (3) for 4=00 becomes, for the quasi-transverse con- 
ditions we are considering, rather complicated and is best illustrated by the {?, N} 

curves given by Miss M. Taylor“. One special point of practical interest which 

arises in this case may, however, be mentioned here. Although at low frequencies 

the condition »?=o determines the levels of reflection for both the ordinary and 
extraordinary waves—see equations (7) and (8)—there is a certain range f,<f</fy 
of frequencies in which the condition p?= 00 is reached for the extraordinary wave 
before the condition ?=o0. Inan {h’, f} curve the value of h’ would then be expected 
to increase rapidly as f increases towards f,. Since the value of f, is not related to 
the maximum ionization of the layer in question, it must not be confused with 
a true critical penetration frequency. It represents, in fact, the lowest frequency 
for which the condition p.2= 0 is reached, with increasing N, before the condition 
p2=o0. In the corresponding case in which the Lorentz polarization term is not 
included (=o) a similar, though not physically analogous, {h’, f} curve is to be 
expected as f approaches f;,. This particular matter has been lucidly explained by 
Goubau™ in his exposition of the fundamental magneto-ionic equations. 

Two important problems arise in connexion with the selection of critical fre- 
quencies from {h’, f} data. The first arises from the fact that, for the conditions in 
which the refractive index pz of the medium vanishes (this being the criterion chosen 
to represent the condition of reflection) the ray treatment breaks down and a wave 
treatment has to be substituted. This particular matter is of interest in the deter- 
mination of both region-F and region-F critical frequencies. The second matter 
arises in connexion with what we have called the abnormal region-E phenomenon™. 


* Evidence in favour of its inclusion has recently been published by Booker and Berkner 2°, 
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§3. THE INFLUENCE OF LAYER-THICKNESS ON THE RELATIONS 
BETWEEN GROUP HEIGHT, ECHO-INTENSITY, AND FREQUENCY 


In order to discuss this matter it is necessary to consider first the relation 
between electron-content N and the height #in the atmosphere. Following Chapman 
we shall assume that the relation between N and h is 


N= Net 8-878, sae (9) 


h—h 
where 2= BO eee (10) 


and N, is the maximum ionization formed at height 4, when the angle of incidence 
x of the sun’s rays is zero. Thus g is the height measured in terms of H as the unit 
reckoned from the level 4). From equation (9) we can show that N is a maximum 
when cos y=e-*, Let the value of this maximum be Nmax and its height h,,. 
It is then easy to show that 


N= Vena e2 1 —(2—fp_)—0~ © Zn} 
Z (1—y/H—e—y/H 
or N= max 2 1 ee (12) 


where y is the height, relative to the level of maximum ionization, measured now — 
in ordinary, not scale-height, units. 

Since we are especially interested, so far as penetration phenomena are con- | 
cerned, in conditions near the top of the layer in question we can expand equation (12) 
for small values of y. It then becomes 


Nee (15 ee (13) 


In other words we may assume as a first approximation that the distribution 
of ionization is parabolic. We shall consider critical-frequency phenomena for such 
a region first in terms of a ray treatment and secondly in terms of a wave treatment. 
To simplify the discussion we neglect the influence of the earth’s magnetic field. 


It has previously been shown™ for a parabolic distribution of ionization, 
in which 


that the relation between group path P’ and frequency f for the ordinary wave is 


25 ecg ieee tome 
i= 2h =n log (1574). ER (15) 
Here f, is the critical frequency and y,, is the semi-thickness of the layer. Thus, in 
terms of a ray treatment, the equivalent height h’ should tend to infinity as f — 
approaches the critical value f,. Also it is obvious from the ray treatment that the 


intensity of reflection should drop sharply to zero as soon as the frequency exceeds 
the critical value. 


We now turn to consider similar matters in terms of a wave treatment. The 
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case of a layer having a triangular distribution has already been considered by 
Hartree, so far as variation of reflection coefficient with frequency is concerned, 
and from his investigation it is possible to show that, for a layer which is thick in 
| relation to the vacuum wave-length A, corresponding to the critical frequency, there 
1s a very rapid fall of reflection coefficient with frequency increase near the critical 
value, and that the reflection coefficient p is always 0:5 at the critical frequency. 
The corresponding matter for a parabolic layer has been investigated by 
Dr H. G. Booker, to whom we are greatly indebted for permission to quote here 


his results. Dr Booker finds for such a region, where f(=)f,, and vy, > Ae , that 
é - 277 


Bits 
aT esp oo (ff. Nas (16) 

In this case the value of p is 0-707 when f=f,. Now reasons have been given 
recently for concluding that a rough approximation for region E is obtained by 
assuming a parabolic distribution with y,, equal to 20 km., the corresponding 
value for region F being 100 km. On substitution of either of these values for Wie 
in Booker’s formula, it is easily shown that there should be a very sharp change from 
reflection to penetration at the normal values of critical frequency. 

It should, of course, be added that we have so far considered only the question 
of electron-limitation, having neglected the influence of collisional-friction absorp- 
tion. Now the work of Eckersley”, Farmer and Ratcliffe”, and White and 
Brown“ has shown that such absorption becomes very marked when the frequency 
approaches the critical value, causing the value of p to fall rapidly as f approaches f,. 
For a thick layer we now see that it must be the important factor, and the above 
considerations confirm the correctness of the assumption made by the above- 
mentioned authors, that electron-limitation is not appreciably effective when f 
is less than f,. 

From his wave treatment of the parabolic layer Dr Booker has further shown 
that the equivalent height at the critical frequency is not infinite, as indicated by the 
ray treatment, but is given by 


ae Vm {9 SY mn 
h,’ =hy+ : |p + loge d. \, fins (17) 


where /, is the height of the lower boundary. 

If, as before, we assume that y,, =20 km. for region E£, and also take fy as go km., 
we find that at the critical frequency h,’=286 km. In the corresponding case of 
region F, where we take y,,=100 km. and h)=200 km., we find that when f=/f,, 
h,’ = 1462 km. In both cases, therefore, we should expect very great group-retarda- 
tion effects as shown by great effective heights. With senders of great power it 
might be possible to measure this maximum equivalent height though, with the 
powers normally used, absorption limitation phenomena usually cause the echoes 
to fail before h’ reaches the value h,’ given by equation (17). 
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§4. THE SELECTION OF CRITICAL FREQUENCIES 
FROM {h’,f} DATA 


From the above discussion we may say that if electron-limitation alone were 
operative the critical frequency of either region E or region F (both regions being 
thick as measured in terms of a vacuum wave-length) could be selected as the 
frequency at which the reflection coefficient falls sharply. With a very high- 
powered sender it is probable that this criterion might be useful, but with the lower- 
powered senders mainly used the exact frequency at which echoes from any region 
cease to be detected is usually determined by the absorption associated with group 
retardation. It is therefore more reliable, in the present state of our technique, 
to select the frequency at which the increase of h’ with f is very rapid. We have 
already seen that in the case of both regions EF and F the increase of equivalent height 
due to group retardation for frequencies just less than the critical value should be 
very considerable. ‘This is the criterion which is used by us in connexion with the 
published measurements of critical frequency made at the Radio Research Station, 
Slough. It should, however, be added that in practice the differences obtained 
by means of the two criteria are extremely small. Days of severe absorption can 
be detected because the part of the {h’, f} curve where h’ increases rapidly with f 
is then blotted out. This fact is important in the determination of f,,, where 
we are concerned chiefly with the border between reflection and no reflection. 
On the other hand, for regions E and F, we are concerned, in the absence of intense 
abnormal region-E ionization, with the sudden discontinuity of the height of 
reflection. Except in the case of very severe absorption f,° is then clearly evident. 
It is, in fact, remarkable how sharp the discontinuity in the {h’, f} curve is, there 
being practically no frequency overlap of simultaneous reflection from regions E 
and F’. In the case of the determination of f;,, which can be made in the day time 
only, no ambiguity exists because we are concerned with the determination of the 
frequency at which a maximum of h’ occurs for conditions under which the reflected 
wave (the ordinary wave especially) is of quite appreciable intensity. 


§5. CRITICAL-FREQUENCY PHENOMENA FOR REGION E 


As was pointed out in the last section, the determination of f,,° is quite straight- 
forward except when it is complicated by the presence of what we have called the 
abnormal region-E phenomenon. There is then no very marked increase of h’ 
with f. Moreover, the frequency at which the change-over from reflection from 
region £ to reflection from region F occurs often varies in an irregular manner. 
A fairly complete account of the incidence of this abnormal region-E phenomenon 
in both high and medium latitudes has been given by us recently®, In the present 
paper the discussion will be continued. 

We can best approach the matter by considering conditions in which the abnormal 
region-E phenomenon is absent. Such conditions are often found at the equinoxes. 
In figure 1 is shown an {equivalent-height, frequency} curve for the magneto-ionic 
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] 
' 
} 


; 


2 


Critical-frequency method of measuring upper-atmospheric ionization 87 


ordinary component on g October 1937 at 1430. It will be seen that the marked 
group-retardation effects which are experienced in studying region-F critical- 
frequency phenomena are here present, so that the selection of the region-E 
critical frequency is now a simple matter. There are, however, many occasions, 
particularly during the day time in summer, when the {h’, f} curve is as shown in 


Equivalent height (km.) 


Frequency (Mc./sec.) 


Figure 1. Simple {equivalent-height, frequency} curve at 1430 G.m.t. at 
Slough on g October 1937 
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Figure 2. {Equivalent-height, frequency} curve for Slough at noon 
on 4 May 1937, showing abnormal region-E phenomenon. 


figure 2, which represents conditions at noon on 4 May 1937. It will be seen that 
where f<f,° (note fg° is shown at 3°55 Mc./sec. in figure 2) the {h’, f} curve is 
normal except that very marked group-retardation phenomena, which occur when 


f approaches f°, are not shown. Instead, the value of h’ after reaching a certain 


value falls rapidly to a height which is maintained constant. ‘There is to be noted 
also at a higher frequency, marked a, in figure 2, a change-over from reflection at 
region-F levels to region-F levels with little or no group retardation. Moreover, 
there is a certain amount of frequency overlap a,a, in the process. At a higher 
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frequency the same phenomena are discernible for the extraordinary wave. For the 
time being, however, we concern ourselves only with the phenomena of the ordinary 
wave. 

It is very important that observers should state what criterion has been selected 
to denote the critical frequency for the normal region E caused by ultraviolet light 
when conditions are such as are illustrated by the {h’, f} curve in figure 2, since some 
take what we have called above f,,° while others take the frequency f4,,, at which 
region-F echoes are first seen.* As will be seen later, we believe that the value 
shown as f;,° is very close to the true critical frequency for the normal region E£, 
and that the frequency f 4; has no significance at all in this connexion. 


G.m.t. 
Figure 3. Typical variation of fg° and f4, on a summer day. 
tis {0 — 3 gu a 


In figure 3 is shown a plot of values of f;° and fy, during a summer day. It 
will be seen that f° varies regularly over the day-time period while the frequency 
fag Varies irregularly. We now turn to a more detailed consideration of the sig- 
nificance of the latter. 

It might, at first sight, be thought that the persistence of reflection beyond the 
normal critical frequency of region F£ is to be explained on the basis of the region 
being a thin one. We have, however, argued against such an explanation by pointing 
out that on a day on which the phenomenon is absent the {h’, f} curve shows that 
region £ must be many wave-lengths thick, and that there is no reason for assuming 
that the value of the scale height H of the atmosphere, which determines this 
thickness, should vary from day to day. Instead we have suggested that there are, 


* Judson (14), for example, takes the critical frequency to be “the lowest radio frequency which 
penetrates the region at normal incidence”’. a 
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embedded in the normal region E, scattering centres or reflecting strata of greater 
ionization-density which produce the persistence of reflection for frequencies higher 
than f,,°. This suggestion at once explains the group-retardation phenomena asso- 
ciated with f° in figure 2, for region E is sufficiently thick to cause them. If the 
patches or strata of abnormal region E are assumed to be thin as compared with the 
normal region E, the absence of marked group retardation in the frequency range 
@,a,, and in the case of M-reflections (which we have previously shown to be 
_ caused by the agency of the abnormal region £) is also explained. 
Best, Farmer and Ratcliffe“ have pointed out that, under very slightly disturbed 
_ conditions, abnormal effects may be due to clouds of more intense ionization 
immersed in a simple region. Very often we have found that, when the extension 
of reflection beyond f;,° is not large, the echoes returned are irregular in character 
such as might be caused by scattering from patches. But when abnormal region-F 
echoes are returned for frequencies extending over 1 Mc./sec. beyond f,°, the 
heterogeneous character disappears and reflection persists from a fairly constant 
level. It is probable that, on such occasions, a thin sheet is formed by the coagulation 
of a large number of ionized clouds. On rarer occasions this thin sheet may be so 
dense as to constitute what we have called “‘intense-E”’ conditions. On such 
occasions reflection persists up to frequencies beyond the region-F critical value. 
We have made a number of experiments to see if abnormal region-E conditions 
are simultaneously observed at the two stations of Slough and Cambridge, which 
are 60 miles apart. No marked agreement was found between the results obtained 
at the two stations, a fact which illustrates the local character of the phenomenon. 
Under intense-E conditions in summer, however, the densely ionized stratum must 
be of much greater extent since, as was found some years ago, they are frequently 
associated with conditions extremely favourable to long-distance transmission. 
The influence of abnormal region-E height on normal region-E critical frequency. 
If we suppose, as an extreme case, that the abnormal region EF has a sharp boundary, 
it is easy to see that the measurement of f,,° will be strictly accurate only when this 
boundary is at or above the level of maximum ionization in normal region E. ' 
If the abnormal region E is slightly lower than the maximum in region E, the 
measured value of f,° as shown in figure 2 will be too low. The evidence we 
have been able to gather from a study of events on successive days with varying 
values of fy, supports this view. When the equivalent height of the abnormal 
region E is low, fy° is correspondingly reduced. 
We have very frequently noticed that, when the height of abnormal region E 
(h’ 47) is abnormally low, the group retardation effect round f,,° is less marked and 
fag is high. In other words, the further the agency causing abnormal region F 
penetrates downwards in normal region E the more intense is the ionization caused 
by it. We thus see how the abnormal region £ can develop into what we have called 
“intense region E”. On such occasions the phenomena indicating f,,” are entirely 
absent and reflections from a constant level occur over the whole frequency range. 
The seasonal variation of abnormal region-E height. In figure 4 are shown plots 
of the monthly means of h,,’ and h’ 4, at noon. In the same graph are exhibited 
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the monthly means of the heights of abnormal region E at night. Interesting dif- 
ferences are noted in the seasonal trend of these three quantities. In the first place 
the variation of h,’ is such as we should expect. Owing to the more nearly vertical 
solar incidence in summer we should expect /,’ to be less in summer than in winter. 
It is, however, possible that this difference is exaggerated, since with our present 
experimental arrangements, in which region-E echoes cannot be determined for 
very low frequencies, it is possible that group retardation has added somewhat to 
the equivalent height 4,’ in winter, since measurements have to be made at fre- 
quencies nearer to the critical value. The fact that h’ 4, in the day time varies to 
a much greater extent, even though the measurements are unlikely to be influenced 
by group-retardation phenomena, is very surprising. That it varies in this way 
confirms our view that abnormal region E is due not merely to local irregularities 


Equivalent height (km.) 
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Figure 4. Monthly means of hp’, —©—; h’ 4p (day), ---x---; 
and h’ 4, (night), - —- @-—-. 


in normal region E but to an additional agency which forms additional patches or 
strata of ionization. 

Temporal sequences in the formation of abnormal region E. It quite frequently 
happens in the day time that, on frequencies exceeding f°, echoes are returned 
from several regions of different heights which are all less than that of region F,. 
If the history of these regions is traced on a succession of half-hourly {h’, f} records 
it is found that they are first noticeable as ledges on region F, and that their penetra- 
tion frequencies are then only slightly greater than that of the normal region E. 
At this stage they cause the usual group-retardation effects for frequencies nearly 
critical. ‘hey can next be detected as separate regions at an equivalent height of 
150 to 180 km. Later, they still produce a small amount of group retardation on 
waves just penetrating them, but they are evidently becoming thinner and more 
densely ionized. ‘They continue to fall in height and increase in density until they 
lose their separate identity and form the abnormal region-E stratum described 
above. The number of intermediate regions, as the ionization levels between 
regions £ and F’, may be called, existing at one time is never large. It is unusual 
to observe more than two or three. Generally it may be said that this phenomenon 


_ power and faster photographing equipment Watt, Wilkins and Bowen 
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of ionization falling in height and building up the abnormal region EF begins just 
after sunrise and continues until about noon; the reverse process of regions of 
ionization increasing in height has never been observed. There is a tendency, though 
less marked, for the process to be repeated in the afternoon just before sunset. 
During the dark hours abnormal region-£ reflections are returned from a fairly 
constant level, though often there is a slight fall in height immediately after the 
onset of reflection and a slight rise in height just before reflection ceases. 

The trailing-echo phenomenon. On many occasions we have noted echoes of 
weak intensity from a level of about go to 100 km. persisting throughout the whole 
of the frequency range, which may otherwise reveal normal conditions. Such echoes 
are returned from levels well below the abnormal region-E centres or strata, and 
very rarely obstruct completely the passage of the waves to higher levels. 


§6. FURTHER DISCUSSION OF THE ABNORMAL 
REGION-E PHENOMENON 

We have previously” noted a transient type of reflection, lasting only a few 
seconds and caused by scattering from temporary ionic cloudlets, which is found 
by day and night round about the 100 km. level. We stated that these short-lived 
echoes were not registered by the usual method of recording. Using greater sender 
(8) and later 
Eckersley**”, have succeeded in obtaining registration of these transient effects. 
They also confirm our observation that the effects occur during the night as well 
as during the day. 

It may be that the abnormal region E£ is formed as the aggregate of such ionic 
cloudlets, but in many cases they must be sufficiently closely situated to form 
a definite stratum which is impenetrable for a certain frequency range. When an 
abnormal region-F echo is noted simultaneously with a region-F echo of normal 
amplitude, it is clear that the abnormal region-E echo is scattered from a cloud which 
may not necessarily be, and probably is not, overhead. On the other hand, when 
region F is cut off altogether one must assume an abnormal region-£ sheet which 
is immediately overhead. This need not be very large, and indeed it is probable 
that the phenomenon is, to some extent, dependent on the relation between the 
size of the obstacle and the relevant Fresnel half-wave zones. 

A word should be said concerning the phenomena attending the penetration 
of abnormal region E when reflection is gradually transferred from region E to 
region F with a certain amount of frequency overlap, as shown for instance at a, a, 
in figure 2. Since we have pictured abnormal region F as resulting from the 
coagulation of a number of electronic cloudlets we may consider the stratum as 
being irregular in its maximum ionization in horizontal extent. Penetration of the 
more weakly ionized parts may therefore be considered as starting at a, while that 
of the more densely ionized parts is complete at a). 


(19) 
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§7. SCATTERING IN REGION F 


We have examined our region-F records to see if there is any evidence of a 
phenomenon comparable to that experienced in the case of region Z. In summer, 
both by night and by day, the {h’, f} curves are quite simple and show few traces of 
reflection for frequencies beyond the critical value. During the winter nights, 
however, it is most usual to find persisting reflection of an irregular character when 
the critical frequency is exceeded. From the beginning of October the number of 
hours during which the phenomenon is encountered gradually increases, night 
after night, reaching a maximum in December, when it occurs for more than 12 hr. 
around midnight, and afterwards gradually becoming less prominent until the end 
of March. The phenomenon is rarely encountered during the months from April 
to September. 

There is, however, a marked difference between region-F scattering and the 
abnormal region-E phenomenon. The echoes in the former case are always broadened 
and complicated in character; moreover, the equivalent height of the lower delay 
edge of the echo gradually increases with increase of frequency. When the critical 
frequency is exceeded there is no rapid fall of equivalent height followed by 
reflection from a constant level, such as is experienced in the fully developed region-E 
phenomenon. 

The region-F scattering is evidently due to local irregularities which appear to 
form within the region when the sun is down, whereas the abnormal region-E 
reflections are due to reflection from a preferred height, from strata which may, on 
occasion, coagulate to form an intensely-ionized sheet. 
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ABSTRACT. The band absorption of radiation incident on the atmosphere at any 
zenith angle y is considered, when the relation between the absorption coefficient « and 
the wave-length A has the form of the error function, so that 


c= afge(A—Ao)?/ Az) = Shae, 


where /=(A—A,)/X,,, and the intensity of the incident radiation is either constant across 
the absorption band or varies linearly across it. 

The height distribution of absorbed-energy density, the height of maximum volume 
absorption, the spectral composition of the energy absorbed at any level, and the pro- 
portionate daily variation of absorption density, are first discussed without any special 
assumption as to the height distribution of the absorbing constituent in the atmosphere. 

The height distribution of absorbed energy per unit mass of air is shown to depend 
only on a single function of a single parameter jx, which itself depends on the level, the 
angle of incidence yx, and the total absorption coefficient A, of the atmosphere in the 
centre of the absorption band. 

The general results are afterwards discussed in relation to the special case of an 
exponential height distribution of the absorbing constituent, with scale-height H. It 
is shown that in this case, whatever the angle x, (i) the height of maximum absorption 
per unit volume is at a distance 0-616H below the level of maximum monochromatic 
absorption at the centre A, of the band; (ii) the maximum volume density of absorbed 
energy at angle y is cos y times that for vertical incidence, as in the case of monochromatic 
absorption; (iii) above the level of maximum band absorption the height distribution of 
absorption differs only slightly from that in the case of monochromatic absorption, but 
below the maximum level the band-absorption layer extends further down than the 
monochromatic-absorption layer. If the absorption in the band-fringes where | / | >2 be 
neglected, the band-absorption layer is thicker than the monochromatic-absorption layer 
by approximately 2H, the excess thickness being in the part of the layer below the level of 
maximum absorption. 


§1. INTRODUCTION 


radiation in an atmosphere which was either plane-stratified“ or on a spherical 
earth. It proved possible to express the results in a simple and general form 
by the use of suitable units and parameters. In particular, it was shown that the 
graph giving the height distribution of the volume density of absorbed energy was 
of a simple definite form for any atmosphere in which the density varies expon- 
entially with the height;* individual cases differ only in respect of the scales of 


[: two previous papers‘”” I have considered the absorption of monochromatic 


* Such an atmosphere will be called an exponential atmosphere. 
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height and energy density. The volume density of absorbed energy was referred to 
in and ® as the rate of ion-production, it being supposed that each absorbed 
quantum of the monochromatic light ionized one atom or molecule, or at least that 
the number of ions produced was proportional to the amount of light absorbed. 

The principal radiations absorbed in the earth’s atmosphere are not mono- 
chromatic, nor are all the absorbing constituents distributed exponentially. In the 
case of absorption by ozone, in particular, neither condition is satisfied. The 
absorption in the terrestrial atmosphere is in large part effected by molecules, not 
by atoms, and is of band character, not line absorption. The former results are 
valid for each monochromatic component in an absorption band, but the height 
distribution of the total absorbed energy for any band involves an integration of 
overlapping monochromatic distributions. 

So far as I know, this subject has not hitherto been treated mathematically, 
and our ideas are rather vague as to how the resultant height-absorption curves 
will differ from those for line absorption. In the latter case the distribution may 
fairly be called layer-like, since most of the absorption of a monochromatic beain 
occurs within a height-interval of about 4H, where H is the local scale-height of the 
atmosphere* (§ 3). When the absorption occurs over a spectral range in which 
the coefficient of absorption «, at the wave-length A varies from a maximum % 
to zero, the energy distribution may be expected to be less layer-like; but it is 
desirable to gain proper quantitative information on the subject. 

This is here attempted, by considering a specially simple and mathematically 
convenient form of absorption band (§2). In §§ 2-11 general formulae are de- 
veloped for an atmosphere in which absorption is effected by a single constituent 
gas distributed in height in any manner. In §§ 12-16 the special form of these 
results is considered for an atmosphere in which the density of the absorbing 
constituent is an exponential function of the height. 


Paka 
§2. THE ASSUMED FORM OF ABSORPTION BAND 
In actual absorption bands the curve giving «%, as a function of the wave- 


length A is often complex and serrated; it is hardly necessary to take account of 
the details of such bands, and in this paper I consider the simple relation 


=a, exp {— (AA)? A?) 06 ee (1) 
where L=(A—A)/An. ae eee (2) 


This represents a band symmetrical about its mean wave-length \,, at which « 
attains its maximum value %. The distribution corresponds to the well-known 
error law, and the constant A,, determines the spread or width of the band. 

Half the area under the {«, A} curve is contained within a d-interval of width 
0°954A,, and centred at Ay, that is within the range Ny O47 Aw SAKA +0°477Ay. 


aa term “scale-height” was introduced in my article in Reports on Progress in Physics, 8, 
42 (1936). 
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Within the range fourfold as large, namely between A, + 2A,,, 99°5 per cent of the 
area under the {«, A} curve is included; further, at X\+2A,,, or J= + 2 ear Or 
0°0183%). The band within this range will be called the limited band, and the parts 
outside will be called the band fringes. 


§3. THE DISTRIBUTION OF THE ABSORBING GAS 


Suppose that the absorption expressed by equation (1) is due solely to one 
_ atmospheric constituent gas. Let M denote the total mass of this constituent in a 
complete vertical column of unit cross-section. Let mM denote the amount in this 
column above a height /, so that m denotes the fraction of the gas that lies above 
this height. The height distribution of the gas depends on the relation between 
m and h so that, say, 


m=f (1) a (3) 
_ The density p of the gas at the height A is given by 
pdh= — Mdm, 
dm 
| or p=—-M ai. oo on ee (4) 


the minus sign corresponds to the obvious fact that m decreases upwards. Clearly 
m=oath=co, m= rath=0. ©  n..« (5) 
It is convenient to say that the height / corresponds to “‘the level m,”’ where m is 
given in terms of A by equation (3). 
In the previous papers™’” it was supposed that the absorbing gas was distri- 
buted exponentially, 1.e., that 


= pine Ow he © PPE aicskus. (6) 
where A is a constant called the “‘local scale-height”’ of the atmosphere. In this 
case it is readily seen that Tee, ae eee (7) 


In the present paper m will often be used instead of the height h as the 
independent variable specifying level. This makes it possible to deal with the 
absorption in a general way, whatever the height distribution of the absorbing 
gas, and to defer consideration of particular height distributions to a later stage. 

It is convenient to write eV ciel ee (8) 


and to call A, the total central absorption factor for the band. 


§4. THE GENERAL EQUATIONS OF ABSORPTION 
Consider a beam of monochromatic radiation within the small range of wave- 
length A to A+4A, incident at an inclination y to the vertical on a plane-stratified 


atmosphere. 
Let S (m, x, ) dA or, more briefly, S)dA, denote the intensity of this beam at 
the level m. The intensity outside the atmosphere will be denoted by S,,(A) da, 


independent of x. Thus So (A)=S (0, x, A). 
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In traversing the interval of level from m to m+dm the beam-intensity changes || 


by the amount dS), where dS) = —%,MS) sec x dm, 


a, being the absorption coefficient for radiation of this wave-length. Hence 
S)=S.9.(A) exp (=o Mim sec): ee ee (10) 
The mass density of absorbed energy of this wave-length, that is, the energy 
absorbed per unit mass at the level m, will be denoted by E (m, x, A) dA or, more 
briefly, by Edd; thus the energy absorbed per unit area in the thin layer between 
mand m+dm is ME,dAdm. Since the normal cross-section of the inclined beam 
passing through unit area of this layer is cos x, we have 


EX= — 77 dm COS X= aS (A) exp (—a, Mm secy), aa (11) 


The volume density of energy absorbed at this level m or height / will be denoted 
by I (h, x, A) dA or, more briefly, by 1)dA; clearly I)dh= —ME)}dm, so that 
dm 
h= ~ ME) 7: Jonna6 (12) 
The above formulae apply to each spectral element within an absorption band. 


We wish to consider the total mass density F (m, x) and volume density J (h, x) 
of absorbed energy, these being the integrals of Z, and J, over the whole band. 


Clearly 


F (m, v=} = (m, x, 2) dr=|" Bd, ae (13) 

Th, One (h, x, 2) a=)" had, TA (14) 
dm 

j= — ME. Sede (15) 


The corresponding integrals over the range of A corresponding to —L</<L 
will be denoted by adding the sufhx L to F or /. 


§5. THE TOTAL-ABSORPTION MASS AND VOLUME DENSITIES 
Ff, J FOR THE SPECIAL BAND-FORM 


We now introduce into equation (11) and thence into equation (13) the special 
band-form (1), obtaining 


Feq, | Se (A) exp (— 2? —a,Mme-” sec Vii sees (16) 
whence, writing p=%Mmsecx=Aymsecyxy | ...,. (17) 
(cf. (8), we get, F=aghy | Sa Q)exp(-P—pe dl, (18) 


This value, inserted into (15), gives J for the special band-form considered. 
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§6. THE INITIAL SPECTRAL DISTRIBUTION OF THE 
ABSORBED RADIATION 


Further discussion of equation (18) depends on the form of the function 
S. (A), which represents the spectral intensity distribution of the radiation before 
the latter enters the atmosphere. Two simple cases alone, which on account of the 
symmetry of the band-form are equivalent as regards F, will be considered here. 
The first is 


SA) = Sect Goin Ope OF) (aaa Pee tces (19) 
where S,., is a constant; the second is 
Se A)=Satt85 (L=(A—Ap)/Aw)), weeeee (20) 


where S.,’ is another constant, representing the slope of the spectral-energy graph; 


/ equation (20) corresponds to a uniform increase or decrease of S., (A) with respect 
_ to / or A, and equation (19) is merely the particular case of vanishing slope S.,’. 


In the case of the solar radiation absorbed in the earth’s atmosphere, equation (20) 
is a rough first approximation to the form of the spectral-energy curve, over the 
main part of each principal absorption band; a closer approximation could of 


_ course be obtained by expressing S., (A) in the form of a power series in /, the next 
| approximation being the addition of a term }/2S.,” to equation (20). 


§7. THE ABSORBED-ENERGY MASS DENSITY AT ANY LEVEL 


On substituting in equation (18) the expression for S., (A) given in equations 
(19) or (20), we get, in either case, 


= DOC) eet. balance) po paicces: (21) 
where = tas ee US EAU (22) 
and ® (1) =20-8 | Repel iesy dite.) eee (23) 
0 
in which the initial factor is taken so that 
Pier) Ye Oe Ase (24) 
and Viet De eh wero (25) 


The simplicity of the relation (21) is notable: for it shows that /(m, x)/F 1s 
expressible as a function of the single variable » given by equation (17)—which 
depends on A, (defined as %M), x, and the level m, but not on the half-width 4,, 
of the band, nor on the position A, of the band in the spectrum. 

The corresponding results for line absorption or monochromatic radiation 


may be put in the form Pee Pia. |. wae: (26) 

where IDSs Ses (ON 9 © I a Scere (27) 

and PSV SeC Vann a =) = aac. (28) 
7 
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In both cases, at the top of the atmosphere where m=o and therefore =o 
and j.,=0, the function ® or ®) is unity, so that /) and Edd represent the initial 
density of the absorbed energy per unit mass. As we descend in the atmosphere 
m and p or py increase and ® or ®) steadily decrease; that is, the mass density of 
the absorbed energy decreases steadily downwards, owing of course to the increasing 
attenuation of the beam. 

If we consider the energy (F,, say, or F/j®,) absorbed within the range 
—L<lI<L of the band, ignoring the energy of shorter and long wave-lengths, 
equation (21) must be replaced by 


L 
Fue Aobens | exp (SPs) me eee (29) 
0 


When L=2z this gives the mass density of absorption excluding the band fringes 


(§ 2). 


§8. THE FUNCTIONS © anp ©, 


‘ we er (nty 2 
Since exp (—/?— pe Peeler are) ee (30) 
pte (sce a 
and 2a = Ie AMAL Jnii | Meee (31) 
ie _y__(—p)" 
it is clear that ® (1) =e il aaeay a (32) 


This series enables ® to be conveniently calculated, directly up to about w=5, 
and thereafter up to about ~=10 by using Euler’s transformation.* From about 
j.=10, however, even when this transformation is used, the calculation of © from 
this alternating series becomes increasingly laborious, and another form of ex- 
pression for ® must be used. 

Column (3) of table 1 gives values of ® calculated from equation (32) for values 
of « from o to 10. Column (2) gives values of ®) («), which by equation (26) is 
e-’, for comparison. The fourth column gives values of 


(Cale 
p@leg py ee 
when .>1 (this expression is not real when <1); this is an asymptotic approxi- 


mation to ® (j), as is shown below; the fifth column of the table shows the per- 
centage error of the approximation. 


. To obtain the approximation (33) for , the integral in equation (23) is divided 
into two parts over the ranges o to J, and J, to co, where 


l= Vlog, pw; 


* Cf. Bromwich'3), A check on the calculations is obtained b lyi i 
from two different values of n. ea a ene 
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at Jo, if w>1, the integrand has its maximum value, which is 1/ue; this is small 
when yp is large. Changing the variable from J to u, where 


?=],2+u, so that 2ldl=du, 


and e“=e/p, exp (— 2? — pe") =(1/p) exp (—u—e~), 
equation (23) becomes ® (yu) = ae (ett e ea ee ecto (34) 
Picre yee 2 ° exp (—u—e) du_ (exp (v—e?) du 
ae vei V/ (to? + u) 10 2 
= =) “set —u—e") du 
(dy? + u) 


Table 1. ®) (u), ® (u), and ®, (p) 


— elt 

| ®) (4) or e-# ® (1) — | Error | ®() — 9,6) 

H . } be 

i (x 10°) ( x 10°) pV (m log. ) (per cent) (x 108) 
(Car03) 

[ohze) 100,000 | 100,000 — a= ; 468 
o-2 81,873 86,949 = noe 467 
| O4 7,032 | 75,846 = res 466 
i 0:6 54,881 66,383 — — 466 
i 08 44,933 58,304 | == = 465 
EEO | 36,788 51,393 00 + 00 464 
I°5 22,313 38,107 45,889 ap Dora 462 
2°0 13,534 28,946 29,297 + 1'2 460 
2°5 8,208 | AP eS 21,641 — 4-0 457 
3°0 4,979 17,964 17,049 Sit 455 
4°0 1,832 12.212 11,760 — 37 451 
50 674 8,742 8,834 t3 448 
6:0 248 6,967 7,007 ==, 0:6 444 
8-0 | 34 4,793 4,889 F277 436 
I0°0 5 3,589 3,718 “£236 426 
20°0 | — | — 1,630 — 389 
25°0 = = 1,258 = 370 
50:0 | — a | 570 — 300 


In z, the exponential factor is very small except when v is quite small; clearly 


pie ta ls vip Me ae I 
bo | exp (v—e’) dv=7 | e~ "de® =— (e1—eF), 
ly Jo hJi l 


0 


and the difference between 7, and (e~!—e~)/J, is very small when J) is large. Similarly 


ele = m4 Cs =p | eride=F (1-2) 
<7 |, exp (4-2 aie . aay, , 


0 
but (1—e7)/J, is very nearly equal to 7, when J, is large. Hence an approximation 
to equation (34), when J, is large, is 
I—e,? 


® (u) ~ mae CaS eda Al) eeia e (35) 


namely equation (33). It is not difficult to see that when /, is large, the error in the 
above approximation to 7, exceeds that in the approximation to 7, and that there- 
7-2 
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fore equation (33) will tend to ® (,) from above. This ts in accordance with table 1; 
when p is 1 or nearly 1, the percentage error of equation (33) is large and positive, 
but near p=2 it falls to zero and, changing sign, rises to a negative numerical 
maximum of about 5 per cent at .=3, whence it decreases to zero again at about 
u=5°7; when «> 5-7 the percentage error would appear to be positive; at ~=10 
it seems to be still on the up grade, but it must ultimately decrease to zero. 

In June 1936 I referred to the function ® () ina letter to Prof. N.S. Koshliakov 
of Leningrad, mentioning that I had obtained the first term 1/+/(z log, j) in its 
asymptotic expansion and saying that I had been unable to obtain further terms. 
A few days after the receipt of my letter he sent me the following asymptotic 
expansion, which had been obtained and proved in different ways independently 
by himself and by his colleagues Drs A. Svetlov and Stroganov; they kindly allow 
me to quote it here: 


= I ee re ae En) fe —t/(] ned +0(q—)l, 
A) ev (e™9 CTS) i io oR Rl (oes e Pee GeeDe, 
Owing to the lack of tables of the integrals appearing as coefficients in this formula 
I have not been able to use the expansion for numerical calculation. oe 
With a view to the evaluation of ®,;, we may also consider ®—®,, which is 
given by 


O20 ,=5 } exp (—2—pe-") dl=f (L, p). 


Clearly f(L,0)=erf (L)= bee: dl, 
oT 2) _2 oo Nis i exp {—(n+1) 2? —pe-”} dl, 
pee os 2 Con i. e-(n4D? J] — SS erf {4/(n+1) L}, 


so that by Maclaurin’s theorem 


® (1) —,, (uw) =erf (L)+ SAK ef (nt) 2} 


Ee See ei 
=erf L iE , al L(Lv/n), 
where L(x) denotes Laplace’s continued fraction, which is a slowly varying 
function.* 
From this formula (L being taken as 2) the values of ®—Q, in the last column 
of table 1 have been calculated. 


* J. Burgess“) has given the values of L (x), to 15 decimal places, for values of x at intervals of 
o'r from x=3:0 to 6-0, in which range L (x) increases from 0:9518 to 0-9866. Burgess also gives 
values of (1 —erf x) for values of x from o to 3 at intervals of o-oor or 0-002. 
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§9. THE HEIGHT OF MAXIMUM VOLUME ABSORPTION 


The volume density J of absorbed energy is given by equations (15) and (21), 
as follows: 


J =—MF dm[dh=—MEF,(dm/dh)®(p) sae (37) 
The corresponding result for line absorption is 
Th= —ME) (dm/dh)= —ME)(dm|dh) era, aa (38) 


It is of interest to find the maximum values of these expressions (which will be 
denoted by J, and Z),,, since they naturally depend on the inclination x of the beam 
of radiation) and the heights h, or hy, at which they occur; the corresponding 
values of m and (or py) will be distinguished by the same suffixes. 

The condition for the maximum may be expressed in the form 


dlog, ® (uw) du dm_ d log, (dm/dh) 
= a Als = 


du dm-dh e 
or, since du/dm=/m, by equation (17), 
OD’ (u d?m //(dm\? 
eo" ae| (aa) =O (39) 


where ’ denotes differentiation. Clearly %, being a function of hf, is also a function 
of m. 
Since, by equation. (23), 


©! (u)=204| exp (—222—pe-") dl, 
J0 


it follows that D’ (11) <O (p) 


for all values of p greater than o. 
Using the expression (32) for ® (2), the condition (39) may be put in the form 


¥ (=p)"/n! y(n+2) 
ib (m)=p 2 Oe ae (40) 
S (—p)"/n! vin) 


The corresponding equation in the case of line absorption is 


iby (my) = — HA > on ee Se Sans (41) 


by equation (26). or 
These equations cannot be solved until the height distribution of mass in the 
atmosphere is assigned, since ys (m), as equation (39) shows, depends essentially on 


this distribution. 
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§10. THE SPECTRAL COMPOSITION OF THE ENERGY ABSORBED 
AT ANY LEVEL 
The spectral composition of the energy absorbed at any level is represented by 
E)/F, the integral of which over all wave-lengths is unity by equation (13). When 
the band-form is given by equation (1), and the spectral intensity of the radiation 
outside the atmosphere is uniform as in equation (19), 


Ey, 2 exp(—?—pe-") ( 
see 3 °° eee 42) 
Tia ® (u) 
which, when expressed, as here, in terms of the variable / instead of A, depends 
only upon the one parameter j. It is illustrated in figure 1 for values of « from 


0 0*5 


1-0 i} 2:0 
(A=) /Arw 


Figure 1. Spectral composition of the band-absorbed energy at different levels. 


0 to 3; w=O0 corresponds to vanishingly small absorption, in which case (for light 
of uniform spectral intensity) the spectral distribution of the absorbed energy is 
simply proportional to the band-form (1). When o<j<1 the function E)/F has 
a single maximum, 2e-#//7, at =o; when pp >1 it has two maxima, of amount 
2/eu® (uw) 1/7, at = + /log, w, and at ] =o it has a minimum value 2e—H | 4/z. 

In general S..(A) will not be uniform over the band; if it has a uniform variation 
across the band, as in equation (20), F is unaltered, but a term (1S..'/S..) Ey is 
added to E). This will modify the curves of figure 1, raising the ordinates on one 
side of =o or A=A, and lowering them on the other. 
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§11. THE PROPORTIONATE DAILY VARIATION OF 
ABSORPTION DENSITY 
At a station at an angular distance @ (the co-latitude) from the north pole, the 
zenith distance y of the sun, the source of the absorbed radiation, varies throughout 
the day according to the equation 


cos x=sindcos@+cosdsinfOcos¢d, so saaees (43) 


where ¢ denotes the local time reckoned from noon in angular measure at the rate 
27 per day, and 6 denotes the sun’s north declination at the season considered. 
At noon, when d=o 
iy, Ce teed ot) Se fe (44) 
At the equinoxes =o and ¢ ranges between +47 and —17; at other seasons 
the limiting values of ¢ are given by 
cos¢d=—tandcos@, £22 veers (45) 


the range being greater or less than 7 according as 5>o or 8<o. In all cases x 
ranges from y, to go’. 

The mass density of absorbed energy F bears the same ratio to the volume 
density / at all heights A or levels m, by equation (15), assuming that the com- 
position of the atmosphere itself is uniform; this may not be true at high levels, 
_ though it is probably substantially true, except as regards ozone and atomic oxygen, 
up to 100 km. Hence their proportionate variation throughout the day is the same, 


hu 
thus J (h, x) _ F (m, x) _ ® (% Mm sec x) 7 
TAP Xo) OL CH, Xp) OP (gM sec) 


The corresponding formula for monochromatic radiation of wave-length A, is 


E (m, xX» Xo) —o) Mm (sec x— 
— s+ 2 A? NT ex p-—% Um KEBCCKO | ee 
ime (47) 


In reference (1) curves were given (figures 2-5) showing the variation of the 
ratio (47) as a function of the solar time. Similar curves for equation (46) could 
easily be constructed for any value of # Mm, but will not be given here; since ® () 
decreases less rapidly than e~“ as p increases, it is clear that the ratio (46) will 
exceed the corresponding ratio (47) for the same values of aj)Mm, x and yo. 


PART LI 
§12. THE HEIGHT OF MAXIMUM VOLUME ABSORPTION 
The results of § 9 will now be completed for an exponential atmosphere (§ 3), 


for which, as in equation (7), ee nae eo eee et (48) 


so that, by equation (39), (aie (age) (OE a 9 Oriente (49) 
In this case the level m, or 4), of maximum volume density of absorption of 
monochromatic radiation of wave-length A is given by equation (41) as 
PAy = [a KcCoreracey> (50) 
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or My, =3]aM secx, = tees (51) 
hy, =H log, («,M sec x) 
=hy+ H log, secy, ) 9) se nas (52) 
where /y is the value of h), corresponding to vertical incidence, for which x=0; 
as y= Plog. (i). eee (53) 


In the case of band absorption the level of maximum absorption for an ex- 
ponential atmosphere is given by equations (40) and (49), thus 


D (—1)" p/n! V/(n+2) 
0 


us =I; ha (54) 
¥ (=1)" p/n! V(n+3) 
0 
the solution is pg= 185175... 9 ee (55) 
or My = [o/%M sec x, 
or h, =H log, (1/m,) 
=H log, (%M sec x/t9) 
=h,+ Hilog, see y,, eee (56) 
where hy=H. log, (%M/p) 
=h),.— H logy p=, = 0°616206H. 0 eee (57) 


Consequently the level of maximum volume absorption of the band absorption 
is at a distance 0-616H below the corresponding level for the monochromatic 
radiation in the centre A) of the absorption band. It is of course natural that the 
level of maximum volume absorption should be lower, in the case of an absorption 
band, than the level for monochromatic absorption in the centre of the band, 
because this is the least penetrating component of the band. It is remarkable that 
the difference of level is the same for all values of x. 

We may note also that at the level of maximum volume density of band 
absorption, where p= fy = 1°8517, 


D (jo) =0°31326, Ds (fp) =0°30866, =. (58) 
whereas at the level of maximum monochromatic absorption (j= Pay =1); 
D) (4),) =O)(1)=e-1=0:36788. (59) 


§13. THE MAXIMUM VOLUME ABSORPTION 


The maximum volume density of absorbed energy, at any angle of incidence — 
x, is denoted by J),dA for monochromatic radiation of line width dX, and by J, for 
the band absorption. The former is given by equations (12), (26) and (28), after 
the substitutions dm/dh = —m/H, and ,.,=1; this gives 


mME), exp (— So (A) cos 
Dy= — ( Ha) _ (Hr is 2 7 ay cos x, 
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J), is clearly the maximum volume density of absorbed energy for vertical 
incidence. 

For band radiation we have, from equations (15), (21), (17) and (22), putting 
E= Bo,» 


Jy PEO (19) =F Se sr (44) c08 x 
=) COSY tw RO we ok a aubl oh ep? “ew Jy) mute ie (62) 
Sa ir ft Oe fe, er rr (63) 


This radiation of course extends over all wave-lengths. The last form given for J 
implies that the maximum volume density of absorbed energy for the actual band 
is the same as that which would correspond to a uniform absorption band of width 
1°397A,,, in which a and S.(A) had the constant values % and S., (cf. the last 
paragraph of § 2). 


§14. THE HEIGHT DISTRIBUTION OF VOLUME ABSORPTION 


The height distribution of the volume density of absorbed monochromatic 
energy of wave-length A is given by equations (37, 38), which for an exponential 
atmosphere may be expressed in the form 


Dy AR) =p EXPE 2) SEC K)®, sede (64) 


where 2) is a new measure of the level, reckoned from the height /), equation (53), 
as datum, the unit of height being now taken as H; that is 


2, = (h—h))/H. Sno008 (65) 


The factor J) is the maximum volume density of absorbed monochromatic energy 
at vertical incidence. 
The corresponding result for the absorption band is 


J (hy x)= Joe *® (1)/ (to) = Joe *® (% Me™ sec x)/® (0) 
= Joe? (pye-* sec x)/® (p19) 
So UN (TN aa Xe ea (66) 
where z=(h—hy)/H=2,+log, Wop=2%+O'616, veeees (67) 


The difference between x and 2, corresponds to the difference between the levels 
hy and hy, already referred to in §12. At z=0, when y=0, Ih, x)=Jo. The 
maximum value of J, for any given value of x, occurs at the level z,, where, by 


equation (5 6), By = (A, = hy) |H at log, SEC X- 


* Compare equation (17) of reference (1). 
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In figure 1 of reference (1) graphs of J), (A, x)/L)o are given for various values 
of y, for monochromatic radiation of wave-length ); they give the height distri- 
bution of monochromatic absorption in the centre of the band, at the angle of 
incidence y, as a fraction of the maximum absorption (at %),=0) at vertical in- 
cidence (y =o). T'wo of these curves, for y=0 and y=45°, are reproduced as broken 
lines in figure 2, for comparison with the corresponding curves J (/, x)/ Jo for band 
absorption for various values of x. The J/J) curve is on a height scale 2),; the height 
scale for the J/J, curves refers to z, so that, as is convenient for comparison, the 
I/I, and J/J, curves for any value of y have at their maximum the same level and 
the same abscissa. If the //J, curves were drawn on the same height scale as the 
I/I, curve they should all be lowered through a distance 0-616. 


Height 


Absorption 


Figure 2. Relative height distribution of absorbed energy: J Jo for total band; -—-—- Jo/Jo for 
limited band; --- I/I, for monochromatic absorption in the centre of the band. The unit of 
height is H, and the level of maximum band absorption is 0-616H below the level of maximum 
monochromatic absorption in the centre of the band. The curves I/J) are drawn so as to make 
their maximum coincide with that of the curves J/J) for the same zenith angle; actually they 
should all be raised through a height 0:-616H. 


The ratio of J/J» to I/Z,, that is, the ratio of the abscissae of corresponding 
points on the // J) and J/J, curves in a figure such as figure 2, is given by 


J (hy x)/Jo_ 31922 €-*® (woe sec x) (68) 
Ls Ae el—2—e- Sec X ’ aveterstere 


where h'=h+0:616H. This ratio (68) is a function of the single parameter y 
given by 


YSe" SCX, fH HoV, © | Wi betsorr (69) 


Sido _ 3°1928 
so that iia Sot 11746" Ost) ee (70) 
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Table 2 gives the values of this ratio for various values of y; the corresponding 
| values of s when y=o and when xX=45° are indicated also. Since 


z=log, sec y—log, y, 
the values of z corresponding to two different values of x, Say x, and y,, but to the 
same value of y, differ by log, (sec x,/sec x2), which is independent of y. (It may 
be noted that, for any value of y,, y=1 at the level of maximum Sil Otel. 
that is, at the level %y, since %,=log, sec y, in which case log, y=o, and y= 13) 


‘Table 2 
y | = S/S o)/(/Lo) 2 when y=o z= when x=45° 
fo) | 1°174 oO co 
= O-OSO | I'I29 | PIPZIAAS) 2°572 
Ho | 
| 7g = 0'5400 1035 0616 0962 
. 0 
I | I ° 0°346 
3 = 2:7025 | reese —0'994 —0:658 
0 | 
10 | 
a | 9°33 — 1686 = eyo) 


Table 2 shows that when y<1, corresponding to heights above the level of 
maximum ///, or //J, for any given value of x, J/jJ) somewhat exceeds J/I,, 
though their ratio is not greatly different from 1; the ratio increases from the 
minimum value of 1, for the pair of corresponding levels where // J, and I/J,, 
for any value of y, are at their maximum, to 1°17 at infinite height. 

When y>1, corresponding to levels below that of maximum ///, or J/J,, the 
above ratio rapidly increases, so that ///, comes to exceed J[/I) very considerably 
at quite small distances below the level of their maximum. This is because ///9 
decreases much more slowly than ///,. This may be seen from the following 
approximate expression for ///,, derived by adopting the approximation (33) 
for ® and putting w=poy: 


; — p—Hoy 
J lJo=3°192y cos xD (Uy) =* creer ly oe (71) 

The approximation (33) is correct within a few per cent when p> 2, so that equation 
(71) is valid if poy>2, or if y>2/p, or z<log, (1/2) —log, cos xy, which equals 
—o-077—log, cos y. In this range, equation (71) indicates that ///) decreases very 
slowly as x — 00; even when z= — 100, J/J cos x 1s still only slightly less than o-r. 

Consequently, for any value of x, the band nature of the absorption only 
slightly affects the height distribution of the volume absorption, in relation to the 
level and the value of the maximum volume absorption, above this level of maxi- 
mum; but below it, the absorption extends downwards much farther than in the 
monochromatic case, that is, the absorption layer is much less sharply limited on tts 
under than on its upper side. 
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§15. ABSORPTION IN THE LIMITED BAND, AND IN 
THE BAND FRINGES 


It is not difficult to see, however, that the slow decrease of J/ J) below the level 
of maximum for any value of x, that is, below z= 2, =log, sec x, is largely due to the 
slight but very deeply extending absorption of the radiation in the band fringes. 

The ratio of the absorption in the fringes to the total absorption, for any value 
of yu, is the ratio of the sixth to the third column in table 1. When }E< Mo OF 1°8517 
this ratio is less than 461/31326 or 00147; hence if ~= poy, this ratio (00147 or 
less) corresponds to y<r, or to heights above the level of maximum J//). Con- 
sequently in the upper part of the band-absorption layer, for any value of x, the 
fringe absorption at any level is less than 14 per cent of the total absorption at the 
same level. ae 

When much greater values of » are considered, however, the ratio increases 
rapidly; thus, for the fraction of the total absorption corresponding respectively to 
the band fringes, and to the limited band |/|<z2, we have the values given in 
table 3, for five values of w or y. 


Table 3 
im 5 10 25 50 
5/ Ho» | 10/9, _ 25/ bos _ 50/Hos 
hee 2702 1.€. 5°405 NESS. LEAIO SI 1eu2 7202 
Fringe (per cent of 571 II'5 29°4 527 
total) 
Limited band (per 94:9 88°5 71-6 47°3 
cent of total) 
z —0'99 — 1:69 — 2:60 3330 
xX=0 JIS 0°754 0-619 0°542 0-491 
JelJo 0-708 0°549 0°383 0°232 
2 — 0°66 — 1°34 — 2°35 — 2295 
X=45 J7Jo 0°533 0-438 0383 0°347 
Jel Jo O'501 0388 0:270 o°164 


The height z corresponding to p is log, sec y+ log, j4) —log, x, values of which, 
in the cases y=o and y=45°, are also given in table 3. In the next rows are given 
the corresponding values of J/Jy and J./Jy, where J, denotes the value of J for 
the limited band, between /= +2 and /= —2. The value 0:23 of J,/J), which may 
be taken as roughly marking the lower limit of the absorption layer, is attained 
(if y=0) when z= —3-3, whereas J/J,, for radiation of wave-length A equal to A, 
attains this value, if y=o, when z equals about —1-3. Thus the absorption layer 
due to the limited band has a thickness, below its maximum level, exceeding that 
for a monochromatic absorption band by about 2H. 

Below the level z= —3-3 the major part of the radiation absorbed is radiation 
in the band fringes. It is not unlikely that though the absorption formula (1) is 
satisfactory for the purpose of discussing the absorption of radiation within a 
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moderate wave-length interval from the wave-length of maximum absorption 
coefficient, it is unsuitable for the radiation farther away, where the value of «, in 
actual absorption bands, may decrease with | /| more rapidly than e-”. 

In figure 2, the absorption curves for the limited band, in the cases =O; 
x=45° for levels below the level of maximum //J,, are indicated by dot-and-dash 
lines; at and above the level of maximum ///J,, the J,/J curves are scarcely dis- 
tinguishable, on the scale of the figure, from the J/J, curves. 


be 


§16. CONCLUDING REMARKS 


If the absorbed radiation here considered were effective in dissociating or 
ionizing the absorbing molecules, the rate of dissociation or ion-production per 
unit volume by absorption of radiation of wave-length A would be proportional 
to I) (A, x); the factor of proportionality would in general be a function of A, 
perhaps varying inversely as the quantum energy hv (where vy is the frequency, 
equal to c/A) and therefore as 4, if the efficiency per quantum is the same for all 
wave-lengths within, say, the limited band. If the variation of A over the width 
of the limited band can be neglected, then the rate of dissociation or ion-production 
will be proportional to / (h, x); in that case the preceding theory enables curves 
giving the rate of ion-production to be drawn, as a function of time (at any height) 
or of height (at any hour angle ¢), as was done in reference (1) for monochromatic 
radiation. 

Further, if the dissociated constituents recombine at the rate pun’, where n 
and n’ are their numbers (supposed equal) per unit volume, and p is a recom- 
bination coefficient, either varying with or independent of the height, it is possible, 
at least by graphical methods, to calculate the value of n at any height and time™. 
This will not be done here, however; nor will we here consider the height 
distribution of the band absorption and the dissociated molecules, atoms or ions, 
when the absorbing constituent is not distributed with a density varying ex- 
ponentially with the height (although the earth’s atmosphere presents such a case, 
in the absorption of light in more than one band, by ozone or by water vapour). It 
is hoped, however, that the present theory will be of value as a first step towards 
such more complicated problems, should they need to be considered in detail in 
the future. 
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ABSTRACT. A method is described of measuring the polarization of a downcoming 
wireless wave which has been reflected obliquely from the ionosphere. Two rotatable 
crossed loops are adjusted to be in quadrature by dephasing one forwards and the other 
backwards 45° from resonance. With the usual goniometer technique the search coil gives 
zero pick-up when the tangent of the angle at which it is set is equal to the ratio of the 
axes of the projected polarization ellipse, and the frames are turned so that their planes 
are along the axes of this ellipse. Results obtained on medium-wave broadcasting stations 


are compared with ellipses calculated on the magnetoionic theory for an assumed angle of — 


emergence and direction of the earth’s magnetic field. The comparison shows that, within 
the present accuracy of the apparatus, the absorption due to electronic collisions does not 
appreciably affect the limiting polarization of the emergent wave, and sets an upper 


limit of 10° per sec. to the collisional frequency in the region where the polarization | 


assumes its limiting value. The experiments also suggest that the ratio of the number of 
ions to the number of electrons in this region is not greater than 10,000, and further work 
with increased accuracy should give valuable information relevant to the inclusion of the 
Lorentz term in the magnetoionic theory for the E layer. 


Si. INTRODUCTION 


theory, as given by Appleton, the limiting polarization of a wireless wave 

emerging from the ionosphere depends only on the characteristics at the lower 
edge, and not on the unknown distribution of ionic density above. The more 
complete analysis of Booker shows that this conclusion is in general justified 
when the initial gradient of ionic density, with respect to height measured in terms 
of wave-lengths, is small. 


[ is well known that according to the simple ray treatment of the magnetoionic 


ay ager* 


OO EET 


As the ray comes down through the ionosphere, it travels into regions where 


the ionic density is decreasing, but the collisional frequency is increasing. Thus 
although the state of polarization becomes less affected by the density, it may be 
modified by the increasing absorption. In the lower regions of the ionosphere the 


il 


absorption may therefore influence the polarization, if the coefficient of absorption — 


is large where the density is still appreciable. 
For short waves, since the absorption term « is inversely proportional to the 
wave frequency,* the limiting polarization depends only on the angle between the 


* « is the ratio of the collisional frequency to the wave frequency, except for a constant. 
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emerging ray and the direction of the earth’s field, and on the ratio of the gyro- 
magnetic frequency to the wave frequency. On long waves, however, the absorption 
may be the controlling factor, and cause the limiting polarization to become circular 
under all conditions, except when the ray is nearly perpendicular to the magnetic 
field; this point is further discussed in appendix I. 

It follows, therefore, that in the measurement of the polarization of the down- 
coming ray, we have a method of determining whether the absorption is producing 
any appreciable modification, since we can with reasonable accuracy predict the 
polarization in the absence of absorption. In the event of the experimental results 
confirming the calculated values, we can interpret them as setting an upper limit 
to the collisional frequency at the lower edge of the ionosphere. We can also con- 
firm, in this case, that it is the free electrons in the ionosphere which play the 
predominant part in the process of ionic refraction. 


§2. GENERAL EXPERIMENTAL METHOD 


The technique of polarization measurements has been developed by Appleton 
and Ratcliffe in England, and by Green in Australia, and they have shown that 
waves in the medium broadcast band reflected from the ionosphere have a left- 
handed polarization in the northern hemisphere, and a right-handed polarization 
in the southern hemisphere. These observations are in accordance with the magneto- 
ionic theory, which predicts that in general the extraordinary ray is more heavily 
absorbed than the ordinary ray, especially when the wave frequency is in the 
region of the gyromagnetic frequency. These experiments have been mainly 
concerned with conditions in which the polarization is nearly circular. 

The experiments to be described were carried out in 1933, and in them an 
attempt was made to work at more oblique incidence, and to check the observed 
shape and position of the polarization ellipse with the computed values. As the 
fundamental principle of the experiments consists in receiving the downcoming 
ray on a pair of crossed vertical loops, the characteristics actually measured are 
those of the ellipse obtained by projecting the magnetic vectors in the wave-front 
on to the ground. For the wave-lengths with which we are concerned, we can 
assume that the earth is a perfect conductor, so that the wave reflected from the 
ground merely adds to the downcoming wave, without altering the characteristics 
of the projected ellipse. The dimensions of the loops and their height above the 
ground are small in comparison with the wave-length. 

In appendix II the analysis is outlined by which we have related the ellipse on 
the wave-front to the ellipse on the ground. The experimentally observed ellipses 
are compared with these computed ellipses, which are obtained by assuming that 
the ray has not suffered any lateral deviation, and that the angle of elevation on 
arrival is known in terms of the distance between the transmitter and receiver and 
of a given equivalent height of the ionosphere. 

The crossed loops are mounted on a common vertical support, so that they can 
ye revolved together, and are connected by means of slip rings to the field coils of 


I12 IT. L. Eckersley and G. Millington 


a goniometer. They thus form a small rotatable Bellini-Tosi system, but each loop 
contains a series condenser so that it can be tuned to resonance. If the loops are 
both accurately tuned to the incoming frequency, a vertically incident circularly 
polarized ray will induce equal currents in the goniometer field coils, which will be |) 
in quadrature, whatever the position of the loops. If, however, we detune one 
loop 45° forwards and the other loop 45° backwards, so that their impedances are 
both increased by a factor of \/2 but are now in quadrature, the currents in the 
field coils, though still equal in amplitude, will be in phase or antiphase. The 
search coil, instead of picking up equally in all directions, will now give a zero at 
one of the 45° positions and a maximum at the other, and these positions will be 
interchanged if the sense of rotation of the circularly polarized ray is reversed. 

The application of this system to the determination of the sense of polarization | 
of wireless echoes reflected at vertical incidence has already been described“. As 
the earth’s field in England makes an angle of about 20° with the vertical, the 
downcoming rays at vertical incidence will be very nearly circularly polarized. The | 
presence of a split pair of echoes is therefore strikingly shown by the see-saw effect, 
as one echo is suppressed and the other appears, when the search coil is rapidly 
turned from one 45° position to the other. 

A signal arriving at oblique incidence will produce the same effect on the loops 
as a signal at vertical incidence possessing the polarization characteristics of the 
ellipse obtained by projection on the ground, as described above. If the loops are 
both in tune, the currents in the field coils will now only be in quadrature when the 
loops are rotated so that they lie along the axes of this ellipse. Then when the 
loops are detuned 45° backwards and forwards respectively, the search coil will 
again give a zero. But this zero will no longer be at one of the 45° positions, but 
at an angle whose tangent is the ratio of the axes of the ellipse. To obtain a zero 
we must therefore have two conditions fulfilled simultaneously: (1) the loops must 
lie along the axes of the ellipse, and (2) the search coil must be set at an angle 
whose tangent is equal to the ratio of the axes of the ellipse. 

Conversely, if a zero is obtained, the positions of the loops and the search coil 
define the orientation and the shape of the ellipse; moreover, the sense of rotation 
can be deduced from the quadrant in which the zero on the search coil is obtained. 
The loops thus form a polarimeter with which the ellipse can be completely defined. 
It is obvious that when the ratio of the axes is nearly unity, i.e. the polarization is 
nearly circular, this ratio can be measured with good accuracy, but the position of 
the axes will be indefinite. Similarly when the ellipse is very narrow, the position 
of the axes can be determined with considerable accuracy, but the ratio can only 
be measured very approximately. In comparing the observed results with the 
computed values it is therefore best to choose the conditions so that the ratio of 
the axes is between, say, 0-3 and 0-6. 

In practice, of course, a good and steady zero can only be obtained if the 
incoming signal consists of a single reflected ray. If more than one ray is present 
(for instance, if there is a second-order reflection, or if both left-hand and 
right-hand components are present) the resultant polarization may have any 
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characteristics, depending upon the accidental amplitude and phase relations of the 
individual rays. By using the pulse technique it may be possible to separate the 
echoes and examine the polarization of each in turn. But in the medium broadcast 
band it may not be allowable to transmit pulses, and it is in any case difficult on 
the longer waves to obtain the necessary resolution. 

The experiments described in this paper were actually made on the carrier 
waves of several broadcasting stations. To obtain accurate polarizations we have to 
rely on the fact that the extraordinary ray is generally suppressed by absorption, 
and that the first-order reflection from the E region is sometimes predominant. 
The observations indicate quite clearly whether this is the case or not, and only 
those which give definite evidence of a single reflected ray are selected for com- 
parison with theory. Before proceeding to the experimental results we will give a 
brief description of the apparatus and the technique involved. 


§3. DESCRIPTION OF APPARATUS 


_ The successful use of the polarimeter depends upon the accurate phasing of the 
loops. The necessary adjustments are made by using a local signal from a screened 
oscillator and attenuator. The output from the attenuator is fed into the loops by 
two similar variable mutual inductances. These mutuals are screened from one 
another, and are mounted in the box containing the goniometer and the socket in 


C\ 


To 


Attenuator 


=C7 


To 
Receiver 


Figure 1. 


which the support of the loops rotates. The secondaries of the mutuals are con- 
nected symmetrically, by means of split windings, into their respective loop 
circuits, and the primaries can be connected, either singly or together, by means of 
low capacity switches to the output potentiometer of the attenuator, see figure I. 
The mutuals and the attenuator are calibrated so that, if required, the loops 
can be used to measure the absolute field-strength of an incoming signal by com- 
parison with a standard signal from the oscillator, as in a field-measuring set working 
on this principle. The loops shown, consisting of a single turn in the form of a 
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square on a diagonal of 5 ft., were made for work on 60 m., for which the apparatus 
was designed. For the medium-wave tests, similar loops with five turns were used, 
and it was found that the short-wave mutuals and goniometer were still satisfactory 
and gave ample sensitivity. 

The output from the goniometer search coil is fed into a superheterodyne 
receiver, in which the second detector is followed by a d.c. amplifying valve. The 
anode of this valve is connected to the work plate of a cathode-ray tube, which will 
therefore register the presence of an incoming carrier wave, even in the absence of 
modulation. The local signal is first accurately adjusted to the required frequency 
by causing it to beat with the carrier wave of the broadcasting station to be observed. 


The adjustments are then made in the daytime, either by using a local signal very — | 


strong compared with the ground wave from the station, or by choosing a time when 
the station is not transmitting; this was more feasible at the time when the experi- 
ments were made in 1933 than at the present time with the greatly increased 
service hours. 

During the adjustment of one loop the other is open-circuited, and the primary 
of its mutual is disconnected from the attenuator. The loop is first tuned accurately 
to resonance, the cathode-ray tube being used as a visual indicator, and then the 
strength of the signal is adjusted to bring the displacement on the screen to a pre- 
determined mark. From the known calibration of the mutual the coupling is then 
altered until the injected e.m.f. is increased by a factor of 1/2. The loop is now 
detuned, by increasing the capacity, until the displacement on the screen is brought 
back to the standard mark, when its impedance will have a phase angle of +45”. 
In this way the adjustment is made entirely independent of the calibration and 
linearity of the receiver. The process is then repeated for the other loop, except 
that, in detuning, the capacity is decreased to produce a phase angle of — 45°. 

The loops have now to be tested for possible coupling between them. A signal 
is injected into one of the loops, with the other disconnected, and the output of 
the search coil is cut down to zero by rotating the coil until it has zero coupling 
with the field coil in the loop circuit. The other loop is then connected, the primary 
of its mutual being left in the open-circuited condition. As the search coil will be 
making maximum coupling with the field coil of this loop, any e.m.f. induced from 
the first loop will be registered to the fullest extent. An adjustment is provided on 
the framework supporting the loops for altering the angle between their planes 
until the induced e.m.f. is reduced to zero. When this adjustment has been made 
the loops should be ready for use. 


If now two equal equiphase signals are induced in the loops, the currents will _ 


be equal but in quadrature, and the output of the search coil will be independent of 
its position. ‘This condition may be used as a criterion of the correct adjustment of 
the loops, but a much more accurate test is to inject e.m.fs. in quadrature so that 
the currents are in phase or antiphase, when the search coil will give a zero at one 


of the 45° positions, as with a vertically incident circularly polarized ray. This result | 


can be achieved by making the primary circuit of one of the mutuals purely in- 
ductive and the other purely resistive. 


AE A NEI PALO EE ON a re 
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In figure 1 the two loops with their tuning condensers C, and C,, the split 
secondaries of the mutuals, and the goniometer field coils are shown diagram- 
matically. ‘The two mutual primaries L, and L, can be joined in parallel, through 
the low capacity keys K, and Ky, across the resistance R, of the potentiometer 
R, +R. The part R, is made large compared with R, and with the output impedance 
of the attentuator, so that there will be no appreciable throw-back from the loops 
on to the attenuator. The circuit of L, also contains a series resistance R and a 
condenser C. When the key K, is closed at the beginning of the adjustments to 
loop 2, the condenser C is used to tune the primary circuit to resonance. Assuming 
that the resistances of the primary windings L, and L, are small compared with 
the inductive impedances, the impedance across R, due to the circuit of L, is 
simply the resistance R, while that due to the circuit of L, is the inductive impedance 
pL,. 

If e is the e.m.f. across R, when both circuits are connected across it, and if 
the two mutuals are adjusted to M, and M, respectively, the ratio of the two induced 


» e.m.fs. will be 


ere cae 7M, 
ipL, pM, |p pM, ~ My ipL,’ 


The e.m.fs. are thus in quadrature. R is a fixed resistance for any given range 
of frequencies, so that it will only be equal to pL, on one particular frequency. The 
ratio of the e.m.fs. can, however, be made equal to unity by adjusting the values of 
the mutuals M, and M,. This is not, however, really necessary, as a zero can be 


_ obtained with the search coil at some angle other than 45°, as with a vertically 


incident elliptically polarized ray when the loops are along the axes of the ellipse. 
The proper adjustment by this method is not determined by the position where the 
zero on the search coil occurs, but by the goodness of the zero so obtained. 

It remains to show how the sense of polarization can be determined with the 
polarimeter. Depending upon which of the loops is tuned forwards and which 


_ backwards, the sense of rotation is related to the quadrant in which the zero on 


the search coil lies; obviously to each zero there will be another one in the opposite 
quadrant. If we adopt the convention that a particular loop is always detuned 
forwards and the other one backwards, it is a comparatively simple matter to deter- 
mine the sense of polarization always to be associated with any given quadrant. A 


- ground wave from a local transmitter is received with both loops connected and 


tuned to resonance. The direction in which the signal is coming relative to the 
loops, and the quadrant in which the search coil gives a zero, are noted. _Knowing 


for which of the loops, considered separately, the 0° and go® positions of the search 
coil respectively correspond to maximum coupling, we can then work out the 


required relation. 

When the loops had been set up in this way, they were used to determine the 
sense of polarization of echoes at vertical incidence, and the results agreed with the 
observations of other workers in confirming the predictions of the magnetoionic 


theory. 


8-2 


116 T. L. Eckersley and G. Millington 


§4. EXPERIMENTAL RESULTS 


Of a number of stations observed, only two gave results which could definitely 
be interpreted in terms of a single reflected ray, Radio Normandie and Poste 
Parisien. Particulars of these two stations are given in table 1; the wave-lengths 
have, of course, been altered since the time the observations were made in 1933. 


Table x 
Distance 
Wave- F re from 
requency earing Ghelmes 
eae oe (Mc./sec.) | E. of N. Pare 
(deg.) (km.) 
Radio Normandie 225°9 1238 183°5 220 
Poste Parisien | 328°2 o'914 156 350 


At Chelmsford, Essex, where the observations were made, these stations in the 
daytime gave a good ground wave, but in the evening the sky wave was pre- 
dominant. The presence of the ground wave prevented the obtaining of a perfect 
zero when the polarimeter was adjusted to suppress the sky wave, and the criterion 
of a good balance was the steadiness of the residual signal. Actually, however, as 
the unbalanced sky wave was so much stronger than the ground wave, the residual 
signal due to the ground wave did not seriously blur the sharpness of the minimum 
in the balanced position. 

Some preliminary experiments were carried out on Hilversum, with a wave- 
length 298-2 m. and at a distance of 320 km., before the technique described above 
was perfected. Settings were not carefully observed, but the results served to 
show that a position could be found where the received signal was nearly constant 
at its day value. ‘These tests showed that the polarimeter could be used as an anti- 
fading device for a station near enough to give a workable ground ray at the 
receiver. During periods when the signal reflected from the ionosphere was pre- 
dominantly a single left-hand polarized ray, this ray could be suppressed by cor- 
rectly setting the polarimeter, even though it was many times stronger than the 
residual ground ray, so that in effect the steady ground ray alone was received. 

This effect was even more strikingly observed on Radio Normandie. On the 
evening of 1 April 1933, the signals from this station were remarkable for the extent 
and rapidity of the fading. This varied over an extreme range of the order of 50 to 1 
in the course of 4 or § sec. In spite of this, an adjustment of the polarimeter could 
be obtained for which the signals maintained their uniform residual day value. 
Although variations could be seen on the screen of the cathode-ray tube, they 
could not be detected by ear over a period of about an hour and a half. 

On other occasions, however, conditions were much more variable, implying 
that the reflected ray was complex. On a wave whose frequency 1-33 Mc./sec. was 
so near to the gyromagnetic frequency 1-32 Mc./sec., it is unlikely that there was 
any measurable right-handed (extraordinary) component, so that the complexity 


OE A Tg AI, cae 


a 


Limiting polarization of medium waves reflected from the ionosphere 117 


was attributable to multiple reflections, or to partial penetration through the E 
region with reflection from the F region above. Even when conditions were 
variable, it was found that there were short periods during which the signals 
remained steady, and the polarization ellipse took up a limiting position. 

It was thus possible to tell when the simple conditions prevailed for which the 
results could be selected for comparison with the theory. When the conditions 
were variable, the changes were often too quick to be followed on the polarimeter. 
In order to help in detecting the steady periods among the prevailing variable 
conditions, it was found useful to set the loops along the axes of the calculated 


ellipse. During the steady periods the position of the goniometer search coil was 


then quite sharply defined, although the correct orientation of the loops was not. 
It was obvious, however, that the minor axis of the ellipse lay nearly along the 


. great-circle direction of the transmitter. 


On 1 April 1933, when the conditions were unusually steady, the setting of the 


| search coil was 31°, implying a ratio of axes equal to tan 31° or 0-601. The setting 
of the loops gave the minor axis at 20°5° west of north, although, as has been ex- 
_ plained, this was indefinite. Observations were also made on 28 September and on 
8 and g October, when conditions were much more variable. On 28 September, 


however, after sunset, good conditions became more prevalent, and minima were 
obtained on the search coil at values between 30° and 33°, giving ratios between 
0-58 and 0-65, while the setting of the loops gave the minor axis at 9:5° east of north. 

Now if it is assumed that the limiting polarization is unaffected by absorption, 
the ratio of the axes of the ellipse on the wave-front is 0-88. The polarization is 
nearly circular, so that we should expect the minor axis of the ellipse on the ground 
to lie near to the great-circle direction. If the equivalent height for the ray-path 
is taken to be 100 km., the angle of elevation of the ray at the ground is 42° 18’, and 
computation shows that the ratio of the axes on the ground for the ordinary ray is 


- 0°595, with the minor axis at 5:5° east of north. The observed values, which were 
for a left-handed polarization, show reasonable agreement with these computed 
_ values. 


If we suppose, however, that absorption is affecting the limiting polarization, 


_and take the extreme case when the polarization on the wave-front is circular, the 


projected ellipse will have its minor axis along the great-circle direction, 35° east 
of north in the present case, and the ratio of the axes will simply be sin 42° 18’ or 


0:673. In deciding between the two extreme cases, we can compare the observed 
ellipse with the computed ellipses, as regards both the ratio and the position of 
the axes. In our present case the computed position of the minor axis for no 
_ absorption is too near to the great-circle direction, and the experimental values too 


indefinite, for this criterion to be of any usé. The experimental values for the ratio 


of the axes favour the no-absorption condition, but we obviously need a case in 


which the difference between the two ellipses is more marked. 
Fortunately the other station, Poste Parisien, which also gave good experimental 


conditions, provides a much more definite distinction between the two cases. For 


no absorption the ratio of the axes on the wave-front is 0-665, and the projected 
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ellipse has a ratio of 0-348, with a minor axis at 26-3° west of north. Assuming 
again an equivalent height of 100 km., the angle of elevation is 29° 44’, and in the 
extreme case of absorption the ratio of the axes is 0-495 with the minor axis along 
the great-circle direction of 24° west of north. Thus although the directions of 
the minor axis in the two cases are again too close to be of any use as a criterion, 
there is a considerable difference between the two computed ratios. 

A test was made on the evening of 27 September, when good balances were 
obtained with the loops giving a position for the minor axis at 28-5° west of north, 
with a variation of 5° on either side. The most consistent reading for the search 
coil was 18°, but all the readings, though not numerous, were contained between 
15° and 19°. The ratio given by tan 18° or 0-325 is thus close to the computed 
value for no absorption, while the ratio of 0-495, corresponding to the other extreme, 
would imply a search-coil setting of 26° 20’. While it must be admitted that the 
number of observations was not large, some half-dozen in all, this setting of 26° 20’ 
lies well outside the range 15° to 19° in which the readings for the minimum on 
the search coil all actually occurred. Thus these results show that the absorption 
does not play a controlling part, and that, on the other hand, within the limits of 
accuracy of the apparatus, it does not produce an appreciable effect on the limiting 
polarization. 


The experimental and computed data are summarized in table 2 for reference 
and comparison. 


=| 
Table 2 | 
Calculated ellipse Calculated ellipse ; 
no absorption limiting absorption Observed ellipse i 
|} 
, Gonio- Gonio-| Gonio- 
Station meter | Ratio} Bearing of | meter | Ratio| Bearing of | meter Ratio Bearing off 
set- of minor set- of minor | set- of minor | 
ting | axes axis ting | axes axis ting axes axis |] 
(dez.) (deg.) (deg.) | 
O ° ° fe} 4 
Radio 30°7 |0°595| 5°5 E.of N. | 34:0 | 0°673]3°5°E. of N. | 30 to 33] 0°58 to 0-65 9°5° E. of Ni 
Normandie | 31 0601 20°5° W. off i 
Poste 19°2 | 0°348 | 26-3° W. of N.| 26-3 | 0-495 | 24° W. of N.| 15 to 19 | 0268 to 0-344 285° 
Parisien +5° W. off 

if 


§5. DISCUSSION OF RESULTS 


In seeking to interpret these results as giving an upper limit to the collisional 
frequency at the lower edge of the ionosphere, we need to know how large the 
absorption term « can be before an appreciable change occurs in the polarization 
ellipse. The analysis in appendix I, in which the ratio of the magnetic vectors in the 
wave-front, in and perpendicular to the plane containing the direction of the ray 
and the direction of the earth’s field, is given as a function of 1 —ix, shows that this 
ratio, when « is small, is altered in magnitude by a factor between 1 and 4/ (1 +0?) 
by the inclusion of «. The vectors are no longer in quadrature, but the phase is 
only changed by an angle which is less than tan— «. 
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» zation ellipse on the wave-front, and hence of the projected ellipse, is very small, 
and would not be measurable with the polarimeter. But in the particular case we 
are considering of Poste Parisien, a value of « equal to 1 changes the ratio of the 
axes of the projected ellipse from 0-348 to 0:38, and the position of the minor axis 

» from 26-3° to 20°5° west of north. Now a ratio of 0-38 would imply a search-coil 

‘ setting of about 21°, and we can therefore construct table 3. 


| When «=071, it follows that the change in the shape and position of the polari- 
1 
} 
Z 


Table 3 


Search-coil | an 
setting Condition 


| 
Computed for «=o 
21 | Computed for «=1 


26° 20’ Computed for « very large 
| 18° Observed with polarimeter 


(Limits 15° to 19°) 


While it must be admitted that there is some uncertainty as to the limits of 

) accuracy to be assigned to the setting of the search coil, the general results obtained 

, both on Radio Normandie and on Poste Parisien suggest that in the latter case the 

true setting would not exceed 21° as an outside limit, the value of 26° 20’ being 

well outside the probable value, as has been stated above. We feel therefore that the 

| observed results may be interpreted as setting an upper limit of 1 to the value of « 
at that part of the ionosphere which controls the limiting polarization. 

Now since, in terms of the collisional frequency v,, the absorption term « is 

' given by 


ES —— —— — a 


a=v,/Brv, 

/ where v is the wave frequency (equal to 0-914 Mc./sec.) and f is a constant equal to 
2 according to Burnett, the condition « < 1 gives v, < Bry, i.e. < 4:3 x 10° collisions 
per sec. From the table given by Chapman”, the value of v, for electrons is 
3:3 x 10° at a height of 80 km. and is 3:5 x 10° at 100 km. We thus conclude from 
our results that, as far as its effect on the propagation of medium wireless waves is 
concerned, the ionic density is inappreciable at a height of about 80 km. 

In interpreting these results, we have assumed that the gyromagnetic frequency 
is determined in terms of electronic charge and mass. If the refraction of the waves 
were controlled by ionic charges, the effective value of 7, the ratio of the gyro- 
magnetic frequency to the wave frequency, would be controlled by the mass of the 
ion. On the medium waves we are concerned with, this would imply that the 
limiting polarization in the wave-front should be circular. Our contention that 
the limiting polarization is only modified slightly, if at all, by the absorption, is 
therefore also equivalent to showing that the free electrons must play the pre- 
dominant part in ionospheric refraction. 

If we assume that the ions present are singly charged oxygen atoms, their 
effect would only be comparable with that of the electrons if the ratio of the 
number of ions to the number of electrons were of the order of 15,000. But we 
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should expect a ratio of, say, 10,000 to produce an appreciable effect on the lia 
polarization. This figure is interesting, for it is given by Booker and Berkner™ as 
the probable value deduced from their P’f results, which they quote in support of 
the suggestion that the Lorentz theory holds in the F region. It therefore appears 
desirable to make further observations before the difficult problem of deciding 
whether the Lorentz term should be included can be settled. 

It would be useful to carry out further medium-wave tests with pulse trans- 
missions. If, for instance, conditions could be found in which the downcoming 
ray was at right-angles to the earth’s field (as, for example, for vertical incidence 
on the magnetic equator where the earth’s field is horizontal), the effect of the 


absorption term would be to leave the ray plane-polarized but to twist the plane of ]j 


polarization through an angle tan! «. This suggests that we could lower the limit 
set to « by choosing conditions in which the field is nearly transverse to the emergent 
ray, since « has then a big effect on the orientation of the polarization ellipse. 
Some preliminary work has been done on short waves with the pulse technique, 
which shows that extremely well-defined minima can be found for which the settings 
of the search coil and of the loops are quite critical. The readings show a systematic 
variation with changing ionospheric conditions (for instance, in the region of the 
critical frequency), and imply, for an oblique transmission, that the angie of arrival 
is altering. The polarimeter, in effect, gives an indirect method of measuring the 
angle of incidence of downcoming rays, and should supplement the spaced-frame 


technique. Alternatively if the angle of incidence is determined with a pair of |} 


spaced frames, the polarimeter can be used to check the magnetoionic theory 
without having to assume an equivalent height of the ionosphere. 

These short-wave tests were largely vitiated by local distortion. The site on 
which the original medium-wave experiments were made has since become un- 
suitable for such measurements, partly owing to the unavoidable accumulation of 
other apparatus near the loops in a small hut. The polarimeter is soon to be moved 
to a large hut on a new site, and it will be set up in a relatively isolated position, 
where the incoming signal should be free from local distortion. By taking special 
care to avoid stray pick-up, and by careful calibration of the goniometer, it is hoped 


to narrow down the limits of accuracy on the medium waves so that the upper limit 
of « may be more closely defined. 


§6. CONCLUSION 


We have seen that a pair of crossed loops can form a polarimeter enabling us to 
measure completely the polarization characteristics of a downcoming wireless 
wave. Medium waves at oblique incidence can be used to test the correctness of 
the magnetoionic theory, and to decide whether the polarization is appreciably 
affected by the absorption caused by collisions. Although the results so far obtained 
are of a rather preliminary nature, they indicate that the effect is small, and they 


allow us to set an upper limit to the collisional frequency at the lower edge of the 
ionosphere. 
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) The polarimeter has proved to be a useful instrument of research. It suffers 
) from the disadvantage that, unlike the comparator, it is not direct-reading and 
| cannot be used to follow rapidly changing conditions. But, on the other hand, when 
/ its use is combined with the pulse technique, it is capable of a higher resolution 
) and accuracy in the examination of the structure of a complex echo pattern, where 
(the individual echoes maintain their characteristics long enough for a balance 
) position to be found. The polarimeter has the additional advantage that, since the 
( information is obtained from the setting of the aerial system itself, the results are 
/ independent of the adjustment of the receiver, whereas accurate alignment of the 
) two receivers is necessary in the comparator method. Further, the cathode-ray 
| tube merely becomes an indicator of a zero adjustment in conjunction with an 
| ordinary linear time base, the measurements being unaffected by any distortion or 
| defocusing that may be present in the tube. 

The use of the polarimeter is therefore a helpful supplement to direct obser- 
) vation with the comparator. A cross check on the two methods is thus provided, 
| and their respective advantages are combined. 
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APPENDIX I 


In presenting the analysis relating to the limiting polarization and the pro- 
jection of the ellipse on to the ground, in a form applicable to all cases, care has to 
be taken in defining the conventions to be used. 

We take a set of rectangular axes Ox, Oy and Oz such that Oz is vertically 
upwards, and in the horizontal plane Oy is 90° measured anticlockwise from Ox 
Oy is chosen as the great-circle direction from the transmitter to the receiver. 

A point J is taken on Oz, figure 2, and through it a line TR is drawn parallel 
to the downcoming ray and cutting Oy in R. Another line TH is drawn parallel 
to the direction of the earth’s field and cutting the horizontal plane «Oy in H. 

The elevation of the ray at R is 7TRO, equal to ¢, say, and the elevation of 
TH at H is THO, equal to D, so that, by definition, ¢ and D are both essentially 
positive and between o and go”. If 2ROH =8, 6 will be defined as positive when OH 
is measured anticlockwise from Oy, and to include all possible positions it can be 
taken as positive from o to 180°, and negative from 0 to — 180°. 
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Now through T draw U’TU parallel to Ox, so that U'TU will be the horizontal 
line in the wave-front through 7, and V’7V in the vertical plane 2Oy and per- 
pendicular to TR. V’TV is chosen so that TV makes an acute angle with Ox. 

In figure 3 the plane of the paper represents the wave-front through T, with the 
ray going down through the paper at 7. TV is therefore go” measured anticlockwise | 
from TU. On this plane two lines at right angles, 7/P and TQ, can be drawn 
which are respectively perpendicular to and in the plane RTH she ratio of the 
magnetic vectors along 7'P and TQ is given by the magnetoionic theory in terms om | 
the angle « between TR, the direction of the ray, and the direction of the earth’s 


field, the ratio + of the gryomagnetic frequency to the wave frequency, and the |} 


absorption term «. At the lower edge of the ionosphere the limiting polarization 
is independent of the Lorentz term. 


V’ 
Figure 3. 


Figure 2. 


As the direction cosines of TR are o, cos d, —sin ¢, and those of TH are 
—sin 6 cos D, cos 6 cos D, —sin D, the value of ¢ is given by 


cos «= +[cos 8 cos D cos ¢+sin D sin ¢] 


according as the field acts towards or away from the earth. 
The general equation for the ratio of the magnetic vectors on the wave-front is 


ie 7 sin € tanec 7 sine tane | 
ey |- 2 (1 =4a) + / f+ (ee i: 
and the rays become plane-polarized when «=90°, i.e. when tan 6= —cos 6 cot D. 
When «=o the rays become circularly polarized. 
When the field is transverse and the rays are plane-polarized, the ordinary ray 
is unaffected by the earth’s field. The magnetic vector is therefore perpendicular 


to the earth’s field, i.e. the magnetic vector is along TP. Similarly for the extra- 
ordinary ray the magnetic vector is along TQ. Since for the two rays the reciprocal 


relation z ae 
(75). or ( oe 
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\ 
Tiways holds, then as « goes from o through go° to 180°, (TOQ/TP)ora and 
( TP/TQ)ext go from 1 to o and back to 1 again. 

Ag, is therefore only necessary to evaluate R for values of | R | between o and 1. 
‘If $|7sinetane|=x, then when «=o, =—x+/(1+x?). By writing 
= Boot w, where w is in the range 0 to 77/2, | R | is obtained, thus 


| R | = —cot w+cosec w=tan tw. 


If <, is the angle in the range 0 to 7/2 for which sin ¢,= | sin e| it is a simple matter, 
) by means of the parameter «, to plot | R | as a function of «, for various values of 7, 

as in figure 4. From these curves, for «=o, the ratio of the axes of the polarization 
} ellipse in the wave-front can be obtained, and the sense of rotation is determined 
) by the rule that the ordinary ray is left-handedly polarized, and the extraordinary 


> 
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Figure 4. 


ray is right-handedly polarized, when « is less than go”, and vice versa when e« is 


greater than go”. 
If « is not zero but is very small, then for the extraordinary ray 


Rs+1| Ry | [1—+a cos a], 


according as «< or >g0°, where | R, | is the value of | R | when «=o. The initial 
effect of introducing « is therefore to produce a very small change of amplitude, 
and a phase-shift of —tan~1 (« cos w). When, however, « is not small, the changes 
in R must be worked out from the complete expression. 

When « is very large, R approaches +1, i.e. the limiting polarization becomes 
circular, except when « is nearly go°. In this latter case the effect of « is to change R 
from +1/2x to +c(1—va)/2x, i.e. the amplitude ratio is increased by a factor 
4/(1+«?) and the phase is altered by —tan7! «. 
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APPENDIX II 


In considering the projection of the ellipse on to the ground it 1s first necessary 
to know the angle between the axes 7P and TQ, and the axes TU and TV in the 
wave-front. The direction cosines of TP can be expressed in terms of 6, D, and ¢ 
from the fact that it is perpendicular both to T7R and to TH. The direction cosines 
of TO can then be determined from the fact that it is perpendicular to TR and TP. 

If in figure 3 the angle between TQ and TU is %, considered positive when TQ 
is anticlockwise from TU, then from the direction cosines of TQ it follows that 


tan y;=tan D cosec 4 cos ¢—cot 6 sin ¢. 


As a check that the sign of tan ¢ is correct, 9 may be taken as + go° and ¢ as 0°," so 
that the ray is horizontal; with our conventions it is then obvious geometrically 
that 4=D, which agrees with the form tan #=tan D assumed by the equation. 

For a given pair of values for D and 8, as ¢ is increased from o to go”, the axes 
TP and TQ revolve in the wave-front relative to the axes TU and TV. By differ- 
entiation we get 


sec? wd = — [tan D cosec @ sin + cot 6 cos ¢] dd. 


Since D and ¢ are essentially positive and between o and $7, when @ is between 
o and 47 the rotation is clockwise. When 6 is between o and —$z the rotation is 
anticlockwise. But when 6 is between 4m and z, or —4z and —z7, the rotation 
changes its sense when tan = —cos 6 cot D. As we should expect, this is also the 
condition that the polarization shall become plane, when «=go° and the field is 
transverse to the ray, as was seen in appendix I. 

The angle % having been determined, the magnetic vectors along 7P and TQ 
can be resolved along TU and TV. The resultant vectors along TU and TV, 
which are not in general in quadrature, project on to the ground without change of 
phase, TU projecting along Ox and being unaltered in amplitude, while TV 
projects along Oy with reduction in amplitude by a factor sin ¢. 

If we call these vectors (Ox), and (Oy),, in the case of an imperfectly con- 
ducting earth we must add the effects of the reflected waves (Ox), and (Oy), so 
that for the total vectors we have 


(Ox) = (Ox); + (Ox) p 
and (Oy) = (Oy) —(OY)n- 
Now (Ox) p=(Ox); px, 
where the reflection coefficient p,=| p, | eX and is given by 
_(€—2todc) sin ¢— +/(e — 2u0Ac — cos? $) 
Px (e— 2c) sin 6+ /(e— 2u0e — cos? 4)” 
and similarly (Oy),=(Oy); p,, where 


sin ¢— »/(¢— 2u0Ac — cos? 4) 
sin $+ 4/(€—2vcAc — cos? ¢)’ 


Py=| Py | e'Xy = 
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| in which «—2uoAc is the equivalent specific inductive capacity of the earth when 
_ the conductivity o is measured in e.m.u. 

Thus the effect of the reflected ray may be included by modifying (Ox), by 
» an amplitude factor 
| V(I+2 | px | cos Xe+| px |?) 


| Px | Sin Xe 


_ and a phase angle of tan-} ) 
I te | Px | Cos Xx 


» and modifying (Oy), by an amplitude factor 


s/(1=2 | py | Co8 X,+| py |?) 


| Po | SiN Xy 

I—| py | sin x, 
From the ratio of the amplitudes and the relative phases of the vectors (Ox) 
_and (Oy) the orientation and shape of the final ellipse can be obtained. This process 


, and a phase angle of tan 


Figure 5. 


can be reduced to a simple graphical one by the construction of two charts relating 
the ratio of the axes of the ellipse, and the angle the major axis makes with Ox or 
Oy, to the ratio and phase of the vectors along Ox and Oy. 
Consider in figure 5 two vectors at right angles along OX and OY. Ox is chosen 
to be the vector of greater magnitude and OY is defined to be go° anticlockwise 
from OX. We can then write 
OY/OX=re®, 


where r<1 and 4 is the phase angle of OY relative to OX. Now as 6 alters, the 
major axis oscillates between two limiting positions A,’OA,, and AJOA, at an 
angle of tan-!y on either side of OX, i.e. it always makes an angle which <45° 
with the direction of the larger vector. If the angle XOA be called y for phase 
angle 5, and if y be taken as positive when OA is measured anticlockwise from Ox ; 
we have the following rules: (1) When sin 6 is positive, the sense of rotation is 
right-handed or clockwise, and when sin 6 is negative, the sense of rotation is 
left-handed or anticlockwise. (2) When 64 is in the range — 57, 0, $7, y 1s positive, 
and when 8 is in the range 47, 7, 37, y is negative. 
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If R is the ratio of the minor to the major axis of the ellipse, so that R=o when 
S=o or a, and R=r when 8=47 or —4n, then we require relations for | y | and 
R in terms of r and 5. These relations are 


Enea 2r | cos 6 | 
an = 
y a) 
and R=tan $Q, 
; 2r | sind 
where sin Q Sansa 
I+7 
Q being between o and $7. 
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Figure 7. 


In figures 6 and 7, curves for | y | and R, derived from these expressions, are 
plotted as a function of r for various values of 8), where 8) is the angle between o 
and 37 for which sin 6)=| sin 6 |. When r and 6 are thus given, | y | and R can be 
read immediately from these curves, and from the rules given above we can decide 
the sign of y and the sense of rotation. 
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| 
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| In the wave-front, for the case in which « can be neglected, we have exactly 
) the converse process. The magnetic vectors along TP and TO define the axes of the 
| ellipse, and we have to find the resolved vectors along TU and TV. | y | is given 
by | | or 90 —| % | according to which ray we are considering, and R is obtained 
by the method described in appendix I from the values of 7 and e, from which we 
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have to find r and 6. Now from the curves of figures 6 and 7, or by computing 


from the relations 
2R cosec 2 | y | 


7 i R?+tan? | y | 
and fone 1+ R? tan? | y | 


we can construct a converse set of curves as in figures 8 and g for determining 
y and 8 when R and y are given. The value of 6 is determined from 6, by a converse 
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application of the rules given above. If, for instance, with our definitions y is 
positive, 5 must be in the range — 47, o, 47, and if in addition the ellipse is assumed 
to the right-handed so that sin 6 is positive, 5 must lie in the range o to $7. 

In the general case in which « modifies the polarization ellipse, so that the 
vectors along 7P and TQ are not in quadrature, we can obtain the resolved vectors 
along TU and TV by first finding the position and shape of the ellipse relative to 
TP and TQ from figures 6 and 7; this ellipse is then resolved into the vectors along 
TU and TV by means of figures 8 and g. In this way the most general case can be 
treated by means of these curves, so long as care is taken to observe the conditions 
attached to R, 7, 5, and y, namely that (1) R and r<1; (2) 6 is the phase of the 
smaller vector OY relative to the larger OX, where the former 1s measured go° 
anticlockwise from the latter; and (3) y is measured positive when the major axis 
OA is measured anticlockwise from OX. 

In applying this analysis to the computation of the cases quoted in the paper, 
the value of D was taken as 70°, and the magnetic north was assumed to be 11° 
west of true north. The gyrofrequency was taken as 1:32 Mc./sec., corresponding 
to a wave-length of 227-1 m. 
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THE ORIGIN OF RADIO-WAVE REFLECTIONS 
DNS THE “EROPOSPHERE 


By j2 Hy PIDDING FONGM SCY Bb PreD:, 
Walter and Eliza Hall Fellow of the University of Sydney 
Cavendish Laboratory, Cambridge 


Communicated by Prof. E. V. Appleton, F.R.S., 21 Fune 1938 


ABSTRACT. The evidence relating to the reflection of radio waves in the lower 
_atmosphere is critically examined. It is shown that reflection is most probably due, not 
‘to ionized layers as was previously supposed, but to discontinuities in the concentration 
and state of the water content. It is considered probable that all reflections causing 
echoes of semi-path less than about 25 km. (B-region echoes) take place within the 
troposphere. 


we LN TROD UIC LION 


strating that radio waves are reflected from atmospheric levels within, or very 
near, the troposphere ‘“”*» have been described. Of such experimental investiga- 
tions, the most convincing is that adopted by Watson Watt, Wilkins and Bowen™, 
who have obtained definite photographic evidence of the radio echoes in question. 
By using the well-known Breit and Tuve technique of radio-pulse-production they 
succeeded in detecting echoes with group-time delays corresponding to a semi-path 
as short as 10 km. The results were interpreted by them as demonstrating the semi- 
permanent existence of four or more highly reflecting ionized strata in the lower 
atmosphere, about 10 km. above ground level, each with a reflection coefficient of 
the order of 0-7. 

The same phenomena have more recently been examined by Appleton and 
Piddington® who, as a result of experiments in which accurate measurement of 
effective reflection coefficients were included, conclude that the echoes under con- 
sideration are not reflected from layers at all, but are signals of very low intensity 
indeed reflected from scattering centres in the lower atmosphere. If the equivalent 
reflection coefficient p is defined as the ratio of the electric field produced by the 
scattering agency at the receiver to that due to an infinite, plane, perfectly reflecting 
layer situated at the same distance, Appleton and Piddington find that p is of the 
order of 0-00003 instead of the value 0-7 stated above. They therefore suggested 
that if their conclusions concerning the magnitude of the reflection coefficients were 
correct the echoes were not necessarily due to ionization, but might possibly be 
caused by other types of atmospheric discontinuities, constituting what they term 


the B region. 


PHYS. SOC. LI, I 


| 
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ik a number of papers published within the last few years, experiments demon- 
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In the present paper the nature of the possible reflecting agencies is considered 
in greater detail. The value of p assumed for purposes of calculation is 0-00002 at a 
signal frequency of g Mc./sec.; this is in accordance with the experimental results 
referred to above’, It should, however, be mentioned that such a low value of p is 
not in agreement with the conclusions of Colwell and Friend“, who interpret their 
results as indicating the presence of well-defined layers of some permanence and 
capable of effecting noticeable absorption of wireless waves which have been 
reflected from higher atmospheric levels. 


§2. THE LOCALIZATION OF THE SCATTERING CENTRES 


If the transmitter and receiver used in observing echoes from scattering centres 
are situated a short distance apart, as is usually the case, then the intensity at the 
receiver of a wave reflected from a small scattering centre is inversely proportional 
to the square of its distance r from the point of observation. If, however, there are 
a number of such centres, say m per unit volume, distributed uniformly, then the 
number at distances between 7 and r+6r from the receiver is proportional to 7°, 
and as the echoes from these arrive at random phases the total intensity is pro- 
portional to the square root of the number of centres in the given zone. Combining 
the two factors thus operative it is seen that the echo-intensity should be inversely 
proportional to 7. It is unlikely, of course, that m would be independent of height 
above ground level, so that the above relation may be expected to hold only approxi- 
mately. 

The authors of reference (4) have pointed out that in a typical snap photo of 
B-region echoes, the amplitude of what they term the fifth-order reflection is about 
0-2 times that of the first-order reflection. But if we cease to regard the gradually 
decaying echo system as comprising multiple reflections from a small number of 
discrete layers, the obvious interpretation to be placed upon this fact is that the 
reflection coefficient of the scattering centres is everywhere the same, the gradual 
decay being caused by spacial attenuation and complying with the simple distance 
law enunciated above. The agency causing reflection might, therefore, be in the 
form of clouds, and since these would be effective as reflectors when situated above 
a point some distance from the transmitter, an echo which has a delay corresponding 
to a semi-path of 20 km. might really be reflected from a region of a height much 
below 20 km. 

The experimental technique of Watson Watt, Wilkins and Bowen™ did not 
permit of the detection of echoes of semi-path much below ro km. There is every 
indication from their records, however, and from those of other workers“ ® that 
reflection takes place from centres situated well within the troposphere. 

Other experiments, the details of which need not be given here, have given 
support to the view that the echoes may arrive at the receiver from directions 
making considerable angles with the vertical, and in the light of the subsequent 
theoretical investigation of the nature of the reflecting agency it is regarded as 
highly probable that all B-region echoes might well originate within the troposphere. 
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§3. THE POSSIBILITY OF REFLECTION BY LAYERS 
OR CENTRES OF IONIZATION 


Let us first examine the possibility of reflection due to ions or electrons. Four 
cases may be considered: layers of electrons, layers of heavy ions, clouds of electrons 
and clouds of heavy ions. The ions would most probably be singly charged oxygen 
molecules, and if there are NV of these present per cm? and the conductivity is o e.s.u. 
) and the dielectric constant K e.s.u., thea the reflection coefficient of a layer with a 
sharp boundary is given by 
o__(m—1)? +k? 
p ~ (ni)? ee? osesele (1) 


where n and « are the refractive index and absorption coefficient respectively of the 
}ionized medium. Further, 


2a A/(Kt Aor) KR, 2 cae (2) 
2K? = 4/(K?+ 4077?) — K, 
if 7 is the period of the reflected wave. 

If we follow Appleton and Chapman in putting the retarding force on an ion in 


the medium as mvu, where m and uw are the mass and the velocity of the ion and v 


its frequency of collision with neutral molecules, then the usual Lorentz theory 
gives 


N 2 
Sap rert per (4) 
Ne*v 
om (p? + v?)’ AGOCOL (5) 


where e is the electronic charge and p the wave angular frequency. From equations 


(4) and (5) i 
| 1—K='‘— =207 (p/v). 


Vv 
. 


Since we are interested at the moment in frequencies of the order of 9 Mc./sec. 
we have p=5x107. At a height of 10 km. above ground level the pressure is 
about 190 mm. and the temperature is 220° K.; the collisional frequency of electrons 
with molecules is, therefore, about 1-3 x 10" per second and of heavy ions 6 x ro’. 
‘The condition v>p is therefore seen to hold in both cases, so that (1— 4) is small 
compared to 207 and the case is one of conductivity reflection. Equations (2) and 
(3) become 


21 =A/ (i+ 46°77) I, 
2K) (i +4077) — 1. 
If or is small, as is the case, we may write, approximately, 


or? 


(p= lo -—— > 
2, 


K=0T, 
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so that equation (1) becomes 


OT 
ee eee 6 
p=—- (6) 


If we now put p=2 x 10 and r=107" sec., then 
T= 400'€:S.Uls, 
the corresponding ion-density being given by 


mva Pet 
= —,- = 6 x 108 ions per cm: 
e2 


N 
If, on the other hand, the reflecting body is a cloud of ions small compared to a 
wave-length, the reflection coefficients may be shown to be given by 


Beg) Le i 
Sane a ee v wae 

where c is the velocity of light in vacuo, r the distance of the cloud from the observer, 

and Q the total number of ions in the cloud. Substituting the original values of 

p, v and p we have, approximately, 


O=2< 10700 


necessitating a density of about 4 x 101 ions/cm? if the cloud is a sphere of diameter 
Io m. 

If the reflecting agency is an electron cloud or layer we find equally high values 
of conductivity to be necessary, and as the collision frequency is 1-3 x 10" per 
second and the probability of attachment to oxygen molecules is about 107° per 
collision, the rate of production of free electrons must be enormous, about 5 x 101? 
per cm?/sec. in the case of a layer of electrons. 

The greatest difficulty encountered in trying to account for B-region echoes in } 
terms of free electricity is to account for the high conductivity required. In this 
connexion it is important to note that the highest value of conductivity found in the 
troposphere when continuous recording was used on the Explorer I balloon flight 
was 2°5 x 10-* e.s.u., which is in agreement with the earlier works of Wigand™. The 
least value necessary to account for the echoes has been shown to be 400 e.s.u., 


which is greater by a factor of about 160,000. It seems unnecessary to dwell on the |} 


difhculty of explaining the processes of production and maintenance of sharply — 


bounded volumes of ionization in the troposphere, since if they had existed their |} 


presence would almost certainly have been detected during the frequent measure- 
ments of conductivity carried out during balloon ascents. 


§4. THE PROBABLE PROCESS OF REFLECTION 


We have seen above that it is highly improbable that B-region echoes could be 
due to a process of reflection by free electrons or ions. We therefore now proceed 
to consider the possibility that these echoes may result from reflections from dis- 
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: continuities of the atmospheric dielectric constant, due to changes in composition. 
It 1s at once apparent that water-vapour molecules, which have a large permanent 
» dipole moment, make a very considerable contribution to the total dielectric con- 
stant of a moist atmosphere. If we write (K —1) as the contribution to the dielectric 
constant due to any particular gas present in the atmosphere, then (AK —1) for air 
at normal temperature and pressure is 5:9 x 10-4 and for water vapour at its satura- 
tion vapour pressure at 0° c., (K — 1) is 3-9 x 10-4. The distribution of water vapour 
_in the atmosphere is much more irregular than that of the other common components 
and, in addition, the three states in which water exists have widely different di- 
electric constants at the frequencies under consideration. Water is, therefore, the 
_most probable agency to account for the observed reflections. 
A radio wave incident on a surface at which the dielectric constant changes will 
be partially reflected, and if the transition is sudden the reflection coefficient may 
be written 


) where 7 is the refractive index on one side of the boundary and unity that on the 
} other. In the atmosphere m= 1/K, and to a sufficient-degree of accuracy we may write 
K-1 
ra 
In the case of water in its three states, K will vary irregularly throughout the 
| atmosphere because of variations in the amount present per cm? and also because 
of variations in its state. 
The value of the dielectric constant of water vapour at radio frequencies has 
been determined experimentally by several workers. Stranathan® appears to 
_ have eliminated the usual errors due to adsorption at the plates of the test condenser, 
| and his results will be used. We may write for the dielectric constant 


ieee Ban 


where A and B are constants for given water-vapour density and T is the absolute 
temperature. Stranathan’s results only extend down to about 20°c., but if we 


pi 


extrapolate we find 
Kei =12°7g €RAL at 273 (K: 
where gq g./cm? is the water-vapour density. This value is in agreement with the 
calculated value if we take the permanent dipole moment of a molecule to be 
1°8 x 10-8 e.s.u. We then find 
K=1=%2"1¢ €.s.u. at 273° K, 
The small discrepancy is due to neglecting the term A, which allows for the mean 
polarisability of the molecules in the field of force. The dielectric constant of water 
in the liquid state maintains a value of about 80 e.s.u. up to the frequencies with 
which we are dealing™, so that for the liquid state we have 
K-—1=80¢ e.s.u. 
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Ice, however, shows a rapid fall in dielectric constant at frequencies of a few 
kc./sec., and at 6 Mc./sec. it has a value of about 3 e.s.u. according to the Jnterna- 
tional Critical Tables, so that 

K-1=3¢q €.s.u. 
It is clear, therefore, that any change of state of water which occurs in the tropo- 
sphere so as to form a boundary which is sharp compared to a wave-length may 
result in partial reflection of electromagnetic waves. 

In the table are shown the mean temperatures for the year at various levels in 
the troposphere, as measured with sounding-balloons sent up from Kew Observa- 
tory in 1935". During the balloon flights measurements were also made of the 
relative humidity of the atmosphere by means of a hair hydrograph. Although this 
instrument is not very reliable, and the measurements of the relative humidity at 
very low temperatures are probably far from accurate, the results are suggestive, 
and in view of the scarcity of other similar data we quote them. 

The hydrograph is calibrated by immersion in water, the reading being taken 


as corresponding to a relative humidity of g5 to 100 per cent. It is suggested that — 


when the reading exceeds this value supersaturation may exist. Of 47 balloon 
flights during which the humidity was measured, 17 suggest supersaturation at one 
height at least, while in 30 cases the relative humidity at one or more heights was 
over go per cent. Since successive readings were taken at points $ or 1 km. apart 
in height, the rate of change of humidity cannot be traced. 


We include, therefore, in the table the values of the density of water vapour — 
corresponding to the saturation vapour pressure at the various temperatures. In — 
the next column are shown the values of the contribution to the dielectric constant — 


of this water if it is in the liquid state. In the final column are listed the reflection 
coefhcients which would result from a sudden discontinuity in the presence of 
water. It is not suggested that any such complete discontinuity occurs, the tabula- 
tion being made as a basis for further reasoning. 


Height Mean ee Dielectric Reflection 
(ixm.) temperature rarer constant coefficient 
(°K.) (g./em? x 10°) (eisiu. < 10?) Se ioe 
2 273 4°85 39 10 
4 262 I ‘98 16 4:0 
6 249 0°62 5 1% 
8 235 ors 1°2 073 
10 223 0°04 0°3 0:07 


T'wo processes now appear to be the most likely to form a sharp reflecting 


boundary. Saturated or supersaturated water vapour, by cooling and condensing, | 


will raise the dielectric constant very considerably, even though the total amount of 
water is the same on either side of the boundary. Such a process might cause 


noticeable reflection without the formation of clearly marked clouds, since reflecting | 
strata need only be very thin. Drops of water solidifying to ice would give a similar _ 


result. If the drops were supercooled, in the manner that has often been indicated 


BEA 
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by ice-formation on aircraft”, a sharp boundary might result. The former process 
might be expected in the alto- Scrules and cirro-stratus levels, and lower, and would 
be particularly marked in thunderstorm areas where large quantities of warm moist 
air are moving upwards. Watson Watt, Wilkins and Bowen™ find a marked corre- 
lation between the strength of B-region echoes and thunderstorms, which they 
j attribute to the ionizing effect of the latter. 
In considering reflections from small clouds it is of interest to note that a 
| comparison may be made between the reflection coefficients of a cloud and those of 
an infinite plane layer of the same dielectric constant by an application of Huyghens’ 
principle. The secondary waves originating at the various parts of the reflecting 
| surface combine at the receiver to give a signal strength depending on their ampli- 
tudes and relative phases. If the problem is simplified by assuming that the cloud 
) presents a flat circular face to the receiver, then the method of Fresnel zones is 
‘easily applicable and it may be shown that the equivalent reflection coefficient of 
#such a cloud, of diameter 775 m., at a distance of 5 km. for 30-metre waves, is 
‘double that of an infinite plane ges of the same refractive index. Thus, small 
clouds may be quite effective reflectors of radio waves, and if the reflecting surface 
‘is at all concave towards the transmitter the equivalent reflection coefficient may 
_ be many times greater than that of an infinite plane sheet. Such effects are often 
_ noticed in reflections from ionospheric regions E and F. 

We conclude that the observed value of p, namely 2 x 10~*, can be accounted. 
_ for on a theory of reflection by water molecules. If this explanation is correct, a new 
method of investigating the distribution of water in the troposphere is available 
_and further work with very high-powered pulse transmitters sending signals of 


| duration less than 20 psec. may be expected to add greatly to our knowledge in this 
| field. 
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DISCUSSION 


Dr F. J. W. Wutepte. The author has apparently found that ordinary clouds 
can reflect wireless waves. When it is recalled that clouds are very efficient reflectors 
of the very short aetherial waves which constitute light this is not very surprising. 
Perhaps it would be more remarkable if clouds did not interfere at all with the 
propagation of wireless waves. 


Dr R. L. Smiru-Rose. I gather that the object of the paper is to suggest that 
under certain conditions radio waves may be reflected in the troposphere at a surface 
of discontinuity between air and a cloud containing water in the liquid or solid form 
as well as vapour. If this interpretation is correct, the sentence immediately above 
the table on p. 134 is rather strange. 

I should like to enquire what justification the author finds for assuming that the 
relations giving the dielectric constant of gaseous mixtures may be applied with | 
equal validity to a non-molecular mixture of air and water in the liquid or solid | 
form. This assumption is the basis of the equations at the foot of p. 133 and top of | 
p. 134. In acloud in which some 50 per cent of the water present may exist in liquid } 
form, the actual volume of such liquid amounts to only 2 or 3 parts in a million of 
the total volume of the cloud, and the water will be in the form of discrete drops. Is it — 
certain that in such a case the dielectric constant of the mixture of air and water can 
be derived in the same way as in the case of a mixture of gases by taking into account 
the partial pressures? 

The figure for the value of (K — 1) for water vapour on p. 133, line 7, appears to be 
incorrect. It should be 0-62 x 10-4 (i.e. 12°7 x 4°85 x 10~°). Also the heading of the 
4th column of the table on p. 134 is incorrect in that the figures tabulated refer to the 
value K—1 and not K. It would be as well to emphasize throughout the paper that 
since the values of reflection coefficient sought are very small, the corresponding 
values of K do not depart very much from unity, and this is the basis for assuming 
the equation p=(K—1)/4 to hold (see p. 133). 


Dr E. H. Rayner. The short-time variability of radiotransmission which has 
been mentioned may be associated with another type of variability which has been 
disclosed as a result of international radio research. On behalf of the Union Radio 
Scientifique Internationale I have organized special transmissions for the inter- 
national comparison of standards of frequency and for physical research. One 
method has been to generate a frequency at Teddington which is constant to the 
order of 1 part in 100 million. By means of a multivibrator a wide selection of 
frequencies is available from any basic frequency and 1000 c./sec. is convenient to 
choose, as it is audible and suitable for telephonic transmission. This frequency is 
sent by wire to the British Broadcasting Corporation and used to modulate one or 
more transmitters simultaneously. On reception it is compared with the local stan- 
dard by measurements of the beat frequency between them. In general the direct 
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| measurement of two standard frequencies of 1000 c./sec. is not satisfactory since, 

if they are correct to about 1 in a million, which is common, the beat will be only 

once in a quarter of an hour; and transmission conditions may render its determina- 
) tion uncertain. A method of increasing the accuracy of comparison is to multiply 
the incoming frequency automatically by, say, 1000, raising it to the level of a 
million, and to obtain a frequency of a nominal value of a million from the local 
) standard. A difference in the fundamental frequencies of 1 in a million will now 
produce 1 beat a second instead of one about every quarter of an hour and, if the 
» beat frequency is steady, a comparison to a few parts in 100 million can be made in 
a few seconds. 
It is found, however, that the beat frequency is generally unsteady under these 
conditions. Records of it have been made at the Laboratory of the Union Inter- 
pnationale de Radiodiffusion in Brussels with a siphon recorder registering the trans- 
‘mission from Droitwich. The effect is more marked at greater distances and with 
/higher carrier frequencies. The beat frequency is irregularly fast and slow compared 
/with the correct mean value, generally changing appreciably every second, and it has 
)been found in Berlin, using the medium wave band (250 to 350 metres), that the 
}wobble of the modulation frequency in about three seconds may have the same 
effect as a change of path of the order of 60 km. 
| These experiments, for traffic reasons, have had to be made in the early hours of 
the morning, and in order to determine whether the effect might be due to equipment, 
etc. it was repeated in daylight, when reception at Brussels showed that it had 
‘practically disappeared. There seems, therefore, to be a kind of fluttering of the 
‘transmission conditions at night, even over comparatively short distances and with 
long carrier waves. 

At the Congress of the Union Radio Scientifique Internationale held in Sep- 

‘tember, 1938, in Venice, a special Committee was set up at my suggestion to follow 


‘up the possibilities of research in this direction. 


 MrR. NaismiTH. Several years ago it was shown* that, near the Orfordness site, 


‘there were marked coastal deviation effects amounting to an error in bearing of as 
much as 2°5° on a wave-length of 1000 m. Now that the reflection coefficient is as 
low as 0:00003 it would seem quite possible to obtain energy corresponding to this 
value from various points along such a coast even when the antenna system is not 
favourable for this direction of transmission. 

This suggestion would also explain the semi-permanent nature of the reflecting 
strata which has been observed. 


AUTHOR’S REPLY. The author’s reply will be published in a later part of the 
Proceedings. 


* R. L. Smith-Rose, Radio Research Special Report No. 10 (H.M. Stationery Office). 
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ABSTRACT. This paper contains some ionization curves for the E region based on 
Chapman’s theory of the solar ionization of a rotating atmosphere, and calculated mechani- 
cally by means of a Bush differential analyser. An attempt is made to reproduce the 
experimental results obtained by Best, Farmer and Ratcliffe in Cambridge, and it is 
found necessary to assume a greater rate of recombination during the day than during the 
night. This assumption is confirmed by some curves calculated for observations made at 
Washington on 31 August 1932, when an eclipse of the sun took place. The observational 
data have been published by Kirby, Gilliland and Judson. 


§1. INTRODUCTION 


in the ionosphere on the following assumptions: (1) that the atmosphere is 

spherical, (2) that the molecular density decreases exponentially with height 
(so as to be an isothermal homogeneous atmosphere), (3) that the incident radiation 
is absorbed according to a mass absorption law, (4) that electrons are lost by 
recombination, the recombination coefficient being constant. He has shown that 
the ionization-density at any instant and at any height is given by a certain differential 
equation containing an adjustable parameter o, depending on the recombination 
coefhcient and on the intensity of the ionizing radiation. 

Chapman has obtained some numerical solutions of this equation showing the 
variation of ionization-density at different levels in the atmosphere throughout the — 
day at certain specified places and at various times of the year. In connexion with 
the interpretation of radio experiments it is usually more important to know how 
the maximum value of the ionization-density varies with time than to know the 
actual distribution with height. Millington® has given a method of obtaining the 
maximum value approximately without calculating the density at all levels, and has 
made a series of calculations by using this method. The numerical work involves 
a great deal of labour. 

In connexion with the interpretation of the results of radio investigations of the | 
ionosphere it is of importance to be able to calculate the ionization-distribution 
and the maximum ionization-density as a function of time, for various assumed 


le two well-known papers Chapman™? has shown how to calculate the ionization 


values of the parameter o) in Chapman’s equation. If several different values are | 
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to be taken for comparison with experiments it is important to be able to perform 
‘the calculations rapidly. 

This paper is an account of some calculations of this kind carried out mechani- 
cally by means of a Bush differential analyser. The curves shown here were calcu- 
lated for conditions corresponding to some experiments which had been performed 

in Cambridge by Best, Farmer and Ratcliffe, and in America by Kirby, Gilliland 
and Judson“. Different values of a) were taken in order to see which fitted best. 

In addition to the curves necessary to determine the maximum value of the 
lonization, special attention has been paid to the ionization at low levels in the 
“ionosphere, in view of the fact that this is important in connexion with the absorption 

of short waves and the reflection of very long ones. 


§2. METHOD OF CALCULATION 


The notation used is taken from Chapman’s paper. H is the scale height of the 
jatmosphere, / the height under consideration, / rate of production of electrons 
jat height 4, and N number of electrons per c.c. at height h; J and N are functions 
‘of the height and the zenith angle of the sun. Further, A) is the height at which / 

is maximum when the sun is overhead, J, is the value of J at hy) when the sun is 
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Figure 1. Set-up of the differential analyser for the equation 
dv 
Oo abe v= F (, 2). 


overhead; N, the equilibrium value of N at height / when the sun is overhead, and 
« the recombination coefficient in seconds units. 


Write z=(h—h,)/H, 
v=N/N), 
=p. 


Cp 7-27 100 |aN a, 


and let ¢ be the time in radians. 
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The differential equation for the number of electrons per cm? at a fixed point 
as a function of time, when recombination is allowed for, is then 


ee 0) 
Chapman shows how to calculate the function F for an exponential atmosphere 
illuminated by homogeneous radiation; it is given by 


F=exp (1—2-e~“f), . 
where f is a function of the zenith angle, y, of the sun, and of H, and is tabulated 
by Chapman. Unless x is large it is very nearly equal to sec y. 
During the night F=o, and equation (1) has the solution 


¢ 


—-+ constant. 
v Go 


The set-up of the differential analyser is shown in Bush’s notation in figure 1. 
It will be seen that the function F is introduced from an input table, and that v? 
is obtained by integrating v with respect to itself. The condition imposed on the 
solution of the equation is that the initial value of v shall be reproduced after 
24 hr. The correct value is easily determined by trial and error. 

In all of the present work a value of 10 km. has been taken for the height H 
of the homogeneous atmosphere in the £ region. The actual height in kilometres 
above the datum level to which each of the following curves refers is therefore ten 
times the value of z corresponding to it. A curve for a given value of z would not 
be much altered if H were subjected to a small change, but it would then refer to 
a different height. 

Two different values of o, have been taken, namely 0-098 and 0-032. If N, is 
taken as 1-9 x 10°, these imply that «=4x10-® and 1:2 x 1078 respectively, in 
seconds units. 


$3) DISCUSSION OF THE CURVES 


Figures 2 and 3 give the detailed curves for Cambridge on 31 July and 
21 December respectively; the value of a is 0-098. Figures 4 and 5 are the corre- 
sponding curves for ¢)=0-032. Some supplementary curves for very low levels 
are given in figure 6. 

As would be expected, the curves for the larger value of o) (smaller «) show 
more lag between the changes of ionization and the movement of the sun than do 
those for the smaller value. In each case, however, the lag is small where the layer 
is densest, but increases as we come down from this level. It will also be noticed 
from figure 6 that at very low levels the maximum ionization attained is less for the 
larger value of op (smaller «) than for the smaller one. This means that a layer in 
which there is much lag has a sharper lower boundary than one in which there is 
less lag. 
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The data in figures 1 to 4 have already been discussed by Best, Farmer and 
Ratcliffe. In figures 8 and 11 of their paper they plot their experimental values for 
the maximum density of ionization present in the E£ region at various times of day, 
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Figure 2. Cambridge, July 31; a9 =0°098. 
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Figure 3. Cambridge, December 21; o9=0:008. 


‘and also the theoretical curves for o,=0-098 and for o,=0-032, obtained by taking 
‘the envelope of the curves in this paper. They point out that whereas the value 
o)=0°098 is in agreement with the rate of decay of ionization during the night, 
both in summer and in winter, it gives too much lag in the daytime. The curves 
for o)=0'032 are in better agreement with the daytime experimental results, but 
if anything still show too much lag. 
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: In support of this observation they refer to some measurements made by 
Kirby, Gilliland and Judson™ in Washington during eclipses of the sun. To 
| check the conclusion further some theoretical curves have been worked out for the 
| latitude of Washington and the time of the year, 31 August (1932), at which one of 
| the eclipses took place. Figures 7 and 8 give the curves for a day on which no 
eclipse takes place, and figures 9 and 10 for the eclipse day. Only the afternoon 
( portion of the latter curve is shown, as the morning part is the same whether there 

is an eclipse or not. These curves were obtained by multiplying Chapman’s rate of 
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‘Figure 6. Cambridge; curves for very low levels. a, July 31, = —2, 69 =0°098; b, December 21, 
= —1, o9=0°'0908; ¢, July 31, 7= —2, a9 =0'032; d, December 21, z= —1, ay=0°'032. 


ionization F by a factor representing the fraction of the sun’s disc exposed (given by 
Kirby, Gilliland and Judson in their paper) and solving the differential equation (1) 
with this as the input function. 

By comparing the curves with and without the eclipse the ratio of the ionization 
during the eclipse to its value at the same time on a normal day can be found. This 
is plotted in figure 11 for the two values of o, concerned, and also for quasi- 
equilibrium conditions (o,=0, « very large). The experimental results also are 
included in the figure. 

Here again the agreement of the experimental values is with the quasi-equili- 
brium curve, or with the curve for o) = 0:032, rather than with the one for o)=0-008. 


§4. APPROXIMATING TO THE ENVELOPE 


Mention has been made of Millington’s method of approximating to the 
envelope of the {v, ¢} curves without drawing the individual curves. It consists in 


solving the differential equation 
dv 


0 a +v°=G (4), 
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where G (4) is the envelope of the set of F (4, 2) curves. This method has been |} 
applied to all the cases given above, including the eclipse, the machine being used || 
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Figure 7. Washington, August 31; 4,=0:098. The time is local time =E.s.T. +8 min. 
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Figure 8. Washington, August 31; o9=0°032. 


to solve the equation. On the straightforward diurnal curves for Cambridge or 
Washington it gives results agreeing very closely over the mid-day period, and 
showing a discrepancy amounting to not more than 2 per cent of the maximum 
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figure 9. Washington, August 31, with eclipse. Figure 10. Washington, August 31, with 
dy =0°098. eclipse. oj=0'032. 
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Figure 11. Percentage of ionization during the eclipse compared with its value on a 
normal day. The crosses are experimental points. 
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ionization at other times. The same accuracy is shown in the case of the eclipse 
curves. It would therefore appear that the method is quite reliable for these values 
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Figure 12. Cambridge, December 21; oy =0'4. The dotted curve is the approximate 
envelope obtained by Millington’s method. 


As a matter of interest, and to test the method in a more severe case, some 
curves have been worked out for o)=0-4. These are shown in figure 12, together 
with the approximate envelope. The error here is greater than before. It amounts 
to 44 per cent in places, and affects also the mid-day period. 
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/ABSTRACT. The variation with temperature of the electrical resistance of specimens 
jof amorphous carbon and of Acheson graphite has been determined for temperatures 
between o° c. and goo° c. The results obtained are compared with those recorded by other 
‘investigators. The work is to some extent complementary to that of Powell and Schofield, 
/who determined the thermal and electrical conductivities of the same materials between 
/750° c. and 2500° c. Two samples of Acheson graphite showed minima of resistance at 
) about 390° c. and 430° c. respectively. 


§1. INTRODUCTION 


out some years ago by the Physics and Electricity Departments of the 
| National Physical Laboratory. The materials dealt with were the same as 
‘those examined by Powell and Schofield™, namely a particular kind of amorphous 
carbon (containing 80 per cent of petroleum coke and 20 per cent of lamp-black) 
jand Acheson graphite. The investigation made by Powell and Schofield was 
directed mainly to the determination of the electrical and thermal conductivities 
| of these materials at temperatures between about 750° c. and 2500° c. The work 
described here was concerned with the measurement of the electrical resistance of 
the same materials between 0° c. and about goo° c. and was thus complementary 
to their work. 


Ta work described in this paper formed part of a joint investigation carried 


§2. EXPERIMENTAL ARRANGEMENTS AND PROCEDURE 


The materials, in the form of rods 57 cm. long and 1:6 cm. in diameter, were 
heated in vacuo in a nichrome-wound resistor-furnace sufficiently long to enclose 
the whole rod (figure 1). For the resistance-measurements a fixed current from a 
battery was passed through the rod and through a standard resistance of 0-0107 Q. 
in series with the rod, and the potential-difference across the working section of 


the rod was compared with that across the standard resistance. The rod itself was 
10-2 


148 L. ¥. Collier, W. S. Stiles and W. G. A. Taylor 


fitted into a cradle consisting of four steatite rings, large enough to slip over the rod 
and mounted symmetrically on two lengths of steel studding provided with nuts to 
secure the rings in position. Graphite end caps, screwed on to the ends of the rod, 
prevented any appreciable movement of the latter in the cradle and provided good 
electrical contact for the measuring-current. The measuring-current leads were 
attached to copper terminals screwed into the graphite caps. The whole framework 
afforded a secure support for the specimen, the thermocouples, and the potential 
leads. The steatite rings also served as radiation shields and helped to maintain a 
uniform temperature over the working section of the rod. 

The temperature of the working section was determined with two chromel- 
alumel thermocouples, situated about 6 in. apart between the two inner steatite 
rings and previously calibrated in the Heat Division of the National Physical 
Laboratory. The thermocouples and potential leads, enclosed in silica tubing for 
insulation, were carried through holes in the rings. Owing to their tendency to 
break away during heating, the thermocouples could not be fixed into the rods; 


W. 
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Figure 1. A, copper terminals; B, rubber bungs; C, carbon; F, furnace; G, graphite end caps; 
L, measuring-current leads; P, potential leads; R, steatite rings; S, silica tube; T, thermo- 
couples; V, connexion to vacuum pump; W, water cooling. 


they were therefore mounted just above the surface of the specimens. The potential 
leads were of nichrome wire tamped firmly with lamp black into holes, usually 6 in. 
apart (in one case 5 in.), drilled radially in the rod. The whole assemblage was 
enclosed in a silica tube, 1 metre long, which could be evacuated, the ends of the 
tube being closed with rubber bungs carefully sealed into it. The necessary leads 
were passed through the bungs, which were then coated with sealing-wax solution 
to prevent air leakage at the points of emergence of the leads. The silica tube was 
inserted in the furnace and, with the heating current switched on, was adjusted in 
position until the temperatures registered by the two thermocouples were practically 
the same. In this position the ends of the tube projected from the furnace, and 
were water-cooled to prevent melting of the seals. The pressure in the silica tube 
was measured with a McLeod gauge reading down to a pressure of 0-005 mm. of 
mercury. 

After the rod had been adjusted in the cradle, its resistance was determined 
at room-temperature. The furnace current was then switched on and measurements 
were made at intervals corresponding to temperature increases of about 500. ka 
making an individual resistance measurement, the thermocouple readings were 
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first determined. Next the measuring current was adjusted to a fixed value, and 
_ the potential difference across the working section was measured. The measuring 
current was then reversed and the potential difference redetermined. By taking 
_ the mean, any thermal or stray electromotive forces were eliminated ; generally the 
| potential-differences before and after reversal agreed within one part in one 
thousand. The thermocouple readings were again taken and finally the potential- 

difference across the standard resistance was determined. The temperatures 
_ registered by the two thermocouples seldom differed by more than 1 per cent. In 
_ general the specimen was taken steadily up to as high a temperature as possible and 
| then allowed to cool, measurements being made both during the heating and cooling 
processes. A complete run usually occupied about 24 hr. Except during the pre- 
liminary heating, when gas occluded in the carbon was given off, the pressure 
_ inside the silica tube rarely exceeded 0-1 mm. of mercury at temperatures up to 
/ about 750° c. Between this temperature and goo’ c. it rose sharply in all runs to 
»about 1-omm. It is possible that air diffused more readily through the silica at 
_ temperatures above 750° c. than at lower temperatures, and this may have accounted 
| for the increase in pressure between 750° c. and goo° c. 


§3. RESULTS 


Five carbon rods were examined. With one exception two complete sets of 
| observations were made on each rod; a complete set of observations involved 
_ resistance-measurements during both the heating and the cooling of the specimen. 
|The {resistance, temperature} curves were practically identical in character for all 
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Figure 2. Variation with temperature of the resistance of a 5-inch section of a carbon rod. 
(Specimen 5.) © experimental points. 


the specimens; a typical example is shown in figure 2. In all cases the resistance at 
room-temperature (about 18° c.) was unaltered by heating up to goo” C. 

The values of R,/R), where R, is the resistance at f° c., were determined by 
interpolation from the individual {resistance, temperature} curves and are tabulated 
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in table 1; the value of R,, the resistance at 0° c., was easily determined by extra- 
polation. The maximum variation in the value of R,/R, at any given temperature "Jj 


was less than 1 per cent. 


Table 1. Values of R,/R, for five carbon rods 


oe Rod 1 Rod 2 Rod 3 Rod 4 Rod 5 Mean 
° 1000 1‘000 1°000 1°000 1‘000 1°000 
60 0:982 0:980 0:982 0:980 0-980 o:981 
120 0:964 0:963 0:966 0:964 0:962 0:964 
180 0°949 0°948 0"950 0°949 0°944 0-948 
240 0°934 0°932 0°934 0°934 0930 0933 
300 o'919 0919 0918 0918 0-916 0-918 
360 0°905 0:906 0904 0909 0904 0-906 
420 0889 o:89g1 o0:890 0°897 0892 0892 
480 0881 0882 0878 0886 0880 0881 
540 0:870 0871 0868 0874 0868 0870 
600 0:860 0860 0857 0864 0858 0-860 
660 0850 o'851 0848 0854 0847 0850 
720 0842 0840 0°838 0844 0838 0840 
780 0832 0831 0827 0834 0:830 0831 
840 0:820 o'821 0818 0824 0:820 0821 
goo 0806 0810 0°807 o'814 0808 0:809 


A relation of the form 
R,= Ry (1 =] 3-17 10-8 1-73 x 107 7-0-4 10m ae) 

was found to represent the experimental results with considerable accuracy. The 
same relation also gave values of resistance in satisfactory agreement with those 
determined by Powell and Schofield“? for similar carbons at temperatures between 
750° Cc. and 1300° c. Powell and Schofield found that when the carbons were — 
heated much above the latter temperature permanent changes occurred, affecting 
the shape of the {resistance, temperature} relation, the magnitude of the effect being 
dependent on the temperature to which the specimen was raised. For example, 
a carbon fired to 1100° c. had at 1000° c. a resistance 78 per cent of that at 0° c.; 
for a carbon fired to 2430° c. the corresponding value was 46 per cent. Hansen, 
working with carbon electrodes made by the American National Carbon Company, 
observed that when the carbon was heated to temperatures above that at which it 
was fired during manufacture, the {resistance, temperature} relation altered. 
Decrease in the cold resistance and in the weight of the specimen also occurred, 
the amount of decrease in both cases being dependent on the temperature to which 
the carbon was heated. 

The resistivities at 0° c. of the five carbons referred to in table 1 were 0-0051, 
0°0050, 0°0055, 0:0051 and 0-0052 {.-cm. respectively with a mean of 0-0052. 
These values were about 12 per cent lower than those found by Powell and Schofield 
for similar carbon in the form of tubes. | 

The variation of the resistance of carbon with temperature has also been 
studied by Somerville™, Noyes“ and Hansen®., Somerville does not specify 
the nature of his carbon, but it would seem that it was of the extruded variety. 
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. comparison his values of R,/R, at different temperatures are shown in figure 3. 
Up to about 800° c. they are practically identical with those obtained in the present 
jimvestigation. ‘lhe specimens examined by Noyes consisted of untreated carbon 
ifilament made from braided silk. Their resistances were measured over a tem- 
‘perature range of 2200° K. A direct comparison with his results can be made less 
‘readily, since Noyes recorded relatively few results between 0° c. and goo” c. and 
(none at all between 100° c. and 700° c. The broken line shown in figure 3 was 
‘derived from the linear relation which he considered to represent his values 
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Figure 3. —, curve calculated from the relation 
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©, experimental values for carbon (see table 1); +, experimental values obtained by Powell 
and Schofield for similar carbon; /\, values obtained by Somerville for carbon; --——, relation 
obtained by Noyes for carbon; [-], Acheson graphite specimen 1 (in vacuo); x, Acheson 
graphite specimen 2 (in nitrogen). 


adequately over the whole experimental range. Between 0° c. and goo° c. this 
relation does not differ by more than 2 per cent from the values given in table 1; 
this is perhaps rather surprising in view of the fact that the carbons examined were 
not of the same type. Hansen, on the other hand, found that the resistance of the 
carbon electrodes examined by him decreased more rapidly with temperature. 
For example, at 400° c. the resistance was about 83 per cent of the value at 0° c., 
while at goo° c. it had fallen to 63 per cent. The corresponding values for the 
carbons referred to in table 1 were 89-5 per cent and 81 per cent respectively. 
The resistivity of the latter was about one and a half times that of Hansen’s carbon, 
whose resistivity was 0:00348 {2.-cm. 

For purposes of comparison the effect of temperature on the resistance of 
Acheson graphite also was investigated. The results of measurements made on a 


ee 
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rod of this material in vacuo are shown in figure 3. Values obtained for another 
specimen heated in an atmosphere of nitrogen are also shown in that figure. 
Although for the first 200° the resistance of the graphite decreased with increase in }/ 
temperature more rapidly than that of the carbon, it ultimately reached a minimum | 
and then increased with further increase in temperature. The two specimens had 
resistivities at 0° c. of 0:00079 and 000088 Q.-cm. respectively, approximately 
one-sixth of that of the carbon; and the minima occurred at about 390° c. and 
430° c. At these temperatures their resistances had fallen to 84-6 per cent and 83:1 
per cent respectively of the corresponding values at 0° c. Samples of Acheson 
graphite examined by Powell and Schofield, with resistivities at 0° c. of 0-00082 
and 0:001054 .-cm. respectively, showed minima at 450° c. and 520° c.; at these 
temperatures their resistances decreased to 80-4 per cent and 74:6 per cent of the 
corresponding resistances at o° c. Noyes“ and Hansen™ have also studied the 
behaviour of heated Acheson graphite. Noyes did not state the resistivity of his 
specimen, but found that the resistance was a minimum at 550° c., when its value 
was 77°5 per cent of that at o° c. Hansen’s graphite had a resistivity of about 
o-oo1 (2.-cm. at 25° c. The resistance appeared to be a minimum at about 1500° C., 
a much higher temperature than in the cases already mentioned; the minimum 
resistance was, however, only about 65 per cent of the value at 25° c. 

The results suggest that the minimum resistance occurs at a lower temperature 
and is larger relative to the resistance at 0° c. in the case of the better-conducting © 
varieties. Nishiyama‘), who subjected carbon to very high temperatures, found 
that the temperatures at which the resistance became a minimum depended on the 
temperature to which the sample had been previously heated and on the duration 
of the heating process. His work suggested that the more complete the graphiti- 
zation of the sample, the lower became its resistivity at o° c. and the temperature 


at which the minimum occurred. The variation in the resistivities of the different _ 


samples of Acheson graphite mentioned above, and in the temperatures at which 
the minimum occurred, may be due to differences in the degree of graphitization. 
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‘ABSTRACT. The thermal conductivity K is derived in terms of the difference in tem- 
“perature which, in the steady state, is set up between the axis and the surface of a rod or 
‘tube of the material when the latter is electrically heated in an evacuated enclosure. The 
velectrical conductivity o is derived in the course of the same experiment from measure- 
jments of the current flowing in, and the potential-difference across, a length of the rod 
located near the centre. Solutions of the heat-flow equations are obtained for the case in 
‘which K and the electrical resistivity p are not constant but vary with temperature in a 
(linear manner. 

Experimental results are given for a variety of carbon consisting of 80 per cent of 

{petroleum coke combined with 20 per cent of lampblack at temperatures up to about 
(2000° c. and for Acheson graphite up to about 2700° c. Evidence for the graphitization 
of carbon is obtained in that the results for this material at the highest temperatures tend 
to conform with those for graphite. 
_ At normal temperatures the Lorenz functions, Kp/T of carbon and graphite are re- 
‘spectively about 17 and 200 times as great as the value normally obtained for metals. 
'The values, however, decrease rapidly with increase in temperature, and at 1700° c. the 
Lorenz functions of both materials are only about 4 times as great as those of metals. 


jr INTRODUCTION 


been employed at the National Physical Laboratory for the determination of 
the thermal conductivities of a number of varieties of carbon up to very high 
temperatures. 
The only materials of general interest dealt with were graphite and a particular 
make of amorphous carbon, and these alone are discussed below. ‘The investigation 
was primarily designed for very high temperatures (a limit of 2700° c. was reached) 
and the method of measuring thermal conductivity tended to decrease in accuracy 
towards the lower limit of temperature, namely 750° c. This latter consideration 
applied particularly to graphite, owing to its high conducting power, and as some 
theoretical interest attaches to this material it was thought worth while to continue 
the investigation of it, by a different method, down to atmospheric temperature. 


Te main purpose of the present paper is to describe a method which has 
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The work just mentioned has now been completed by one of us (R. W. P.) and | 
described in detail elsewhere“. The relevant data are incorporated in the present ‘jj 
paper. 
§2. THE THEORY OF THE METHOD 
Of the methods available for the measurement of thermal conductivity, that | 
suggested by Mendenhall for materials which are conductors of electricity, and 
applied by Angell™ to aluminium and nickel, appeared to be the most promising — 
for the present investigation. In this method a steady current of electricity is 
passed through a long cylindrical bar of the material. For an appreciable distance — 
on each side of the centre section of such a bar, the temperature of the surface 
and of each of the underlying cylindrical shells will be sensibly uniform, so that the 
electrical energy dissipated in this portion will flow radially to the surface. The 
thermal conductivity can then be obtained from a measurement of the rate of 
energy-dissipation in the chosen portion of the bar and the difference in tem- 
perature between the axis and the surface. It will be observed that, provided the 
theoretical condition of cylindrical isothermals is fulfilled, the stray leakage of heat | 
is eliminated, the only sink being that constituted by radiation from the surface. | 
This freedom from leakage of stray heat, and independence of auxiliary heating 
systems, gives the present method considerable advantages for measurements at | 
extremely high temperatures. 
Consider a section of a bar of radius 7 and length x, in which, as was postulated 
above, the isothermal surfaces are cylindrical, and let its thermal conductivity and 
electrical resistivity be denoted by K and p respectively. Suppose further that a 
steady current of electricity is flowing through the bar and that the fall of potential 
is E volts per cm. of length. Then the equation which expresses the fact that the 
heat flowing radially out of a cylindrical surface within the bar is equal to the 
electrical energy dissipated inside this surface is as follows: 
GL). |" HAxont a7, 


—anrxk mek % {Oe Sa (1) 


where T is the temperature at any point within the bar. If K and p are constants 
this leads, as Angell shows, to 


where 7, is the radius of the bar and 7, and T, the temperatures at the surface and 
axis of the bar respectively. In most practical cases K and p vary with temperature, 
and this disturbs the radial temperature-distribution given by equation (2). Using 
this equation, however, Angell obtained a second approximation and was able to 
show that in the cases with which he was concerned, namely bars of nickel and 

aluminium 1-2 cm. in diameter, the disturbance was negligible. The maximum 
temperature-difference between the surface and the axis of the bar in the cases 
dealt with by Angell appears to have been only of the order of 1° c. Since, however, 
in the experiments on carbons now to be described, temperature-differences as 
great as 300° C. are encountered, it is necessary to consider the matter in greater 
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jdetail. This can conveniently be done by assuming that both the thermal con- 
ductivity and the electrical resistivity vary with temperature in a linear way for the 


ange of temperature between the surface and axis of the bar in any particular 


j2xperiment. Thus 
| FO TGR et ds) sand “p—=,,41 6 (1 —4,)). 


Substituting i in equation (1) and solving in series* form we obtain 


Pf Ay? i + (EP) Are+ (18% +1108 + 56? \ (Arp 


36 
| 
| 
36003 + 266x768 + 145%8?+ 593 
| +( a 450P° + 59P") (Ay etal ne G3) 
eocre A=FAI4K, po. 


| This expression gives the temperature-distribution inside the rod in terms of 
\K, and p,, which are the axial values of the thermal conductivity and electrical 
resistivity, and the temperature variation of these quantities. 
_ For the purpose of an actual measurement of thermal conductivity it is con- 
\venient to express the temperature-difference between the axis and the surface in 
iterms of the mean conductivity and resistivity. Thus if K,,, and p,,, are the arith- 
etic means of K and p for the axis and surface, it can be shown that the formula 
transforms to 


fuel ge ea Pee B) (cr? 22 B (ant 2o08— 769) (Cray ) 
eet 576 ze 


| 
where CC EAR op Pam-+ 


| Since, as will be shown later, p,,,, is very nearly equal to the true mean resistivity, 
the formula can be expressed in terms of W, the watts-dissipation per unit length, 
by substituting W/47K,,,, for Cr,?. It will be noted that the series on the right-hand 
side of equation (4) depends mainly on the value of 8, the temperature variation of 
electrical resistivity, all the terms after the first vanishing when f is equal to zero. 

The data set out in table 1 give an indication of the energy necessary to heat 
carbon rods of different diameters in vacuo to various external temperatures, and 
enables an idea to be obtained of the magnitude of the temperature-difference 
between the axis and the surface, and of the relative importance of the various 
terms of equation (4). 

These calculations were originally made from the very meagre information 
available at the time as to the various constants, but in table 1 the data have been 
recalculated in the light of our own determinations. The values employed were 
K =0:03 w./cm.-°c., p=0-004 Q.-cm., «=0-0008, and B= —o-0002. Since only 
the general order of the effects are now in question it suffices to treat p and K as 
constants (see columns 4 and 7), except when the convergence of the series is under 
examination (see the last 3 columns of table). 


* We are indebted to Dr W. S. Stiles of the National Physical Laboratory for advice in the 
solution of this equation. 
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Table 1. Calculated data for carbon rods of various diameters 


Relative 
‘Tempera- values of terms §| 
5 Surface : : ture-differ- | of equation (4) j) 
Diameter)“ tem- Energy | Resistance | Cyrrent | Potential-| ence between| (per cent of 
of rod perature radiated (Q./cm.) (amp.) gradient apes Ota first term) 

(cm.) (°K.) (w./cm.) | (p constant) (V./ Chi Nantes (°c.) ud 

(k constant) | 2nd | 3rd | 4th 

term | term | tern 
O'5 1000 9 o'021 21 0°44 25 ol | O70 | OOF 
1300 26 25 0°74 70 074 | oo | o@ 

1600 59 54 ee 160 o°8 | oo | OE 
2000 144 84 1°76 380 19 | Oo | OOF) 
rate) 1000 18 0'0052 60 0°31 50 0-3 | oo | oon 
1300 52 100 O52 140 07) | O20 oo Yi 
1600 118 150 0:80 320 16 | o1 | OOF 
2000 288 240 1°20 760 3°8 | 06 | o@ il 
2°5 1000 45 0:0008 230 O19 120 06 | oo | oO 
1300 130 400 0°32 350 1°7 | or | O@ i 

1600 295 600 o'50 800 4:0 | 0-7 |Oem 
4:0 1000 72) 0'0003 470 O15 200 170 | oo | GOH 
1300 210 790 0:26 550 2°7 | 0°73 | OOH 
1600 470 1200 0°37 1250 6-2 || 1-7 og i 


From consideration of these data and a knowledge of the SECA -supplies 
available it was decided that for experiments up to about 1200° c. rods about _ | 
2°5 cm. in diameter should be used, and that proportionately smaller rods should | 
be employed for higher temperatures. It is seen that for the 2-5-cm. rod the | 
second term of equation (4) only amounts to 1-7 per cent of the first for the external ]) 
temperature of 1027° c., and in all cases it appears that the subsequent terms can | 
be neglected. | 

In practice it was thought desirable to use a specimen in the form of a thick- 
walled tube, as this enabled the inner temperature to be observed by sighting into 
the small axial hole. 

The full solution corresponding to equations (3) and (4), that is, taking into 
account the temperature variation of both K and p, has not been found for this 
case. Apparently a series cannot be obtained in terms of 7, nor a convergent 
expansion in terms of (7,—7,)/7, unless the internal radius 7, is greater than half of 
the external radius r,. However, assuming a temperature variation of thermal 
conductivity but a constant electrical resistivity, the following expressions are 
found. 


For the overall temperature-difference in terms of K am 


ie r. 
ghee airy oer ian? Few log ale re (5) 


and for the temperature-distribution over the cross-section in terms of K, 


8 


E. r 
h Ba=-S2- iy? ae 
where We \ Ts (1 +2 log”). 
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The effect on the value of (7,— 7) of the temperature-variation of resistivity 

in the case of a solid rod has been shown to be equivalent to a correction of 1-7 per 
sent for the case mentioned above. It is obvious that the effect would be of similar 
magnitude for the case of the thick-walled tube actually used. Subject to this 
‘mall correction, formula (5) has been adopted for evaluating K,,,, for specimens in 
cubular form. 
_ In the preceding account, attention has been devoted mainly to a method for 
the determination of thermal conductivity. In all investigations of thermal con- 
ductivity it is of interest to make simultaneous measurements of the electrical 
sonductivity. For many good conducting metals the ratio of the two conductivities 
jas been found to be so closely proportional to the absolute temperature as to 
enable the thermal conductivity to be predicted from a measurement of the electrical 
, esistivity. Although it was not anticipated that a simple relation of this kind would 
de found for the class of materials to be included in the present investigation, it 
vas at the outset considered that the inclusion of measurements of the electrical 
‘esistivity would probably yield results of theoretical interest, which would sub- 
pequently become of practical importance should they eventually enable approxi- 
mate values of the thermal conductivity of carbon materials to be deduced from the 
simpler measurement of electrical resistivity. 

A further advantage of the present method is that the electrical resistance of the 

working portion of the specimen is measured incidentally to the determination of 
she energy-dissipation. It should be borne in mind, however, when a comparison 
‘s attempted, that whereas the thermal conductivity is measured radially the 
electrical conductivity is measured longitudinally, and that the two conductivities 
would not be equally affected if local variations, such as transverse cracks, should 
>decur in the material. 
_ Since the measurement is of the total resistance of a section of a specimen in 
which a heavy radial gradient exists, it becomes necessary to determine to what 
cemperature this resistivity is to be assigned. If p,, is the mean resistivity as found 
n any experiment, then in the case of a solid rod we have 


ar? if 27r 


ee an (TT eee oy be (7) 


If the temperature-distribution is assumed to be given by equation (3), this 
can be shown to reduce to 


Ar,” a+ 18a? + 2348 + 176? 5 ) 
| Pm = P2 : + B- = [r+ 24F (ar, ay a (Ar, Pateais ie Siaveieite (8) 
Now the temperature 7,,, to which p,, is to be assigned is given by 
ae eye ee (0) 
Hence 
2 8a? + ct 
(2m — £2) = oan i 47k (Ar,?) + ee 2a0F wh (Ar,7)? + ss howe (10) 
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The temperature 7’, does not differ greatly from the mean of the axial and 
surface temperatures (7+ 7,)/2, which is given by 


2 5 
HERES Se a {r4 22 2F (4r)4 tumetse (Ane +.} PORESe (11) 
Therefore 
Tt Ty Ar? (2e=p » , 18a2—aB — 76? a ) 
T'n— = = 2 ae (Ar,?) + 72 (Ar,”) eh 
z ; 24—f 607? 28 4B" if 
Sha 15): re ah (i) 
<= (T,—7,)-approx. eee (12) 


Hence T,,,, the resistance temperature, is obtained from the mean of the axial 
and surface temperatures by applying a correction proportional to the square of the 
difference between these temperatures. For a temperature-difference of 300° c. 
and on the basis of the values of « and f given earlier the correction amounts to 
rhe Cc. - 

The equation (12) applies only to the case of a solid rod and the corresponding 
formula has not been obtained for the case of the thick-walled tube used in some of 
our experiments. However, equation (6) gives the temperature-distribution in this 
latter case as affected by the « coefficient, which is the more important in deter- 
mining the magnitude of the correction, and using this equation for a step by step 
integration, it would appear that the corrections for carbon range from about 3° C. 
for a temperature-difference of 100° c. to 18° c. for a temperature-difference of 
B00, ©. 


§3. APPARATUS AND EXPERIMENTAL PROCEDURE 


Preliminary observations had shown that for a rod 2:54cm. in diameter a 
length of 75 cm. gave a central portion well over 20cm. in length which was 
uniform in temperature. For the initial experiments a tube of this size having an 
axial hole about 0-3 cm. in diameter was chosen. 

In figure 1 the tube is shown supported along the axis of a cylindrical water- 
cooled enclosure capable of being evacuated. The water flows through the space 
formed by two concentric tubes of brass, soldered to brass end pieces, and fitted 
with brass frames to hold two glass windows 20 cm. long and. 1-8 cm. wide. These 
were situated on opposite sides of the enclosure and allowed a full view of both 
sides of the specimen to be obtained and enabled the surface temperature of the 
central section of the rod to be measured by means of an optical pyrometer sighted 
normally through the window. The left-hand end of the apparatus was closed by 
means of a brass plate fitted at the centre with a water-cooled glass window. 
Through this window it was possible to sight along the axis of the specimen, and 
to observe the internal temperature by means of an optical pyrometer focused on 
to a small piece of refractory material located at the centre of the specimen. 
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The brass plate which fitted the other end of the apparatus carried the two 
electrodes. This arrangement permitted the assembly of the specimen, and any 
auxiliary gear, to be completed before insertion into the cylindrical container. 

|The details of this part of the apparatus are shown in figure 2. Each electrode 
consisted of an unbroken run of copper pipe, with a go and return passing through 
the end plate to allow a water circulation, The copper pipe was bent to the shape 
‘indicated, with a vertical loop, at the extremity farthest removed from the end 
plate. To the top of this loop was sweated a brass plate, while lower down on each 


Water jacket Window (20 x 1-8 em.) 


Pyrometer 
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Figure 1. General lay-out of apparatus. 
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Figure 2. Details of apparatus attached to end plate. 


branch of the loop a thread was soldered carrying a nut so as to give a vertical 
adjustment for a second brass plate sliding on the loop. Between these brass plates 
were held two blocks of graphite internally capped so as to grip a true sphere, also 
of graphite. The sphere was drilled with a hole 2:54 cm. in diameter, for the 
insertion of the full-sized specimen, or of an adapter of the same diameter for use, 
as described later, with a smaller specimen. ‘The sphere was split into three portions, 
to give an adjustable grip on the specimen. This use of a cup-and-ball construction 
gave two self-aligning bearings for the specimen, and on tightening up the bottom 
nuts the electrode assembly could be rigidly clamped without strain on the specimen, 
at the same time giving an excellent contact for the heavy current required, which 
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ranged up to some 800 amperes. Each copper pipe was insulated from the end 
plate by fibre bushes, the joints being made vacuum-tight by pulling down on to 
rubber washers as shown. The adapters referred to above consisted of graphite 
rods 2:54 cm. in diameter, drilled at one end to allow the insertion of smaller 
specimens, figure 2. Thus the size of the specimen, both as to diameter and length, 
could be chosen so as to fit in with the temperatures it was desired to reach and the ~ 
particular pressures of electric power available. The limit of power, namely 12 kva., 
was not sufficient to allow of the attainment of high temperatures with the larger- 
sized specimens when these were allowed to radiate freely to the water-cooled 
enclosure, and with a view to extending the temperature range for such specimens 
a radiation shield could be interposed between the specimen and enclosure. This 
shield, a section of which is shown in figure 2, consisted of a tube of carbon let into 
end pieces of mabor and thermally insulated with soot, the whole being contained 
in an outer brass cylinder. The shield was pierced with holes which could be used 


Potential leads 


Silica 


Graphite 


Figure 3. Device for measuring potential-drop on specimen. 


for sighting on to the specimen or for carrying potential leads required for the 
energy measurements. 

Several forms of potential contact were used, two of which are shown in 
figure 2. That on the right of the figure consists of a graphite rod passing through a 
closely fitting bush in the radiation shield and resting with its sharply pointed end 
on the surface of the specimen. On the left is shown a tungsten wire 0-015 cm. in 
diameter, insulated with fireclay or thoria tubing and inserted into a small hole in 
the specimen so as to serve as a potential contact. For the lower temperatures the 
wire was usually cemented into the hole with a mixture of pitch and carbon, while 
for higher temperatures contact was made in various ways, for example, by tying 
the wire after passing it through a small hole skimming the surface, or by hanging 
the wire over the specimen. When graphite rods were used as potential leads 
without the radiation shields, they were held in the rider arrangement shown 
separately in figure 3. his method was found to be the most satisfactory and with 
it readings were obtained up to 2700° c. 

For the energy-supply alternating current was used, the skin-effect being negli- 
gible for the frequency of 50 cycles employed. Several methods were used for the 


Thermal and electrical conductivities of carbon and graphite 161 


‘Measurement of the energy supplied to the working section. For example, the 
watts could be read directly from a Drysdale-Tinsley astatic wattmeter, in which 
the main current was passed through the heavy stationary coil, and the suspended 
pressure coil was connected to the potential leads from the specimen. The total 
resistance of the leads, including contact resistance at the surface of the specimen, 
was about 10 ©. The resistance of the pressure-coil circuit of the wattmeter was 
-varied from roo to 300 {. and a small proportionate correction for the lead re- 
sistance applied to the readings. 

The energy was also determined by an independent measurement of the 
current through and resistance of the working portion of the specimen. For the 
‘former measurement a Weston precision ammeter of the dynamometer type was 
vused. The resistance was measured immediately after the a.-c. supply had been 
‘switched off by comparing the potential-drop across the working section with that 
‘across a standard resistance when the same direct current passed through each. 
The e.m.fs. were measured on a potentiometer and by using a Moll galvanometer 
‘of very short period and by switching the direct current over from a steadying 
‘circuit of similar resistance, it was found that the voltage drop on the working 
‘section could, after several trials, be obtained within about 2 sec. after switching 
‘off. The process was repeated with the current reversed so as to enable stray 
je.m.fs. to be eliminated. 

To provide a further check on the energy-measurements the voltage drop on 
‘the working section was determined by a low-range Weston a.-c. voltmeter. As 
\the resistance of the potential leads was of the same order as that of the instrument, 
/a somewhat large correction had to be applied which, however, could be checked 
‘by a comparison of the values obtained on the two scales of the instrument. 
| The energy-measurements given by the three methods outlined above seldom 
\differed by more than 1 per cent and pointed to a power factor for the circuit of 
mearly unity. 

In addition to the measurement of energy, the dimensions of the specimen 
and also the difference in temperature between its axis and surface had to be deter- 
imined. The former presented no special difficulties, but in the case of the latter, 
!precautions had to be observed. Both surface and axial temperatures were measured 
by means of a disappearing-filament optical pyrometer, which had been calibrated 
by sighting through a specimen of the window glass on to a black-body furnace. 
Calibrations were also obtained with a totally reflecting prism included in the 
system, as this was frequently used to avoid overmuch shifting of the pyrometer 
itself. 

It was necessary to verify that the optical pyrometer focused on to the plug 
at the centre of the axial hole in the specimen gave the true value for the internal 
temperature. Satisfactory agreement was obtained when a thermocouple was also 
used to measure this temperature, a result which was to be expected, as the internal 
conditions approximated closely to those of a black body. In the case of the external 
temperature it was not practicable to use thermocouples, and with the optical 
pyrometer allowance had to be made for the emission coefficient of the specimen. 
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The conditions of the experiment allowed an estimate of the emission coefficient 
to be formed, owing to the fact that the apparent black-body temperature of a 
surface, of emissivity less than 1, differs according as the temperature is estimated 
on the basis of monochromatic or of total radiation. The difference in the value of 
the apparent temperature obtained by the two methods is illustrated in table 2, 
which gives the figures for emissivities from 0:8 to 1:0. 


Table 2 
ie Difference between apparent black-body 
, Method of obtaining tem- t for omiise 
a perature, /, monochromatic anes Pe ae 2 
P (°c.) radiation for 0°65 p.; 

4 R, total radiation ro 0:90 085 0:80 
700 R ° 25 36 49 
M fo) 5 7 Io 

R-M ° 20 29 39 

1000 R ° 31 48 63 
M ° 8 12 17 

R-M ° 23 36 46 


In the case of our experiments the apparent temperature of the outer surface 
of the specimen for monochromatic radiation was given by the optical pyrometer, 
which worked on an effective wave-length of 0-65 ,., while the apparent tem- 
perature for total radiation was calculated from a knowledge of the area of the 
working section and the energy radiated from it. The last-mentioned quantity was 
obtained by deducting from the total energy dissipated, as given by the electrical 
measurements, the small loss due to convection in the rarefied gases in the en- 
closure, which can be shown to be about 1 per cent of the total. The mean of a 
large number of experiments on carbon between temperatures of 700° and 1000° C. 
gave a difference between the monochromatic and total radiation temperatures of 
30° c. It will be observed from table 2 that the mean difference over this range is 
33° C. for an emissivity of 0-85 and 22° c. for an emissivity of o-go, so that apparently 
the emissivity of the carbon tube falls within these limits. 

It is of course recognized that this conclusion is based on the assumption of a 
constant emissivity for carbon throughout its spectrum. However, the estimate is 
not inconsistent with the value obtained by Mendenhall and Forsythe™, who by 
a different method found an emissivity of 0-86 for carbon at 1000° c. 

The corrections to the pyrometer readings required for an emissivity of 0:86 
are + 7° C. at 700° Cc. and + 11° C. at 1000° c. For carbon these corrections amount 
to about 6 per cent of the difference between the internal and external temperatures, 
and hence affect the values of the thermal conductivity to a like amount. 


Say RESUS 


The experimental results which it is proposed to consider are those obtained 
for a typical variety of carbon and for some specimens of Acheson graphite. The 
carbon specimens were stated to consist of 80 per cent of petroleum coke combined 
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- with 20 per cent of lampblack, a baking temperature of the order of 1100° c. 
_ having been employed in their manufacture. 
Thermal conductivity of carbon. Figure 4 contains the results for a number of 
_ determinations of the thermal conductivity which were carried out by means of the 
_ method previously described at mean temperatures ranging from 750° to 1200° C., 
on three specimens of carbon having external and internal diameters of approxi- 
mately 2-6 and o-5 cm. respectively. A straight line has been drawn through these 
points which indicates that the thermal conductivity of the carbon increases from 
/0°0057; cal./cm.-sec.-°c., at 750° C. to a value of 0-0080 at 1200° c. This line has 
been reproduced in figure 5, where results covering a much wider temperature 


range are given, and in which data obtained for carbon by other investigators are 
\ included. 


©) 
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| Figure 4. Variation of thermal conductivity of carbon with temperature over range 750 to 1200°C. 
x Specimen no. 1. © Specimen no. 2. + Specimen no. 3. 

The experimental results at higher temperatures were obtained for two tubes 
| having an external diameter of only 0-98; cm. and an axial hole 0-46 cm. in diameter. 
These smaller tubes were composed of the same type of carbon as the larger ones 
| previously used. It will be seen from the data given later in table 3 that the room- 
temperature electrical resistivities of these carbons did not differ greatly from that 
‘of the larger specimens. In figure 5 the results for the smaller tubes have been 
‘mumbered to show the sequence in which they were observed. The {thermal- 
‘conductivity, temperature} curve from 1200° C. upwards appears to be a reasonably 
good extension of the line found for the lower temperature range, but shows a 
'marked curvature in the direction of increasing conductivity at the higher tem- 
‘peratures. After heating to temperatures above about 1500” C., points obtained on 
cooling lie above the initial curve. The amount by which the thermal conductivity 
‘has been increased is seen to be greater the higher the temperature to which the 
‘carbon has been heated. 

It should be remarked that the measurement of thermal conductivity at the 
lhighest temperatures was accompanied by experimental difficulties. For an 
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accurate determination it is necessary to ensure that the steady state of temperature 
has been reached, and then to measure the difference between the internal and 
external temperatures. The point numbered 9g, for instance, was obtained under 
conditions which were considerably removed from this. Apart from the changes 
occurring in the material as a result of its being heated to the high temperature, the 
pressure in the enclosure no longer appeared to be sufficient to prevent a certain 
amount of burning, and the appearance of the surface was continually changing. 
This rendered the actual measurement of the surface temperature difficult, and made 
the magnitude of the emissivity correction uncertain. However, the temperature- 
difference amounted in this instance to some 140° C., so even for these poor con- 
ditions the probable error is not likely to exceed 20 per cent. The thermal-con- 
ductivity curve obtained after heating the carbon to about 2000° c. is seen to be in 
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Figure 5. Variation of thermal conductivity of carbon with temperature over range 0 to 2000°C. 
@ Specimen no. 4. @ Specimen no. 5. 


approximate agreement with that obtained by Worthing™ for a carbon filament. 
Several low-temperature determinations which have been made for carbon are also 
given in figure 5. These include determinations by Weber™, Barratt, Stormer” 
and Holm? for various gas carbons and by Cellier for arc carbons, and the results 
of some measurements carried out at the National Physical Laboratory by D. E. A. 
Jones on a specimen taken from another batch of 80/20 carbon, which at 20° c. had 
a specific resistance of 0-0066 .-cm. The results of the present investigation have 
shown that the firing temperature has a large effect on the conductivity, and this, 
as well as other factors, such as possible differences in the raw materials and methods 
of manufacture, probably accounts for the variations. It is noteworthy that a 
positive coefficient of conductivity with rising temperature is shown in all cases. 
Electrical resistivity of carbon. The results of some of the electrical resistance 
measurements, which were made in the course of the same experiments, are 
plotted in figure 6. Data for five different specimens are reproduced, and in order 
that the general character of the effect of temperature on the resistance may be 
more clearly seen, the results for the different specimens have in each case been 
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adjusted to correspond to an initial resistivity of 0-0056 Q.-cm. The actual initial 
_and final resistivities obtained for the various specimens are set out in table 3, and 
the initial resistivities are seen to be sufficiently alike to justify this procedure. 


Table 3. 


Specific resistances of carbon specimens before 
and after heating 


Details of the specimens | Maximum Seca : , 

] : temperatures as S ele . 

| Diameters (cm.) reached (° c.) O° c. (@.-cm.) 

No. | Bef After 

| Internal External Internal External Keen heating 
I | 0752 2°62 1356 1059 0°00575 0'0063, 
2 0°50 | 2°61 1124 gi2 00056, 00063, 
3 |; tepe 2°61, 1251 995 00055, 00055» 
4 | 046 0:98, 1780 1603 0:00564 0°005 8, 
5 | 046 0°98, = 2000 00056, 0700598 
OF l= 0-44. 0798, | 2240 2000 00059, 0:0064, 
ee O:245 0°58; 2500* 2360 00062, 00059 

* By approximative calculation. 
0-006 
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Figure 6. Variation of electrical resistivity of carbon to 2100°c. and of graphite to 2450°C. 
i Carbons: © Specimen no. 2. @ Specimen no. 4. @ Specimen XO Sp © Specimen no. 6. 
A, Specimen no. 7. Graphites: « Specimen no. 2. + Specimen no. 3. x Specimen no. 4. 


Over the temperature range 750-1200° C. experimental points have been plotted 
‘in figure 6 for one of the larger-sized tubes. The general agreement is such that 
‘the inclusion of all the data would lead to confusion in the diagram. The mean 
curve gives values of 0-83 and 0-78 for p/p) at 800° and 1000° Cc. respectively, which 
‘are in close agreement with values obtained by Somerville", and also those 
obtained by Collier, Stiles and Taylor at this Laboratory. ‘The curve drawn in 
figure 6 over the lower temperature range is based on results obtained by the 
Jast-mentioned workers, being taken from figure 3 of the accompanying paper", 
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It will be observed from the data given in table 3 that specimens no. 1 and no. 2 ~ 
showed increases in resistivity of ro and 14 per cent respectively as a result of the 
heat treatment, whereas that of no. 3 showed a slight decrease. ‘These changes, 
which only occurred after points at the highest temperatures had been obtained, 
probably result from a combination of diverse effects. The decrease may result 
from changes, such as the volatilization or alteration of constituents, which take 
place when the baking temperature is exceeded. The increase may be due to 
oxidation, or to a longitudinal separation of the particles as a result of the strains 
caused by the inner surface of the tube being at a considerably higher temperature 
than the exterior. Such cracks were at times observed to have developed in planes 
at right angles to the axis, and specimen no. 2 actually broke into three portions 
during cooling after the maximum temperature had been reached. 

In dealing with the determinations in the high-temperature range the experi- 
mental points obtained for each specimen have again been numbered in the order 
in which the observations were made. When a close examination of these results is 
attempted one again finds evidences for the presence of opposing influences, tending 
on the one hand to decrease the resistivity, and on the other to cause an increase. 
Thus the points in the neighbourhood of 1300° c. which were first obtained for 
both specimens no. 5 and no. 6 lie below the extrapolation of the line originally 
drawn to 1200° c.; but after the specimens have been taken to higher temperatures, 
the increase in resistance occurs and the points for these specimens and for no. 4 
lie on a common curve. 

As regards the general character of the results, it is quite evident that on 
heating beyond 1500° c. the resistivity follows a curve that bends downwards from 
the direction of the original line. The heavy line which has been drawn from 1200° 
to 2130° C. passes through points obtained on first heating specimens nos. 4, 5 and 6. 
The results for specimen no. 7, whose initial resistivity was somewhat greater than 
that of the other specimens, fall on a curve very similar in shape, but displaced to 
give rather higher values. Electrical-resistivity results for this specimen were 
obtained up to a measured external temperature of 2360° c. In this experiment the 
specimen was surrounded by the radiation shield, and no observations of the 
internal temperature were made. Approximate values for this were derived by 
assuming a knowledge of the thermal conductivity and calculating the temperature- 
drop through the walls of the tube. The results obtained indicate that the rate of 
fall of resistivity with increase in temperature becomes smaller beyond 2100° c. 
Successively lower curves are again followed on cooling to lower temperatures, 
and the greatest reduction observed for this type of material is obtained after 
heating to the mean temperature of 2430° c. Whereas the resistivity of the carbon 
after being fired at 1100° c. decreases on heating to 1000° c. to 78 per cent of its 
value at 0° C., the resistivity of a carbon which has been fired at 2430° c. decreases 
to 46 per cent of its value at o° c. on being heated to r000° c. It seems reasonable 
to conclude that still greater decreases would be obtained by heating to yet higher 
temperatures. 


When figures 5 and 6 are compared, it is seen that each increase in thermal 
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conductivity which has resulted from the specimen being fired at a higher tem- 
perature has been accompanied by a corresponding decrease in electrical resistivity, 


_ that is, by a corresponding increase in electrical conductivity. 


Reverting to the resistivity data given in table 3, it is seen that the heat treatment 
does not appear to have produced a correspondingly large decrease in the resistivity 
at normal temperatures; in fact, for five of the specimens the resistivity is greater 
after heating than before. It is again difficult to assess to what extent a decrease due 
to one effect is masked by the opposing effects already mentioned, and the fact that 
for two of the specimens a small decrease is observed indicates that some change of 
the kind noted at high temperatures is apparent at normal temperatures, although 
its magnitude appears to be considerably smaller. 

In order to obtain further information on this point an experiment was sub- 
sequently carried out in which a small carbon tube was placed inside a larger 


| carbon tube. The outer tube was heated by the passage of an electric current, and 


maintained at an external temperature of 2000° c. for 3 min. It was hoped that 


| when heated in this way the inner carbon rod would be less affected by strain and 


{, 


oxidation. Table 4 shows the results of measurements made before (/) and after 


_ (FP) heating. 


Table 4. Changes of carbon produced by heating to 2000° c. for 3 min. 
I denotes initial and F the final value 


: Ist test 2nd test 
External diameter (cm.) I 0°585 0°586 
F 0575 0°576 
Internal diameter (cm.) J | 0:28 0:28 
0°28 0:28 
Length between potential points (cm.) I 3°44 Be 
on 3°40 3°48 
| Mass (g.) I = 1°88 
F = 1°83; 
Resistance per unit length (Q./cm.) I 0'0273 00274. 
F 0°0277 00279 
Percentage change +15 +1°8 
Resistivity ({2.-cm.) if 000568 0'00570 
(allowing for shrinkage) F 000549 0700555 
Percentage change | Mae 83 7) 


It will be observed that shrinkage of the specimen has occurred in each of the 
tests. This is an effect which had not been considered in the earlier experiments. 
Had the potential leads been pegged into the rod and had the contraction of the latter 
been ignored, the final resistance per unit length would have agreed to within 1 per 
cent with the initial value. When allowance is made for shrinkage of the specimen 
a decrease in the true specific resistance of the order of 3 per cent is obtained. This 
additional evidence supports the earlier conclusion that the heat treatment has a 
much smaller effect on the resistance at room-temperature than it has on the 
subsequent {resistance, temperature} curve at higher temperatures. 
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It should be mentioned that Hansen” has quoted very different results from 
the foregoing for carbon electrodes manufactured by the National Carbon Company. 
Carbons having an original cold resistivity of 0°0035 {.-cm. were fired to tem- 
peratures of 1200°, 1600°, 2000°, 2400°, 2800° and 3500° C., after which the cold 
resistances were 0°0032, 0:0030, 0°0027, 0:0023, 00018 and 0-00078 {2.-cm. re- 
spectively. His results also differed in giving a much more rapid decrease in 
resistance with increase in temperature; thus the resistance at 1200° C. was about 
60 per cent of the cold resistance compared with the value of 76 per cent obtained 
in the present work. Shrinkage and loss of weight were observed by Hansen also. 

Thermal conductivity of Acheson graphite. Acheson graphite was found to have 
a thermal conductivity at 800° c. of the order of twenty times that of carbon. This 
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Figure 7. Thermal conductivity of Acheson graphite to 2700°c. © Specimen no. 1. 
@ Specimen no. 2. + Specimen no. 3. x Specimen no. 4. [] Specimen no. 5. 


high conductivity made it very difficult to carry out the tests on specimens of the 
normal size over the lower part of the visible temperature range. Indeed, the 
temperature-drop through the walls of the material was so small compared with the 
correction to be applied to the surface temperature that at times the corrected 
surface temperature exceeded the measured axial temperature. Values of the 
thermal conductivity for specimen no. 2, derived from four sets of data for which 
reasonable temperature-differences ranging from 8° to 27° c. were obtained, are 
plotted in figure 7, but for specimens limited to an outer diameter of 2-6 cm. the 
method was not really considered suitable for tests on graphite at these temperatures. 
On the other hand, the high thermal conductivity of the material made it practicable 
to employ the normal longitudinal heat-flow method for tests at lower temperatures. 
Determinations were made in this way over the temperature range 30-270. C. 
for another specimen of the standard size, specimen no. 1, for which 
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Porc, =0°00TT0 Q.-cm. A heating coil was wound on one end of the tube, and a 
water-flow calorimeter was fitted to the other end. Heat-losses from the specimen 
were prevented by an outer guard tube, and the heat flowing in the rod was deter- 

mined from the rate of flow of water in the calorimeter and its rise in temperature. 

Measurement of the temperature-gradient established in the specimen was made 

_by means of a series of thermocouples pegged into its surface. This gave sufficient 
data for the thermal conductivity to be evaluated, and the results are plotted in 
figure 7. They indicate a conductivity of 0-29 at o° c. The curve through this series 
of points has been extrapolated to pass through those obtained in the range 800° to 
1100" C. for specimen no. 2 which had a similar resistivity (p.°.,=0:00105 .-cm.). 

The other specimens for which experimental points are plotted in this figure 

were in the form of solid rods, 0-965 and 0-62 cm. in diameter. Specimens no. 3 
‘and no. 4 had the same initial resistivity, po>-.=0-00077 Q.-cm., whereas that of 
‘specimen no. 5 was 0:00067 Q.-cm. Thermal conductivity values have been 
obtained for these specimens over the temperature range 1400° to 2700° c. by the 

‘present radial heat-flow method. To enable the axial temperature of the rod to 
‘be measured, small radial holes about 1 mm. in diameter were drilled to the centre 
of the rod, and the pyrometer was sighted into the bottom of these holes. An 

‘objection to this procedure is that the presence of such a hole interferes with the 

‘current-distribution at the point where the temperature-difference is measured. 
‘In the case of the smaller rod, for which this disturbance would be the greater, the 

thole will cause the resistance at its mid-plane to be about Io per cent greater than 
in the rest of the rod. Some of this extra energy would no doubt be conducted 

‘laterally by the graphite, so the error due to the presence of the hole will be less 

than 10 per cent. A more serious practical difficulty was again the measurement of 

ithe surface temperature, for frequently at these high temperatures the rod no 
longer appeared uniform; its surface became hee and assumed a very mottled 

‘appearance. However, at temperatures above 2000° c., where this trouble became 

‘most noticeable, the temperature-difference between fe axis and the surface of the 
\rod ranged from 150° to 340° C., so the errors in the ultimate values of the thermal 
‘conductivity should not be unduly great. 
| Independently of the present investigation, one of the authors has since 
‘published results of the thermal and electrical conductivities of a sample of 
‘Acheson graphite from o° to 800° c. This material had a specific resistivity at 
0° C. of 0-00082 2.-cm., so does not differ greatly from that of specimens nos. 3 
and 4. The effect of TmSeiete on the thermal conductivity of this sample of 
graphite is shown by the heavy line drawn in figure 7; and it will be seen that a 
reasonable extrapolation of this curve passes through the points obtained at much 
higher temperatures in the present investigation. The thermal conductivity of 
graphite appears to reach a minimum value of 0-026 at about 2400° c. The points 

in the region of 1600° c. which lie well below the curve were mostly obtained after 

the rod had been heated to much higher temperatures. 

Electrical resistivity of Acheson graphite. Curves showing the temperature- 
variation of the specific resistance of the various graphites have been included in 
| 
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figure 6. The upper curve was obtained for specimen no. 2 over the complete range 
from room-temperature to 1100°C. at a time when the temperature could be 
measured by means of a thermocouple inserted into the axial hole. The curve has 
a minimum at about 520° c., at which the resistivity is 74°6 per cent of the value at 
0° c. (000105, 2.-cm.). The curve below this is that obtained in the independent 
investigation to which reference has been made. It also indicates a minimum value, 
but for this specimen, which had specific resistance at 0° C. of 0-00082 Q.-cm., the 
minimum value occurs at 450° c. and is only 80-4 per cent of the o° c. value. 
Curves for two other specimens of graphite are also given by Collier, Stiles and 
Taylor”, and it will be seen that these are similar in character and show a similar 
variation as regards the position and magnitude of the minimum. 

At higher temperatures the experimental values for the rods with py equal to 
0:00077 lie on a linear extrapolation of a curve situated about 5 per cent below that 
for the specimen with py equal to 0-00082 {2.-cm. 


Ss) DISCUSS LOIN] ORR Ss UES 


Evidence for graphitization of carbon. In considering the causes of the changes 
which occur in the conductivities of carbon heated to sufficiently high temperatures, 
the well-known fact that graphite is formed by such heating of amorphous carbon 
appears to give a likely explanation. It is evident from the results plotted in 
figures 5 and 6 that a change which can be attributed to partial graphitization of the 
carbon occurs when the material is heated above about 1700° c. For not only are 
the absolute values of the thermal and electrical conductivities of carbon tending 
towards those obtained for graphite, but after carbon has been heated to 2400° c. 
the form of the {resistance, temperature} curve appears to be intermediate between 
that of the original carbon and graphite. Our observations on two specimens of 
graphite show each of these curves to have a minimum which is more pronounced 
and occurs at a higher temperature for the poorer conducting graphite, whilst the 
carbon, which has only been heated to 2400° c., and is a very much poorer graphite, 
shows signs of approaching a minimum resistance of just under 4o per cent of the 
room-temperature value. Since the foregoing work was completed, Nishiyama“ 
has studied carbon filaments which have been heated to successively higher tem- 
peratures, and has obtained further evidence for changes of this type. After 14 hr. 
heating at 3000° c. the minimum was brought to so low a temperature that a graphite 
was obtained which had a positive coefficient from room-temperature upwards. 
x-ray analysis showed the graphitization to be accompanied by the growth of larger 
crystals within the carbon, which, prior to heat treatment, had given the diffuse 
photograph of an amorphous material. 


§6. RELATION OF THERMAL AND ELECTRICAL CONDUCTIVI Died 


For most metallic conductors the value of the Lorenz function, that is, the 
thermal conductivity multiplied by the electrical resistivity and divided by the 
absolute temperature, is about 0-58 x ro-8 and remains nearly constant over wide 
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ranges of temperature. The values of this function for the two carbon materials 


studied in the present investigation are set out in table 5 and have been plotted 


in figure 8. Data for the two graphites which had resistivities at 0° c. of 0-0001054 


and 0-00082 {2.-cm. respectively are included. The value given at 0° c. for carbon 


is Bone from the experimental data obtained by Jones. It will be seen that 
at 0 C., carbon and graphite have Lorenz functions which are respectively 17 and 
200 times as great as that possessed by good metallic conductors. 


Table 5. The Lorenz function L of carbon and graphite 

femp. Carbon Graphite I Graphite II 

aC. ae - = aad T ] 

Cc.) | Resistivity K Lx108 | Resistivity | K Lx 108 | Resistivity KS IL Se? 
te) 000663 0°0039 9°5 07001054 | 0°29 | ri2 0:00082 0402 | 120°8 
250 | — = — 000084 |: 0-218 35 | 000068 0°29 37°8 
pao° | se = = 000078; | o16 | 16:2 0:000659 O'21, 18°5 
{700 0°00474 0°0055 POT) 000080, | o128 | 10°5 | 0:00068 0178 12°4 
5000 | 000444 0°0070 2°44 0:00086 0088 | 6-0 0°00072 0128 7°28 
“200 0'00426 0:0080 Davi — ae | — 0:00076 o100 Cas 
| 500 | 0°00395 O'O10 2°23 — — | — 0:00082 0064 2°96 
Se 0700284 | 0-025 3°12 = —- | — 0:00096 0036 Tis 2 
=. = — oad = = | == | O°'00109 0029 I'l4 
“500 0'00315 0-018 3°03 — — — | — = == 
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Figure 8. Variation of Lorenz function of carbon and graphite with temperature. 


It is well known that metals of low thermal conductivity have Lorenz functions 
which at room-temperature are about twice as great as those of good conducting 
‘metals, and that these high values decrease with increase in temperature. The 
‘departure is of a quite different order for the materials now under consideration, 

and in this instance it is the better-conducting material which shows the greater 
‘departure. Indeed, at normal temperatures, the thermal conductivity of graphite 
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is higher than that of many metals which shqw no departure from the Wiedemann- || 
Franz-Lorenz law. 

With increase in temperature the Lorenz functions of carbon and graphite also 
are seen to decrease rapidly. The two curves meet at about 1700° c. where the value 
is only about 4 times the normal metallic value. In this temperature region the 
present value is seen from the figure to be in fairly good agreement with the curve 
representing Worthing’s values for a carbon filament. 

The curve for graphite continues to decrease with increase in temperature, and 


by 2500° c. the Lorenz function is only 1-14 x 10-8. The equation suggested for the al) 


Lorenz function of graphite in the earlier paper™, viz. L=o-0294 T-*%, only holds 
for the present results to a temperature of about 1200°c. Beyond this tem-— 
perature the equation gives higher values than those obtained experimentally, the — 
predicted value at 2500° c. being 1°87 x 107. 

With regard to this divergence, and also to the increase in the Lorenz function 
which is observed to take place for carbon as 2000° Cc. is approached, it should be 
remembered that the present values are derived on the assumption that the thermal | 
conductivity, measured in a radial direction, and the electrical conductivity, 
measured in a longitudinal direction, are comparable quantities. This assumption 
is no longer true if local changes which have more effect on conduction in one of 
these directions than the other occur in the specimens on heating. It will therefore 
be realized that the foregoing results for the Lorenz function, whilst they can be 
accepted as showing the general nature of the change which occurs in this quantity 
over the range of temperature covered by the experiments, cannot be regarded as 
having an accuracy as great as that of the determination of either the thermal or the 
electrical conductivity. 


§7. ACKNOWLEDGEMENTS 


The authors are pleased to record their indebtedness to Mr F. J. Filby, who 
constructed the vacuum enclosure used in this investigation; and they also desire 
to thank him and his successor Mr E. E. Smith for assistance in connexion with the 
observational work. 


REFERENCES 


(1) Powe, R. W. Proc. Phys. Soc. 49, 419 (1937). 

(2) ANGELL, M. F. Phys. Rev. 33, 421 (1911). 

(3) MENDENHALL, C. E. and Forsytue, W. E. Astrophys. ¥. 37, 380 (1913). 
(4) Worrtuinc, A. G. Phys. Rev. 4, 535 (1914). 

(5) Weper. Arch. Sci. Phys. Nat. 33, 590 (1895). 

(6) Barratt, T. Proc. Phys. Soc. 27, 81 (1915). 

(7) STORMER, R. Szemens K. Wiss. Verh. 18, 1, 30 (1934). 

(8) Hom, R. Z. Phys. 43, 466 (1927). 

(9) CeLiier, L. Ann. Phys. Chem. 61, 511 (1897). 
(10) SOMERVILLE, A. A. Phys. Rev. 31, 270 (1910). 
(11) Cox.igr, L. J., Stites, W. S. and Taytor, W.G. A., p. 147 of this volume. 
(12) Hansen, C. A. Trans. Amer. Electrochem. Soc. 16, 335 (1909). 

(13) Nisuryama, Z. Sci. Rep. Téhoku Univ. 21, 171 (1932). 


Th) 


MEASUREMENT OF THE SPECIFIC INDUCTIVE 
CAPACITY OF DIAMONDS BY THE METHOD 
OF MIXTURES* 


}By S. WHITEHEAD, M.A., Pu.D. anp W. HACKETT, B.Sc., Pu.D. 


Received 20 Fuly 1938. Read 28 October 1938 


ABSTRACT. The specific inductive capacity of diamonds in bulk has been measured 
| by the method of mixtures, the most accurate single determination being 5-66 at 27:8° c. 
(and 800 c./sec. A general mean value of 5-7 applies within a standard error of 1-5 per cent 
/ over the range of temperature from —65° c. to +85° c. and from 300 to 3000 c./sec. and 
| within a standard error of 3-2 per cent for a frequency range from 50 to 5000 c./sec. while 
/no change within a standard error of 2 per cent was observed up to 1:6 Mc./sec. Reasons 
are given for supposing the present value more accurate than those hitherto obtained, and 
it is also shown that the value deduced agrees satisfactorily with the refractive index on the 
| basis of Maxwell’s law and shows consistency with the relationships of specific inductive 
/capacity to atomic number and the periodic table which hold for other elements. Some 
‘observations are made on other physical properties of the diamond and on the theory of 
ithe specific inductive capacity of mixtures. 


| §x. INTRODUCTION 

Origin of the investigation. In two communications Addenbrooke™ has drawn 
attention to a number of relations which hold between the dielectric constant or 
\specific inductive capacity of the non-metallic elements and their other physical 
\properties. In particular, Maxwell’s law relating to the refractive index appears to 
ibe fairly accurately obeyed, a fact which does not receive the attention which it 
deserves in text books. Data on the specific inductive capacity of carbon as diamond 
‘were uncertain and at Mr Addenbrooke’s suggestion, and with his good offices and 
assistance, the Electrical Research Association undertook its measurement. The 
‘diamonds employed were only available on short loan on account of their value, so 
‘that great refinements in technique were not possible, but data to a known reliability 
were obtained over as wide a range as time permitted. 

An early determination by Pirani® at audio frequencies gave a specific in- 
iductive capacity of 16-5 but his experimental methods were open to serious objec- 
‘tion. Schmidt® used very short waves, probably of the order of 10% to 10° c./sec. 
(0 cm. to 3 m.) and a method of mixtures. The test condenser formed part of an 
oscillating circuit coupled to a Lecher-wire circuit with a movable bridge and 
adjusted to resonance. A calibration was obtained with liquids of known specific 


* Based on Ref. L/T87 of the British Electrical and Allied Industries Research Association. 


174 S. Whitehead and W. Hackett 


inductive capacity. A second calibration was obtained with the diamond immersed 
in the liquids. Where the two curves intersected the specific inductive capacities — 
of diamond and liquid were equal and the value for the former could thus be 
deduced. By this means a value of 5-50 was obtained with an estimated accuracy 
of 5 per cent. More recently Sir Robert Robertson, Fox and Martin “ found the 
specific inductive capacities of the two types of diamonds discovered by them. 
They used a high frequency of the order of 50 Mc./sec., determining, by substitu- 
tion in an oscillating circuit, the change in capacity of an air condenser due to the — 
insertion of a diamond; the irregular shape was allowed for by comparison tests on — 
glass models of known specific inductive capacity. They quoted values of 5-o1 and © 
4°88 for the two types, but considered this difference to be within the limits of 
experimental error. Mention should also be made of the work of Rosenholtz and 
Smith‘ who immersed mineral powders in a mixture of methyl alcohol and carbon 
tetrachloride in the presence of a divergent electric field produced between two 
needle points. The alcohol was added until the powder was no longer attracted to 


the needles, when it was assumed that the specific inductive capacity of powder | 


and liquid were the same. The specific inductive capacity of the liquid was then 
deduced from the composition. A value of 4:58 is given as the result for diamond 
powder by this method, but it must be regarded as a lower approximation of low | 
accuracy since it is admitted by the authors that different results are obtained if] 
the specific inductive capacity of the liquid is decreased from a higher value than 
if increased from a lower value. 

The measurements made on single diamonds require, in effect, the value of, or 
ratio between, very small capacities, and encounter the difficulties inherent in such 
tests. In addition, large crystals of a certain shape must be used, and are likely to 
give anomalous results. Accordingly, it was desired to make a measurement of the 
average value for a large number of small crystals, as perfect as possible, over as 
wide a range of frequency as possible. By this means a larger capacity can be 
employed with correspondingly increased accuracy and range of frequency. One 
obtains, however, a mean value for the various orientations of the crystal, but 
Schmidt showed with other crystals that the change of specfic inductive capacity 
with orientation is usually small and he was unable, apparently, to observe any 
differences in the diamond. ; 

Type of diamonds used. 'The Diamond Corporation, when approached by Mr 
Addenbrooke, agreed to assist and referred the question to their adviser, Prof. 
W. T. Gordon. After the latter, with Mr Addenbrooke, had inspected a large collec- 
tion of diamonds of all types, a collection of fine blue-white melee stones was con- 
sidered the most suitable. These stones were small natural crystals of octahedral 
form selected to be as perfect and as regular as possible by the experts of the Diamond 
Corporation and afterwards passed by Prof. Gordon. Since the crystals were 
selected to be of this regular characteristic diamond form, no further account of 
the morphology is required except to indicate that, although the collection included 
a certain number of split, broken and imperfect crystals, the number of twin or 
multicrystals, conchoidal fractures and fragments, was very small. The crystals 
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were all of about the same size, the average diameter being 1°85 mm. and the 
/average weight 10:5 mg., so that an unusually homogeneous collection of good, 
‘natural crystals was employed. About 6000 stones were originally loaned, of which 
about 4000 were employed in the tests. 

‘Two main determinations of the density were made on portions of the collection 
“giving values of 3-514 and 3-518 at 20°c. Cohen and Olie® give 3-514 at 18° c., 
Wigand™ gives 3-518 at room-temperature, while Robertson, Fox and Martin” 
give a number of values for different diamonds ranging from 3-508 to 3-517 at 
'15° c. for their type 1, which is the common type. 

Some specimen electron-diffraction patterns were obtained by the courtesy of 
Prof. Finch, who selected a small set of specimen stones. 'T'wo patterns at different 
orientations, obtained by reflection, are shown in figure 1. Prof. Finch reported 
‘that all the diamonds examined gave normal characteristic patterns, while the 
definition and simplicity of the patterns indicated that the surface planes were 
\parallel to the true crystal faces, that is, the stones were true natural crystals. It 
| was considered, therefore, that the diamonds employed might be taken as typical 
of this form of crystalline carbon. No attempt was made to separate the two types 
of diamonds, since the second type is so rare as to be unlikely to affect the results 

in tests of the nature envisaged. 

Electrical resistance of diamonds. Some experiments were made on the electrical 
‘resistivity of typical diamonds selected by Prof. Gordon as representative, the 

diamonds used in the capacity tests being too small for this purpose. The method 
-employed was the electrostatic induction-balance method of ‘Townsend for the 
‘measurement of small currents. About 100 v. was employed and the electrodes 
'were of thin metal foil backed by soft metal pads. No consistent differences were 
observed where it was possible to test in more than one direction, but owing to the 
irregular shape of the specimens the accuracy was probably only about 10 or 20 


# per cent. 
Table 1. Resistivity 


S S | . . . fo) ‘ 

gee | Deseiption ne a 3 c 
D.2 Octahedron, blue white, Angola 9°6 x 1017 
D.3 | Octahedron, blue-white, Congo Roy s< mee 
D.5 Cube-Octa-Dodecahedron, B.C.K. TO enue 
D.6 Cube-Dodecahedron, B.C.K. Ae ora lone 
D.8 Spinel Twin, B.C.K. Be Oue 
D.9 Cube, BIC K- Tolexal One 
D.10 Cube-Octa-Dodecahedron, black, B.C.K. TAR GlOne 
iD) ase Cube, yellow Bais Sk io? 
D.13 Carbonado, Brazil About 108 
D.14 Carbonado, Brazil About 107 
IBYi05 Cube-Octa-Dodecahedron, B.C.K. Teme TOne 


It is seen that the values for all the diamonds proper are of the same order and 
indicate highly insulating properties. The low-resistance carbonados or borts are 
black, but are valued on account of their greater hardness. 
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§2. EXPERIMENTAL METHODS 


The method used consists essentially in the determination of the specific 
inductance capacity of a mixture of the solid with a liquid or gaseous medium of 
which the specific inductive capacity either has been predetermined or is measured 
simultaneously. By the use of several immersion media of which the specific ; 
inductive capacities lie on either side of that of the solid, the latter can be deter- 
mined by interpolation. The complete determination of the specific inductive 
capacity of the diamonds with a number of media was restricted to the two fre- 
quencies 800 and 2000 c./sec. and the two temperatures 27-8° c. and 544° c. For 


all other frequencies and temperatures air was employed as the immersion medium ~ 


and the variation of the specific inductive capacity of the diamond was computed — 
from the variation of the specific inductive capacity of the diamond-air mixture. — 
Tests were made in a thermostat and continued until constant results were obtained, 
a period of several hours usually being required. The range of the investigation 
covered frequencies from 50 c./sec. to 1:6 Mc./sec. and temperatures from — 65° C. 
to 80° C. 

The condenser equipment. For rapidity, and to minimize the effect of any small 
changes in the medium and in the test conditions, the condenser system was — 
arranged so that the specific inductive capacity of both the mixture and the immer- 
sion medium could be measured simultaneously. Since dismantling and reassembly 
for the purpose of inserting the solid were necessary operations between measure- 
ments, it was essential that the main condenser should permit assembly to a high 
degree of accuracy. 

The construction of the composite condenser is evident from figure 2. The 
bottom plate formed the high-voltage electrode while the middle plate, mounted 
concentrically within a guard ring, formed the low-voltage plate of the main diamond 
condenser. The separating washers were of accurately ground glass, fitted into 
recesses in the plates, and were of such thickness as to allow the guard ring to form 
a boundary for the diamonds. The uppermost plate provided the high-voltage 
electrode of the auxiliary condenser for the determination of the specific inductive 
capacity of the media, the other electrode being the middle plate. The spacing 
washers in this case were of mycalex and were separated by nuts in order to split 
the leakage path. With the exception of the top plate, which was of brass, the con- 
denser components were of stainless steel. A cylinder of sheet copper and the 
electrode which was surplus to each condenser provided the requisite electrostatic 
screening. ‘he diamonds were packed as tightly as possible in a single layer, giving 
a volume ratio of 0-334. 

Immersion media. 'Vhe liquid media consisted of either castor oil or mixtures of 
castor oil and nitrobenzene in varying proportions.* The power factor of the castor 
oil was low—of the order of 0-2 per cent at 27-8° c. and o-9 per cent at 54:4° C.— 
and remained stable for measurements made at 800 c./sec. With the mixtures of 


* ‘The castor oil used was of pharmaceutical quality and the nitrobenzene of analytical quality. 
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castor oil and nitrobenzene the initial power factors were appreciable and progres- 
sively increased with time, particularly at the higher temperature. 

The two liquids were de-aerated in a separating funnel and shaken together in 
vacuo. ‘he mixture was then admitted slowly into the bottom of the previously 
evacuated desiccator containing the condenser through a glass dropping-tube. 

_ Evacuation was continued until all bubbles were removed. 


After each test the condenser and diamonds were thoroughly washed with 
_ alcohol and dried. 


\ 
S 
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{ Figure. 2. Construction of test condenser for the determination of the specific inductive capacity 


of diamonds. A, brass clamp for glass tube; B, 4-in. B.S.F. bolts (3 at 120° apart); C, stain- 


less steel washers; D, mica washers; FE, high-voltage brass electrode ; F, mycalex washers ; 

G, low-voltage stainless steel electrode; H, glass washers; J, stainless steel guard ring; 

J, high-voltage stainless steel electrode ; IEG. mica washers; L, stainless steel washer; 

M, rigid clips on 2 B.A. screws displaced at 15 with respect to each other. Low-voltage 
| connexion screened by copper tubing connected electrically to guard ring. 


| Measurement of capacity. ‘The audio-frequency measurements were made by 
substitution in a low-voltage Schering bridge employing as detector either an 
amplifier and telephones or a vibration galvanometer, the guard ring of the con- 
denser and all screens being connected to the Wagner earth arm. The air capacity 
of the main condenser determined at 800 c./sec. together with the subsidiary and 
Py capacities are shown in table 2. Corrections for the latter were made where 
necessary, and a correction was made for the slight overestimation of the specific 
inductive capacity of the medium by the upper condenser. 

|” The radio-frequency measurements were made only on the lower condenser. 
This can be considered as an equivalent delta network where C, and C, are the 
capacities of the guard ring (including the screens) to the low-voltage and high- 
voltage plates respectively and C, is the required capacity between the low-voltage 
and high-voltage plates. If each capacity is short-circuited in turn, the sum of the 
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other two capacities is obtained, whence C, is given by 
C,=4 (C+ Ci) + (C4 CG) —-(C, 2G, ee (1) 


These composite capacities were determined by substitution in the tuned circuit 
of a radio-frequency oscillator containing a variable precision condenser arrange- 
ment. An auxiliary oscillator loosely coupled to the main oscillator served as an 
indicator of tuning, the beat frequency being adjusted to 800 c./sec. by beating with 
a standard 800-c./sec. signal. The leads connecting the test condenser and auxiliary 
apparatus to the oscillator were screened, the screens being connected to the 
screens and guard ring of the test condenser which were always connected to the 
earthy side of the oscillator. 


Table 2. Air capacity of condenser components measured at 800 c./sec. 


| Capacity measured Value (pF.) 
High-voltage to low-voltage electrode of main condenser 240A? 
Stray capacity over edge of guard ring 0°74 +0°03 

Leads to bottom condenser 0°57 +0'°03 

Leads to top condenser 1°02 + 0°03 


It is to be observed that the values of C, and C, were considerably greater than 
C,, C, being the larger. In order to obtain the maximum accuracy, therefore, a 
variable air condenser covering the range (C,+C,) was employed, the additional 
capacity for the other two measurements being supplied by a fixed screened mica 
condenser. In view of the cancellation of the latter capacity in the final calculation 
for C,, its accuracy depended only on the accuracy of the air condenser and the 
stability but not the absolute value of the fixed capacity. As an alternative method 
the effective range of a standard 100- to 1200-pyyF. variable air condenser was 
reduced to the appropriate value by connexion in series with a fixed air condenser, 
the law of combination being expressible in a linear form which served to facilitate 
both calibration and interpolation. 


§3. EXPERIMENTAL RESULTS 


Interpolation methods. It is essential that any formula which purports to com- 
pute e,,, the specific inductive capacity of a mixture, in terms of «, and «;, the 
specific inductive capacities of the solid and liquid components respectively, 
should satisfy the condition 

SS = Ge 
Thus, if the experimental values of «,,/e; and the values of «,,/e,, calculated from 


some possible formula, are plotted against e,,, then the two curves obtained must 
intersect at the point where 


€] Es 


This condition of intersection at a particular point substantially increases the 
accuracy to which the curves can be drawn and hence gives a greater accuracy of 
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interpolation than can be obtained directly from the curve for €»/€,. This applies 
even though the formula which has been employed in the calculation of é,/¢, is 
not completely valid. The absolute accuracy is then determined by the accuracy of 
interpolation and the authenticity of the interpolation curves in the region of inter- 
section which depends on the accuracy of the experimental values of ¢, and ¢,, and 
of the resulting computation of «,. From these considerations the error in the 
absolute determination is estimated to lie well within 1 per cent. 

In a preliminary investigation carried out with glass beads, special cases of 
-Wiener’s general formula* were examined in respect of their applicability to the 
determination of the specific inductive capacity of the immersed solid, and were 
found adequate as a basis of interpolation although invalid for purposes of calcula- 
| tion. In the diamond tests a new type of approximation was employed which took 

into account the size of the solid units as well as the volume ratio, the diamonds 

being considered as small contiguous spheres resting on the lower condenser plate. 
The disturbing effect of a dielectric sphere of volume v can then be represented by 
a dipole at the centre of the sphere of moment 


(3/477) Ev {(c—1)/(e+2)}, 

where F is the normal field and « is the ratio ¢,/e,. In order to obtain correct boun- 
dary conditions at the electrodes these dipoles must be successively reflected in the 
)electrode surfaces, while in order to take the mutual influence of different spheres 

into account each dipole must be successively inverted with respect to all the other 
ispheres. For the first-order dipoles the simplest approximation is that obtained by 
jassuming that their effect is similar to a uniform sheet of dielectric of the same 
‘volume but is multiplied by a factor v, less than 1, to take into account the finite 
‘spacing of the dielectrics, whence if P is the normal polarization 


AN vnvu /e—I ei 
Sraiiens ae ae 

‘where 7 is the number of particles per cm?, d the distance between electrodes, and 
'w the volume ratio of solid to total space. It is assumed that the image dipoles 
‘without the electrodes have no effect on the field within and that a disturbing 
‘potential AV is set up with negligible contribution of flux. 
_ The inverted dipoles are multiplied in successive orders by —(e—1)/(¢+2) and 
a function of the mutual distances, so that as a first rough approximation 


i 


. aig AV | /e—I > (€—1\2 e—I 
| SPuAp V BAe Dh es) nat oe 
=e (Fa)/ +" (Ga) 
whence Cpe tiiteaye ee yee (2) 


* The formula is as follows: 
Cr epee _ €,—1 
émtu (ape #) omar 
where p is the proportion of the total volume occupied by the solid and w is a form factor which takes 


‘nto account the effect of the shape of the solid on its contribution to the specific inductive capacity 
jof the mixture. 
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Taking v as 0-9 and pw as 0°334, the error in the computation of «, from formula 
(2) was not greater than 3 per cent over the range of liquid media employed, i.e. for 
values of «,/e, from 0-82 to 1-2. On the other hand, for large values of €,/e, such as 
obtain with gaseous media, the error in the calculation of <, is so large as to render 
the method of computation unreliable. The above approximation would therefore 
appear to be satisfactory only in the cases in which the specific inductive capacity 
of the media approximates to that of the immersed solid. 


Table 3. Interpolation results at low frequencies 


Temperature (° Cc.) 27°8 


Frequency (c./sec.) 300 800 2000 4000 


Experimental values of €; and € GA €] Em €] Em €) en 


6:4; 6:24 6°46 6:2, 6°46 6°24 6°45 6°26 
é 6-4. . 


e, (interpolated) 5°66 5°71 

‘Temperature (° c.) 54°4 

Frequency (c./sec.) 300 800 2000 4000 
Experimental values of «; and «, ej cn Gi on rt €] Em Ey Em 


e, (interpolated) 5°81 5°79 


Audio-frequency measurements. The experimental values of €,, and €; are shown 
in table 3 together with the interpolated values of «,. Figure 3 comprises a typical 
pair of curves showing the experimental values of «,,/¢; and for the values of €,,/€ 
calculated from equation (2). The experimental results obtained for the higher 
frequency are rather less consistent than those obtained at the lower frequency. 
A change of frequency from 800 to 2000 c./sec. causes a change in ¢, of less than 
I per cent, the variation being in opposite directions for the two temperatures, and 
probably attributable to experimental error. This is confirmed by the values of 
e, and e¢,,, also shown in table 3, for check tests carried out at 300 and 4000 c./sec. 
with one of the liquid media. A change of temperature from 27°8° c. to 544° C. 
causes an increase ine at both frequencies: the variation of 2-6 per cent at 800 c./sec. 
and 1-4 per cent at 2000 c./sec. is too great to be accounted for by experimental 
error and appears to be an intrinsic effect. 

Table 4 summarizes the results for the additional check tests made in air over 
an extended range of temperature and frequency. There appears to be no consistent 
variation of ¢,, either with frequency or with temperature, so that the discrepancies 
must be attributed to experimental error. It can be shown from equation (2) that, 
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_ where the medium is air, a given percentage change in the specific inductive capacity 
_of the solid causes only about one-fifth as great a variation in the specific inductive 
capacity of the mixture. The possible variation of ¢, with frequency or temperature 

is within the limits of uncertainty associated with the group of values, namely a 
/ standard error of 1-5 per cent from 300 to 3000 c./sec. or of 3:2 per cent from 50 to 


) 5000 c./sec. 


Values of €/€, and &m/é5 


S 


0-9 


4-8 ps7 5*6 6:0 6°4 6*8 


Values of €, 


Figure 3. Experimental values of ¢,,/¢, and calculated values of Em|és at 27°8° C. 
and 800 c./sec. 


Table 4. Low-frequency check tests with air over extended 
range of temperature and frequency 


Frequency a 
| (c./sec.) —6s°Cc 28-8° c. 54°4° C. 80° c. 
50* 1°59 I°592 1°56; 
200* 1°563 
300* 1°58, 
500 1°575 
800 1°57 1'575 1°584 1'575 
| 2000 1°58; 1°58; 1°58, 1°570 
3000 1°58; 1°58, 1°592 
5000* 1°57s 1°60, 


* These results are not very accurate owing to the lack of sensitivity of the detector at 
these frequencies. 


Radio-frequency measurements. In order to eliminate the effect of change of 
capacity due to a change in the disposition of the diamonds between different series 
of tests, one determination of each series was always made at 800 c./sec. and was 
used as a standard of comparison. With the direct substitution method the results 
were corrected for residual inductance (about 0-8 »H.) in the leads of the test 
condenser, while National Physical Laboratory calibrations at 1000 c./sec. and 1-6 
Mc./sec. permitted the correction of small errors in the measuring condensers. 
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The ratios of ¢,, at various frequencies to ¢,, at 800 c./sec. are given in table 5. The 
standard deviation is of the order of 0-4 per cent, corresponding to a standard 
deviation in the specific inductive capacity of the diamonds of 2 per cent. The 
series-condenser method, owing to a different distribution of errors, does not lend 
itself to the same type of correction, so that the divergence from unity is, in general, 
greater than with direct substitution, although the results lie within the limits of 
experimental error for the particular test conditions. The random variation with 
frequency suggests that «, is independent of frequency within a standard error of 
2 per cent. 
Table 5. Radio frequency measurements 


Ratio of €), 
Method of measurement vee Radio-frequency (ke./sec.) 
c./sec. 35°5 175 308 600 1600 
A. Direct substitution I'000 I'003 0'99o 
1'000 1°00," 
B. Series-condenser method I'000 TeO ies 0983 1'O0o 1°00) 
I°000 0°995 I'003 
1'000 I-Org 
Mean of B results 1'000 IOI, 0°98; 0'99s 1°00; 


* This value was obtained for a new disposition of the diamonds. 


§4. DISCUSSION OF RESULTS 


The value 5:66 at 27-8° c. and 800 c./sec. compares closely with that obtained 
by Schmidt, namely 5-5, by the method of mixtures, but is higher than the values 
found by Robertson, Fox and Martin, whose method is, however, attended with 
great difficulties. These comparisons, nevertheless, definitely support the view that 
the specific inductive capacity is independent of frequency up to the order of some 
hundred megacycles per second. 

Walter® made a careful determination of the refractive index of diamonds for 
the various Fraunhofer lines. The refractive index increased slightly with frequency 
as shown in figure 4, lying between 2-4 and 2-47. Peter made up a diamond prism 
and deduced therefrom a limiting low-frequency refractive index of 2:38. Robertson, 
Fox and Martin give an index of 2-41 at 45461. These various values are indicated 
in figure 4 and may be said to agree with an extrapolated value of about 2:38. This 
corresponds on Maxwell’s law to a specific inductive capacity of 5-67, which is in 
close agreement with the value measured. 

Such extrapolations are always questionable, particularly in view of the infra- 
red absorption bands studied by Robertson, Fox and Martin. However, the 
evidence is fairly strong for the view that the specific inductive capacity of diamonds 
is a constant of the diamond and arises from a polarization provided, as on the 


Lorentz theory, by electronic actions of the same type as those involved in the 
transmission of optical waves. 
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Table 6 summarizes the most representative modern values for data which 


183 


_ were originally collected by Addenbrooke™, together with the present result, and 


indicates that Maxwell’s law applies fairly closely for all the elements measured, 


even though the value of n? employed in general is not extrapolated but corresponds 
to the D line. 
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Figure 4. Refractive index of diamond. © Walter. © Extrapolated value from Peter. 
@ Robertson, Fox and Martin. 

Table 6. Comparison of specific inductive capacity with refractive index 
Element H He Ne Ar Kr xX Cll Br 
Gases (e—1) x 108 275 72, 134 553 838 1353 — — 

(n?—1)x 108 | 279 70 134 568 854 1404 _ — 
Liquids € 1220 gl t-045 — = = = = — 
n* 1-21 | 1-048 = = == = — = 
Solids € — a — — — — 1°97 Bui 
n _— oe as — — 1°88 25 
Element I O S N P Cc Se 
Gases (e—1) x 108 — 543 — 581 
Get) ton, | 539 = 584 = = = 
Liquids € — 1°47 — 1°45 — — — 
n= = I 46 ——s I “45 as —— — 
Solids € 4°00 —_ 4:00 7 3°85 5°66 6°14 
n° 3°70 = 4°00 =| AtTAS | 5107" || 0°04, 


* Extrapolated value. 


Cuthbertson"® also arranged the molecular or, more appropriately in the 
present instance, the atomic polarization of the elements in the form of the periodic 
table. The atomic or molecular polarization is given by 


Bee 
“ete > da” 
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where « is the specific inductive capacity, W the atomic or molecular weight and 
d the density. He then found that certain simple ratios existed between consecutive 
elements in the same row or column. His data have more recently been revised by 
Dobieslaw Doborzynski“” and mean values from the most recent observations lead 
to table 7, in which the value for carbon deduced from the present investigation on 
the diamond, namely 2-08, has been included. 

The value for carbon gives exactly integral relations with hydrogen and helium 
and approximately simple relations with the other members of Group O. ‘The atomic 
polarization of an element depends upon the distribution of electron orbits and the 
screening exercised by the inner orbits. The calculations made by Van Vleck 
and others become rather complicated when applied to elements of high atomic 
number. The present relations suggest that these effects are much simpler than the 
theory would, at first sight, seem to indicate. 

Addenbrooke has gone further and has deduced certain relative electric attrac- 
tions and relative energies from the specific inductive capacity and has compared 
these quantities with other constants such as the atomic number, melting and 
boiling points, and surface tension. Owing to the high subliming point of carbon 
the thermal comparisons do not appear valid for this element, a result which is to 
be anticipated since the infra-red absorption bands do not seem to be related to the 
specific inductive capacity whereas, on Lindemann’s theory, these oscillation 
numbers should determine the melting point. As regards atomic number, Adden- 
brooke’s curves for the elements will be unaffected, since although he used Schmidt’s 
value, a slight arithmetical error caused his final result to agree actually with the 
value found in the present work. 

There still remains, however, the question of the effect of temperature. In the 
method of mixtures the specific inductive capacity of the mixture is a function of 
the product of the specific polarization of the solid and its relative volume. This 
product does not change as a result of thermal expansion, so the negative tem- 
perature coefhicient of the specific inductive capacity due to this cause should be 
absent. The thermal expansion of the apparatus should not have a primary effect 
since only ratios are involved between tests on the same apparatus. 

Nevertheless, the change with temperature observed in the absolute deter- 
minations lay outside the apparent limits of experimental error. On the other hand, 
the relative tests over a wide range of temperature showed no consistent effect. 
It seems probable that the specific inductive capacity is substantially independent 
of temperature, as it should be on the Lorentz theory, and that the variation 
observed is due either to secondary effects or to a defect in the method of mixtures 
when the latter is applied to complex liquids not completely stable at the tempera- 
ture of test. The secondary effects, if valid, are in any case small. 
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§5. CONCLUSIONS 


(a) An accurate determination of the specific inductive capacity of diamonds 
in bulk indicates that the value is 5-68 + 0:03 at room-temperature and at frequencies 
from 500 to 3000 c./sec. The most accurate determination gave 5°66 at 800 c. /sec. 
and 27:8° c. There appears to be a slight increase with temperature of the order of 
1°5 to 2°5 per cent at about 60°c. This, however, is not consistent, and com- 
parative observations indicate that the specific inductive capacity is, in general, 
constant to within 2 per cent from — 65° c. to +85° c. 

(b) The specific inductive capacity of diamonds has been shown to be in- 
dependent of frequency to within a standard error of 1-5 per cent from 300 to 
3000 c./sec., of 3:2 per cent from 50 to 5000 c./sec. and of 2 per cent from 800 c./sec. 
to 1-6 Mc./sec. 

(c) The value so found agrees with Schmidt on single stones within the limits 
of error of the latter’s measurement. It is higher than that found by Robertson, 
Fox and Martin, but the single stones employed by them introduced considerable 
difficulties of measurement. It is also in agreement with the optical refractive index 
on the basis of Maxwell’s law. ali 

(d) 'The specific inductive capacity of the diamond is thus probably a true } 
constant of the crystalline element, in agreement with the hypothesis of Lorentz. 
The relationship with the atomic number and position in the periodic table en- | 
visaged by Addenbrooke and Cuthbertson is confirmed, but the connexion with | 
other, particularly thermal, constants is open to doubt. : 

(e) The method of mixtures employed in the experiments offers possibilities }j 
of the accurate determination of the specific inductive capacity of solids in the form — i 


from measurements on mixtures. 
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DISCUSSION 


Mr G. L. Appensrooxe. My work on connexions between the specific in- 


ductive capacity of the non-metallic elements and their other properties has been 


referred to in the paper. It was in connexion with this that the uncertainty of the 


electrical data regarding carbon in the form of the diamond, and the desirability 
of obtaining completer and more accurate data became apparent, not only from a 


1 


, 


theoretical point of view, but also from the important part carbon plays in the 
constitution of so many insulating materials. It is now some six years since I 
brought this to the notice of Mr Wedmore, director of the Electrical Research 
Association, and obtained the offer of the Association to co-operate in the necessary 


work, the results of which are before you in this paper. Briefly the work covered by 
| the paper divides itself under two headings: the first covers the theoretical con- 
siderations which must be taken into account when one is dealing with a mixture of 


substances, the other covers the methods of manipulation to be used in dealing 


) with substances in granular form which require a number of experiments and 


need complete washing and drying between each set. I think Dr Whitehead has 


/ succeeded in putting in very convenient form the points which must be taken into 


account theoretically in dealing with mixed substances; and again I think much 
credit is due to Miss Hackett for the successful way in which she has carried out 


the experimental work without any loss from the 4000 stones which were involved 


in the experiments. 

On p. 183 of the paper the authors have given a very neat table in which the 
specific inductive capacity of the non-metallic elements is compared with the square 
of the refractive index. This shows how closely Maxwell’s law is obeyed and should, 
I think, be quoted in text-books in the future, as it puts Maxwell’s law on a clear 
and solid basis. The law also covers a number of compounds in which hydrogen is 
united with the non-metallic element, but it fails when oxygen is included in the 
compound. 

I was anxious in these experiments to see how carbon would fall in with the 
other elements, as its atomic volume 3:4 is so very small in comparison with theirs 


_—for instance, that of iodine, which is about 27. Now the molecular polarization 


of carbon according to the formula atomic volume x (£—1)/(H +2) is about 2-2 
and thus falls into its proper place in a diagram representing atomic numbers as 
abscissae and the relative polarizations or attractions as ordinates. Such a diagram 
also shows how the inductive capacities of these elements vary with their atomic 


numbers and their positions in the periodic table. 


It does not seem to be generally recognized what a fundamental property 
specific inductive capacity is. For instance, to give one of these non-metallic 
elements an electric charge is to store energy in it in accordance with its atomic 
number and weight, and its position in the periodic table. If, now, the temperature 
of the element is raised or lowered, there is hardly any change in the inductive 
capacity or in the energy stored, and this is the case down to the absolute zero of 


‘temperature. But heat is also a storage of energy, and though this storage per 
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degree does not vary much above ordinary temperatures, it falls off rapidly until it 
becomes negligible near the absolute zero of temperature. 

It is true that the electrical storage of energy is effected by creating strains 
between the oppositely charged components of the atoms while the storage of heat, 
so called, is effected by increasing the motion of vibration of the atoms or molecules 
as wholes. This motion of the atoms or molecules of the substance itself is, however, 
brought about initially by production of strains due to electromagnetic radiations 
from the source which produce similar strains in the atoms to those set up by an 
ordinary electric charge and these by resonance cause a vibratory motion of the 
molecules which is dissipated in subsidiary radiations through the substance giving 
rise to heating, except when it is transparent, that is, when the radiations are pro- 
pagated through the substance in an orderly manner and without irregular dissipa- 
tion of their energy. 


Dr D. Owen. The principle of the mixture method employed by the authors 
in their capacity bridge determination of the dielectric constant of diamonds seems 
the only sound one to employ in a condenser method when the specimen is given 
in fragmentary form. Thring proposed a formula to deal with the calculation in the 
case of a mixture of a liquid and a solid dielectric, but there is no doubt that the 
formula is unsound. The true approach is to find a liquid whose dielectric constant 
is equal to that of the solid, or, as is shown in the present paper, by interpolation 
from a series of experiments using different combinations of two liquids miscible in 
continuously variable proportions, one of higher, the other of lower dielectric 
constant than that of the solid. The authors have succeeded in finding two suitable 
liquid media for the purpose, and there seems little reason to doubt the substantial 
accuracy of their final results. 

Mr Addenbrooke is to be congratulated on his successful offices in making the 
present investigation possible, as well as on his fruitful work over many years on the 
subject of dielectrics. His suggestive papers provide a mass of data ready to the 
hand of the mathematical physicist. At his suggestion Miss A. I. Anderson made a 
determination of the dielectric constant of another pure element, bromine; this 
work is also published in the Proceedings of this Society. It is noteworthy that in 
that work, as also in the present work on the diamond, the results agree closely with 


those of Schmidt, obtained nearly forty years ago, using one of Drude’s short-wave 
methods. 


Dr L. HartsHorn. It occurs to me on rereading the paper that the apparent 
increase of dielectric constant with temperature at about 60° c. is almost certainly 
due to the conductance of the liquid. The measured capacitance of a mixture is 
proportional to the electrostatic energy stored in it for a given terminal voltage, and 
therefore depends on the potential distribution as well as on the dielectric constants 
of the constituents. It is a well-known principle in electrostatics that this energy 
has a minimum value for the electrostatic distribution of potential, that is to say, 
for that distribution which is obtained when there is no conduction current. It 
follows that any departure from this potential distribution arising from inequalities 
of conductance causes an increase in the measured capacitance. Strictly speaking, 
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the method of mixtures is only valid when the frequency is so high that the con- 
duction current is negligible in comparison with the displacement current, in other 
words, when the power factors of all the materials are small. 

In the present experiments the conductance of the liquid was clearly much 
greater than that of the diamonds, and increased with rise of temperature. The result 


) was an increase of capacitance with rise of temperature, or an apparent increase of 


dielectric constant e,. The lower the frequency the greater is the ratio of conduction 


_ current to displacement current, and therefore the greater the apparent increase of 


_ ¢,. For the experiments over an extended range of temperature the diamonds were 


a 


_ in air the conductance of which was too small to produce such an effect. 


These considerations might suggest that the authors’ results are all too high, 
but the evidence provided by the observations shows that apart from the apparent 


_ effect of temperature already discussed, the error due to conductance is not likely 
» to be very important. For an error of this kind is necessarily associated with an 
| apparent diminution of dielectric constant with rise of frequency, and although it is 
_ unfortunate that circumstances did not permit observations over a wider range of 


frequencies, the values in table 3 are sufficient to show that this effect, which is just 


noticeable at 54° c., is not detectable at 28° c. The main conclusion to be drawn is 


that one is justified in neglecting the apparent increase of dielectric constant at a 


_ temperature of about 60° c. 


Dr A. E. Martin. Dr Whitehead has referred to the value of about 5-0 at 1 M./sec. 


for the specific inductive capacity of diamond, reported by Robertson, Fox and 


Martin in 1934. This result was obtained for single crystals of the two types of 
diamond which we had then recently discovered, no measurable difference being 
found for the two varieties. 

More recently Dr Groves and I have repeated the measurements with improved 
apparatus and have found the value 5:26, which is considerably lower than Dr 
Whitehead’s determination. A possible reason for the lowness of our figure is as 
follows. In our measurements the diamond in the form of a cleavage plate, several 
millimetres thick, is sandwiched between electrodes and the capacity measured. 
Owing to imperfections in the diamond and electrode surfaces small air gaps must 
necessarily be present and these will cause the value obtained for the specific 
inductive capacity to be low. For example, it can be shown that a uniform air space 
equal to 1 per cent of the diamond-thickness would lead to a value nearly 5 per cent 
low. Such a large air gap as this we believed to be unlikely, and since our method 
gave for fused silica discs, similar in size to the diamonds, the value 3-69, in agree- 
ment with the comprehensive measurements of Jaeger*, we concluded that no 
appreciable error arose from the slight air gaps present. 

I think it would be worth while if Dr Whitehead could make measurements on 
fused silica (in small pieces) with his apparatus and see that the same value is ob- 
tained as for fused silica in sheet form. 


AuTHoRS’ REPLY. We thank Mr Addenbrooke for his kind remarks and are glad 
that, even though after some delay, we were able to implement his suggestions. The 


* Jaeger, Dissertation, Berlin (1917). 
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validity of Maxwell’s law depends upon the frequency at which the comparison is 
made and it is necessary for exactitude to extrapolate the refractive index to zero 
frequency. Accordingly it is truer to say that the specific inductive capacity of these 
elements obeys classical theory and that the infra-red spectrum has little effect 
outside its immediate neighbourhood. If frequencies in the neighbourhood of the 
ultra-violet absorption were considered, the results would be much more compli- 
cated, The table of atomic polarizations shows, we think, that to a first approxima- 
tion, the theory of electric displacement or electronic deformation in elements is 
much simpler than the mathematical theory so far suggests, since it can be seen 
that simple integral relationships roughly hold. However, the deviations from these 
relationships are appreciable and indicate the existence of complicated correction 
terms. 

We agree with Dr Owen that the use of a liquid of equal specific inductive 
capacity is the best method for powders and fragments. It would, however, have 
been too laborious to obtain an exactly equivalent liquid, on account of the time 
necessary for stability, so that we were led to an interpolation method which 
should not introduce any material errors, since the differences in specific inductive 
capacities were small. The value for bromine found by Miss Anderson was used in 
preparing the tables for other elements in the paper. 

Preliminary experiments were made on glass beads of dimensions similar to 
those of the diamonds employed. Only an indirect comparison could be made from 
a knowledge of the composition and properties of the glass, but this indicated that 
the method was satisfactory. We hope, nevertheless, to make later a more exact 
comparison as Dr Martin suggests, but feel that no very considerable error can 
affect our results. 

Dr Hartshorn raises what is perhaps the greatest difficulty in our method, 
namely, the fact that unless all the electrical properties of solid and liquid are the 
same, the two are not strictly equivalent. If field-distortion is ignored then it is 


possible to calculate the error due to the power factor or loss angle 6 of the liquid 
and the following correction factor is arrived at: 


{1 —(3a—28)—2 tan? 3}, 


where « and f are corrections to the bridge equations arising from the same cause. 
The value of this correction is of the requisite order for the media of highest 
specific inductive capacity but it cannot exceed 0-8 per cent, in the neighbourhood 
of interpolation, and is probably a good deal less. Accordingly, the anomalous 
effect of temperature cannot satisfactorily be explained in this way, although it is 
still possible that the error as estimated is exaggerated in reality on account of the 
distorted nature of the field and the additional interpolation error due to the fact 
that the experimental curves are incorrect in shape. Unfortunately it is not possible 
to calculate these effects from the data available, but we intend to pursue this point 
when an opportunity presents itself and may be able to explain the discrepancy. 
In any case we agree with Dr Hartshorn that the interpolation results at 54° c. 
should not be taken as implying a true change in the specific inductive capacity of 
diamonds, unless subsequently they are otherwise confirmed. 


edd 
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Ions, Electrons and Ionizing Radiations, by J. A. CROWTHER. 7th edn. Pp. xi+ 348. 
(London: Edward Arnold and Co., 1938.) 12s. 6d. net. 


There is probably no text-book in any branch of physics which is more widely recom- 
mended to science degree students in British universities than this well-known volume of 
Prof. Crowther. It is now nearly twenty years since the first edition was published and a 
generation of students has found in it a wealth of information clearly expressed and well 
illustrated. Progress in this field has been so rapid during the four years since the last 
| edition appeared that teachers and pupils will welcome the additions to the text that have 
been made, not only in re-written chapters but also from point to point throughout the 
volume. 

Readers will naturally turn to the chapters dealing with modern atomic and nuclear 
physics. Here they will find a most admirable selection of the old and the latest material, 
‘full but not overloaded. One would perhaps have preferred an order of presentation 
| which postponed a description of artificial and induced radioactivity until after the law of 
radioactive change had been enunciated, but this is only a minor point. 

In the reviewer’s opinion the earlier chapters are less happy because here the revising 
»pen has not been sufficiently used. For instance, the majority of physicists would not 
‘now accept the early explanation of spark discharge given in chapter v if Townsend’s 
f is related to the ionization of gas atoms by the impact of positive ions. Perhaps it is 
| personal prejudice which makes the reviewer wish to see the section on mobility rewritten. 
_Amongst other things he would like to see the method of Tyndall and Powell published 
/in 1930 substituted for that of Tyndall and Grindley which it quickly superseded; it is 
also much simpler for students to understand. 

These minor criticisms may serve to introduce a suggestion that the reviewer wishes 
'to make, namely, that in the next edition, which must again follow within a few years, 
| some of the subject-matter of the book should be re-arranged as well as re-edited. There has 
_ been a great change in the relative importance of different parts of the subject during the 
_ past twenty years. In its general form the book follows the traditional order first adopted 
by J. J. Thomson in his early treatise. Subjects such as mobility, recombination and 
| spark and glow discharge loomed large in the researches of that period. ‘To-day they must 
‘take, in their details, a second place in a student’s curriculum, partly because they are 
| now less important and partly because information on them is still comparatively unprecise. 
To emphasize this we have only to compare our present knowledge of the action of a 
'thermionic valve with that of a Geissler tube, which was the show piece of an earlier 

period. There is, therefore, much to be said for abandoning the historical introduction to 
_the subject and discussing in the first place phenomena at low pressures, from which one 
can then proceed to the more complicated problems brought about by the addition of gas. 
Such changes in the presentation would make more demands on the time of the author 
in a busy life; but if they were undertaken the value of the book, already obvious, would 
_be enhanced. A. M. T. 


Electron and Nuclear Physics, by J. Barton Hoac, Ph.D. Pp. ix+502. (London: 
' Chapman and Hall, Ltd., 1938.) 20s. net. 
Designed to bridge the gap between elementary and advanced physics, this book aims 


“to present the experimental evidence for those concepts which lie in the domain of 
electron and nuclear physics”. It consists of a survey of modern atomic physics treated 
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from a strictly practical point of view. The electron is discussed in all its aspects, and 
x rays, nuclear phenomena and cosmic rays are all considered. A section on laboratory 
technique is included. The subject matter is of great interest, and the gathering together 
of such a store of information in one book represents a useful service, especially as 
numerous references are given to original papers. In view of this, it is a pity that the 
book is written in a loose and often inaccurate fashion. Thus, speaking of the Compton 
effect, the author says: “‘ However, most of the energy of these deflected rays are found to 
have a small but definitely longer wave-length.” Again, the definition of the réntgen is 
inaccurately given and loose statements of various kinds crop up continually. ‘The book 
in its present form certainly fails to do justice to the considerable amount of work which 


must have gone towards its compilation. J.T. 


Fluorescence and Phosphorescence, by E. HirscHLaFF, Ph.D. Pp. vit130. (London: 
Methuen, 1938.) 3s. 6d. net. 


This recent addition to Methuen’s well-known series of physics monographs can be 
thoroughly recommended to honours and post-graduate students in physics and physical 
chemistry, and especially to those who wish to know something of the spectroscopic 
basis and the modern technical applications of fluorescence. In twelve short chapters the 
author deals admirably with such matters as experimental methods, fluorescence spectra 
of atoms and molecules, quenching of fluorescence, collision processes, photochemical 
aspects, fluorescence in liquids and solutions, fluorescence and phosphorescence in solids, 
details of the absorption and emission process in phosphors, cathodo-luminescence in 
solids, liquids and gases, technical applications. The text is adequately illustrated with 
42 line diagrams, such as atomic and molecular energy-level diagrams, intensity-distribu- 


tion curves, etc., and a short bibliography is given at the end of every chapter. 
W. J. 


Modern Atomic Theory, by J. C. SpEaKMAN, M.Sc., Ph.D. Pp. 208. (London: 
Edward Arnold and Co., 1938.) 6s. net. 


There will be wide agreement with the author in his belief that a logical rather than an 
historical treatment of modern atomic physics is now not only possible, but also, for teaching 
purposes, desirable. In this excellent little book the author has attempted such a treat- 
ment with as little compromise as possible, and the attempt appears to be very successful 
indeed. The book is intended to supplement ordinary text-books of Physics and Chemistry — 
for students in the universities and colleges and also in the higher forms of schools. One 
might go so far as to say that every student of Physics and Chemistry should read it as 
soon as possible after his Intermediate Science examination as a prelude to his study of 
larger works on atomic structure. 

When a second edition is called for, as it surely will be, attention might be given to 
the use of parentheses with the solidus in a few expressions, such as those for the mass of 
the proton (p. 39, fifth line) and a de Broglie wave-length of cathode rays (p. 61, seventh 
line). ‘To be strictly accurate it should be stated that the velocity and wave-lengths quoted 
on p. 52 are in vacuo, and that much of the important work on the isotope effect in band 
spectra (p. 147) was done before, as well as since, 1929. w.J 


A Course in Chemical Spectroscopy, by H. W. Tuompson, B.Sc., M.A., D.Phil. 
Pp. vii+86. (Oxford University Press, Humphrey Milford, 1938.) 6s. net. 
In view of the use of the word ‘“‘chemical” in this title it would be well to point out 


at once that the book is concerned not with the spectrographic analysis of materials but 
with the analysis of atomic and molecular spectra in accordance with the quantum theory. 
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The book is based on a laboratory course introduced by the author for undergraduates 
reading the Final Honour School of Chemistry at Oxford, but will be equally suitable 
for physics students. The course consists of eight well chosen experiments or groups of 
observations, each of which brings to the student’s notice an important section of spectral 
theory. The equivalent of a chapter of the book is devoted to a description of each ex- 
periment or group, its underlying theory, the apparatus to be used and the procedure to 
be followed, with tables, diagrams, plates of spectrograms and references to other spectro- 
scopic works. The interweaving of theory and practice is one of the valuable features of 
the book. The student is guided through instructive exercises based on observations of 
typical atomic, diatomic and polyatomic spectra, some in emission and some in absorption. 
Some of these exercises are a graphical determination of the Rydberg constant, the 
identification of series of atomic lines, the construction of Grotrian diagrams of atomic 
terms, analysis of the vibrational structure of an electronic band system, analysis of the 
rotational structure of an electronic band of simple type, the recognition and significance of 
predissociation, the spectroscopic determination of dissociation energy, the plotting of 
potential energy curves of a diatomic emitter, and a study of the alternating intensities in 
an infra-red absorption band of acetylene. Could a course be more instructive than this? 


W. J. 


The Elements of Physics, by A. W. SMitH. Fourth edition. Pp. xix+790. (McGraw 
Hill Publishing Co., 1938.) 21s. 


A book which passes into its fourth edition has found for itself a secure place in the 
literature of science. The author in his present revision has made changes and additions 
which were suggested as desirable by users of the book. He states that increased emphasis 
has been placed on the importance of physics in the other sciences and in the industries. 
It has been found necessary to rewrite some of the paragraphs relating to modern physics, 
and to introduce a separate chapter on nuclear physics. 

The ground covered is surprisingly large. One finds a concise account of x rays and 


crystal structure, series in optical spectra, radioactive substances, the thermionic valve, 
| and the cyclotron, to mention but a few. A chapter is devoted to astrophysics and gives 


a clear impression of the applications of physics in modern astronomy. At the present 
day it requires some courage to attempt to compass within a single volume the range of 
subjects embraced by the word ‘“‘physics”—one recalls the massive size of Ganot’s 
Physics—but the author has been very successful in his efforts to select the material which 


_ is likely to be of importance to the present-day student. The book is an attempt to lay the 


basis for correct scientific thinking, and little attention is given to historical developments. 
The illustrations include a number of coloured plates. E.G. 


| A Textbook of Electricity, by H. G. Mircue.t, M.A., B.Sc. 73 in.x5 in. Pp. 


xili+ §25, 357 diagrams. (London: Methuen and Co., 1938.) ros. net. 


This book is intended to provide a complete course in electricity and magnetism for 
Higher School Certificate, Intermediate and University Scholarship candidates, and also 
to meet the main requirements of students preparing for pass degrees and examinations 


such as the Cambridge Tripos, part I. 


The appearance of a new text-book on this subject, of the standard indicated, is a 
matter of no little interest. The speed of growth of this side of physics demands new 


_ renderings of its subject-matter, and any fresh and balanced treatment, such as that of the 


present book, is to be welcomed. The author has worked out his own line of treatment; 
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he generally singles out the points of real physical interest, and smoothes the places 
usually presenting difficulties to the first-time reader. The portions relating to electro- 
chemical actions (chapters, VI, VII and xIx) are notably well and fully treated. In chapter 
vil the subject of the magnetic field is introduced on the basis of electrodynamic action, 
the idea of magnetic pole following as a secondary mode of treatment. ‘This is admittedly 
a logical procedure, but it is not easy to put it into execution, and many teachers will 
question its advisability, though it should not be shelved without a trial. 

A few points of criticism may be of service. The argument of § 27 (following on Gauss 
theorem) is hardly cogent, as the sign of E is not shown to be the same at all points of the 
closed surface. In the same chapter the terms polarization, displacement and induction 
might be more clearly distinguished: the term “polarization” as applied to electrically 
strained media has unfortunately been used in different senses by some distinguished 
writers. In § 43 the electrolytic condenser is described, but it is not quite clear that its 
use is limited to cases where the applied voltage is unidirectional. Figure 102 (magnetic 
field of helix) needs some emendation. In chapter x1 Schuster and Smith’s determination 
of H is described, and we are informed that a “‘fairly accurate” value may be calculated: 
this is a considerable understatement of the value and importance of this method. In 
§ 180 the laborious method of successive approximations in order to convert “ platinum 
degrees” into degrees Centigrade seems unnecessary, as the correction can be read from 
a simple graph. On p. 314 some of the statements in regard to paramagnetic and ferro- 
magnetic substances need a little revision, and there is a contradiction between one of 
these and a later statement in the first paragraph of § 215. In describing the magneto- 
metric method of obtaining the magnetization curve a vertical solenoid might with ad- 
vantage be substituted for a horizontal one. These critical suggestions are included in no 
spirit of detraction from the general excellence of this text-book, which can be heartily 


recommended to teachers and students. Dy, Ce 


Moderne Mehrgitter-Electronenréhren, von Dr M. J. O. Strutt. (Eindhoven. Vol. 1, 
pp. vit143, 1937; Vol. 1, pp. vilit+129, 1938; Berlin: Julius Springer. 
Vol. 1, RM. 12.60; Vol. 11, RM. 13.50.) 


The first volume of this book deals with the construction, modes of application, and 
the characteristic properties of the multi-grid thermionic tubes used in wireless receiving 
circuits. The competent knowledge of physics and mathematical equipment which the 
author brings to his task are supplemented by practical experience gained in his own 
researches on the behaviour of electron tubes. Attention is directed to recent develop- 
ments, through tetrode, pentode and so on up to octode. 

This volume is divided into three sections: the first dealing with high-frequency 
amplifiers, over wave-lengths down to one metre; the second with frequency-changers; 
the third with low-frequency power amplifiers. Studies of special phenomena, such as 
secondary emission and electron beams, also find a place. The author presents a thorough 
treatment of the various effects involved, and of problems such as the measurement of 
the characteristic admittances, which should be of great assistance to the designer who 
aims at the improvement and further development of multi-grid tubes in their various 
possible applications. At the end a list of references is given to 227 original papers. 

The second volume treats more intimately of the actions in the different regions of the 
various types of tubes. The problem of the motion of an electron in electric and in magnetic 
fields, and in combinations of these, is first treated. Then in due course the movement of 
electrons in the tubes, transit times, the actions in the space from screen-grid to anode, 
are subjected to detailed consideration. Electrostatic theory is applied to the calculation 
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of inter-electrode capacitances; and the effect of space-charge, leading to the “‘dynamic”’, 
values, is determined. This volume includes a list of references to a further 68 papers. 
In both volumes ample specific data are supplied, and examples of theoretical cal- 
culation and application to tubes of which the constructional data are given, and the results 
of practical measurements, are clearly set forth. Both volumes are fully illustrated with 
diagrams and photographs. The specialist should find the contents of this book of great 
value over the whole range of multi-grid electron tubes. 


DO. 


| Applied Geophysics in the search for Minerals, by A. S. Eve and D. A. Keys. Third 
edition. Pp. x+316. (Cambridge University Press.) 16s. 


This third edition follows the lines of the previous editions and is primarily concerned 
with electrical and electro-magnetic methods of prospecting for minerals. In this branch 
of applied geophysics the book maintains its established reputation, but in other respects 
_ the new edition is disappointing. There is no adequate treatment of the very great progress 
‘in gravitational and seismic methods during the five-year interval since the previous 
ledition. It is true that one finds a new chapter on ‘“‘ Recent advances”, but in this only 
| two pages or so are devoted to the seismic reflection method, and there is no mention at 
| all of the recently developed static gravimeters of remarkable sensitivity, which have so 
‘greatly accelerated the rate of gravitational surveying. As a general treatise on applied 
{geophysics the book thus remains unbalanced, and meagre in its information regarding 
\those branches which are of the widest practical application in the search for oil. 

_ The arrangement of the subject-matter is generally good, except in the chapter 
jentitled “‘ Radio-active and other methods”. Here one finds unexpectedly an odd assort- 
|ment of sections with sub-titles such as ‘“‘Salt domes”’, ‘“‘Geophysical exploration in 
Australia”, “‘Brief notes on diamond drilling”, and the like, which seem to be in- 
{appropriately placed. The text is pleasant to read, and the authors evidently believe in a 
| mixture of fun and sober truth, for they frequently adopt the gay manner, and more than 
|once emphasize the wit with exclamation marks. 

Readers interested in appendix Iv should note an error which apparently escaped 
)revision, and rather spoils the elegance of Dr L. V. King’s proof. The velocity vp is not 
the surface velocity as stated, but that at the point of greatest penetration of the ray. 
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|The Phase Rule and Phase Reactions, by SYDNEY 'T. BowbDEN, D.Sc., Ph.D., F.I.C. 
Pp. 290. (London: Macmillan and Co., Ltd., 1938.) ros. 


This book should appeal to a wide variety of readers. The treatment is clear and simple 
‘enough for the student to whom the subject is new, yet sufficiently ample to interest the 
jmore expert reader. There are copious descriptions of experiments and a wealth of 
‘excellent diagrams to illustrate the theory, but only few references to original experimental 
‘data. At the end of each chapter is a selection of examination questions of standard varying 
‘from that of the Higher School certificate to that of the tripos. 

__ The single-component systems described include D,O, CO,, Sn, C as well as the more 
‘usual ones. As is natural, about two-thirds of the book is devoted to systems of two 
‘components. There is a clear elementary description of the theory of a simple distillation 
of a mixture in the absence of a fractionating column. The description of fractional 
distillation omits the most important point, that the process occurring in the fractionating 
column is effectively a large number of successive simple distillations. The statement 
‘on p. 119 that ‘“‘the process of fractional distillation can be used only for the separation of 


196 Reviews of books 


zeotropic mixtures” is inexact and contradicts the correct statement on p. I14; it can jj 
become true if for ‘‘ separation” one reads ‘‘ complete separation” and transposes the word a] 
“only”. The description of ideal solutions is brief but accurate. That of other solutions is less 
satisfactory. There is an irrelevant reference to “internal pressure” which is not even 
defined. The curves in figure 75, illustrating deviations from Raoult’s law, are impossible; 
the correct shapes should resemble the middle curve in figure 76, showing an approach 
to Raoult’s law for an almost pure component. In discussing optical isomers the author 
states that according to wave mechanics the d- and I- forms of a component must differ 
slightly in energy and rotatory power. This is impossible and the author must have been 


misinformed. The last chapter of the book gives an interesting summary of the properties _j} 


of anisotropic liquids. Some of the stated derivations of words are inaccurate or obscure. 
In particular “‘azeotropic” is stated to be derived from the Greek meaning “ privative, — 
to boil”; the correct meaning is surely ‘‘not changing on boiling”. Again, “eutectic” 
means “‘well-melting”’, not ‘easy melting”. The book concludes with an appendix which 
is an amplification of a letter to Nature by the author. It would take too much space to | 
discuss the views put forward. In the reviewer’s opinion they are inaccurate and mis- — 


leading. 
In spite of such small defects as those enumerated the book is an enjoyable one to read 
and a useful one to possess. E. A. G. 


A Text-book on Thermodynamics, by F. E. Hoare, Ph.D., M.Sc., A.R.C.S., D.I.C. 
Second Edition. Pp. xii+ 302. (London: Edward Arnold and Co., 1938.) 153. 


In the second edition of this book there have been few alterations in the text, and it 
remains as valuable a treatise for students of thermodynamics as was the first edition which 
was given so good a reception by its various reviewers six years ago. The most extensive 
alteration is that of bringing the symbols used throughout the text into line with the 
recommendations of the joint committee of the Chemical Society, the Faraday Society 
and the Physical Society. To the text some eight to ten pages of new material have been 
added. There have also been added two appendices and a collection of representative 
and useful examples. The first appendix deals with the recommendations with regard to 
symbols, and the second gives the adopted and most probable values (after Birge) of some 
fundamental constants. In addition to extensions to the text certain other modifications 
have been made, as for example in the section dealing with the Stefan-Boltzmann law 
and in the discussion of the quantum theory of the specific heats of gases, which latter 
has also been slightly extended. Further modifications might perhaps be made with 
advantage ; for instance, from the second paragraph on p. 22 in the treatment of the first 
law it would appear “‘from the foregoing discussion” on pp. 21 and 22 that it is to be 
concluded that the internal energy is a single-valued function of any two of the variables 
defining the state of the substance. This fact has, however, been assumed in formulating 
equations 12 and 13 at the beginning of the discussion, and might well be mentioned at 
that stage. The method of approach to the definition of entropy, in the first part of § 27, 
is perhaps a little unfortunate and is liable to start that entropy complex which is charac- 
teristic of the outlook of so many students of thermodynamics. Could not the appearance 
of a new single-valued function of the variables defining the state of the substance in the 
last equation of § 26 be made the basis of the entropy definition? The fact that the entropy 
is such a single-valued function does not re-emerge till the second paragraph of § 27. 
Further, there is still no mention of that important aspect of entropy—its correlation with 
the probability of a system existing in a given state. 

Lastly it seems strange that the author, who was once one of Callendar’s pupils, should 
not have found place in his book for some reference to Callendar’s work on the nature of 
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the PV’/P isothermals in the neighbourhood of the critical point as illustrated by the H/P 

isothermals in figure 2 of Callendar’s last paper.* Instead, as in figure 6 of the present 

book, the saturation lines are shown to be parabolic without comment. Callendar once 

remarked that there is a time lag of about twenty-five years before mention of such work 

is likely to be made in text-books, so there is another fifteen years to go! Table V on p. 112 

giving values of the saturation pressure for steam up to 200° c., which has been taken from 
the 1920 edition of Callendar’s Properties of Steam, is rather out of date, as data up to the 
critical point have been available for some ten years. 

_ With regard to the presentation of the subject-matter it seems a pity that such thick 
lines should have been used for some of the diagrams, which in many cases look like lino- 
cuts. Figure 18 in fact looks, inappropriately enough, more like the announcement of a 
) bereavement. In the reviewer’s copy the printing on pp. 129 to 131 has not been very 

carefully done. The points of criticism which have been made are not, perhaps, of great 
‘importance, and a second edition of a book of such obvious use to honours students is to 
“be welcomed. A third edition will, however, be looked forward to, and it is to be hoped that 
\these criticisms, if they are sufficiently well founded, may receive more consideration in 
the writing of the third edition than do the “minor matters” raised, in the review of the 


‘first edition,t appear to have received in the second. W.B.M 


Stellar Dynamics, by W. M. Smart. Pp. viiit+ 434. (Cambridge University Press, 
1938.) 308. 


___ After his magnificent Spherical Astronomy, it is not surprising that Dr Smart has been 
able to produce a readable, though mathematical, book on the general subject of stellar 
)dynamics, in which he includes stellar kinematics. The theories of the single and double 
tstar streams are vaguely familiar to many who are not astronomical specialists, and here is 
'a very pleasant account of what the theories are, how they are tested, and what their 
\further interpretation may be, written by a specialist with due regard to the needs of his 
‘fellow specialists. Such matters as the change from one set of co-ordinates to another are 
iconsidered in full detail, and doubtless add much to the value of the book for the specialist, 
)since all his reference formulae lie within one pair of covers. On the other hand, those who 
\care to skip such passages will find that they can follow the threads of the main story quite 
veasily, and the book is a far better account, for those seriously interested, than most of 
)those specially written for popular consumption. It deals in turn with star drifts and the 
jellipsoidal theory of Schwarzschild, statistical parallaxes, space distribution of stars, star 
iclusters and the most general theories of stellar dynamics. Scattered through the book is 
\a large amount of work on the statistical treatment of observations, which is probably 
sunknown to most statisticians and workers in fields outside that of which this book treats. 
[oo 


Introduction to Bessel Functions, by F. Bowman. Pp. ix+135. (Longmans, Green 
and Co, 1938.) tos. 6d. 


_ This little text-book forms an admirable introduction to the use of Bessel functions 
for a student. It will probably also prove useful to the research worker as a handy com- 
‘pendium of the simpler formulae and results. It contains seven chapters, of which the 
first five deal with the function of zero order only. The function J; is first defined from its 
power series. Thus the differential equation is obtained, and the function Yq is deduced 
as the second solution. The simpler integrals involving J, are then discussed, the ex- 


pansions of Fourier-Bessel and Dini of zero order are treated, and the arrangement of the 


* Proc. Roy. Soc. A. 120, 460 (1928). 
+ Proc. Phys. Soc. 44, 615 (1932). 
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zeros of J, is dealt with. Applications to vibration of membranes, oscillation of chains 
and conduction of heat are next mentioned. The modified functions of zero order, Ee and 
K,, are then introduced and developed by the same methods as 7, and Yo- Their applica- 
tion to problems of flow of heat and of alternating electric currents is dealt with, and 
Kelvin’s ber and bei functions are defined. Next follows a chapter on definite integrals 
involving J), such as Lipschitz’s and Weber’s integrals. Then Hankel’s contour integral 
is introduced, and thus are found the asymptotic expansions for all the functions of zero 
order. 

Now the functions of any real order are introduced; they are defined in the same way 
as those of zero order, and it is shown that they obey the appropriate differential equation. 
The recurrence formulae are proved, Sonine’s first finite integral is deduced, and the 
occurrence of zeros and the behaviour of the functions for high values of the argument are 
discussed. Lastly a number of transformations of the differential equation are given. 
Applications to the problems of planetary motion, critical length of a vertical rod, and the 
vibration of circular membranes are then treated. 

A considerable number of informative examples are given throughout the book, in 
particular the reviewer notes that the useful Struve function is defined and its asymptotic 
expansion is given in examples. The subject of one example is the monotonic function 
H,— Y), which has important physical applications in hydrodynamics. 

A short table is given at the beginning of the book—not at the end as stated on p. 15— 
showing the course of the function 7, and 7, and also giving a few of the smaller zeros of 
Fn, Fz, Ff, and F;. A very short but useful index is given, and the general printing and 
appearance of the book are excellent. A number of references appear for the reader who 


desires further information. Cc. W. | 


Funktionentafeln—Tables of Functions, by E. JAHNKE and F. EMpe. Pp. xii+ 305. 
(B. G. Teubner, Leipzig, 1938.) RM. 15, less 25 % abroad. 


A book of mathematical tables is of use to any particular user, if (a) it tabulates the 
function in which he is momentarily interested, (b) over the range which he is concerned, 
(c) to a sufficient number of significant figures, and if (d) the entries can be relied on as 
accurate. It is also desirable (e) that the interval of the argument should permit of easy 
interpolation and (f) that the meaning of any devices used to economize space should 
either be evident at first glance, or prominently explained. 

When Jahnke and Emde’s book first appeared in 1909 it came nearer than any other to 
fulfilling requirement (a), and even the first edition still stands among the first three books 
from this point of view. It opens, for example, with tables of x—1.tan x and x tan x and 
contains a very wide collection of tables relating to Bessel and elliptic functions. Since 
the authors were not publishing original calculations but only collecting and so making 
available the work of others, they could not be blamed for any failure to comply with 
requirements (c), (d) or (e), though such failures were fairly common. Thus, a section of 
the table of x tan x mentioned above is reproduced in table 1, and it will be seen that the 
intervals are too great for easy interpolation. 


Table 1 
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__ The present edition is the third, and has been very considerably enlarged. A feature 
is the large number of graphs, many of them perspective drawings of three-dimensional 
figures, showing the behaviour of many of the functions dealt with. Another point is 
the consistent use of English as well as German in the text, and even in the contents 
prefaces, index and list of figures. The page is somewhat taller, but contains no more 
printed matter. ‘I'he fount used gives rather a heavy impression, but the size is such that 
this makes for easy reading and little or no eye-strain. 

As regards the actual contents, the tables relating to trigonometrical and hyperbolic 
functions have been omitted, and it is stated that a second volume containing them will 
appear shortly. In any case, several convenient books of tables are now available which 
‘include them. Although the elementary functions have been omitted, the book is more 
\than 100 pages longer than the first edition, partly on account of the illustrations 
and partly owing to the inclusion of new tables. The table of contents groups them 
‘into eleven sections; the sine, cosine and logarithmic integrals, the factorial function, 
the error function, the theta function, elliptic integrals, elliptic functions, Legendre 
functions, Bessel functions, the zeta function, the confluent hypergeometric functions 
and the Mathieu functions. In every case there is an introductory section giving the 
/main properties of the functions, and references to tables which have been published 
»elsewhere. 


It is manifestly impossible to examine the book throughout for accuracy, though experi- 
‘ence with the first edition suggests that on the whole it is very reliable. The one table which 


has been examined with care is disappointing in this respect, though probably not typical. 

| ° . . ud 

It is the table of C (uw), the cosine integral | cos } zu? du. Since the first edition appeared, 
J0 


\the table of C (w) has been recalculated by Lash, Miller and Gordon, and there are seven 
‘places where their table differs from that of the first edition. In the third edition, one of 
jthese entries has been altered to agree with Lash, Miller and Gordon, but the other six 
have not. The values concerned are set out in table 2. 


Table 2. The cosine integral 


| ee Lash, Miller ae 
| u 1st edition and Cordon 3rd edition 

ol 0°0999 0° 1000 0'0999 

08 0°7230 0°7229 0'7230 

: ok 0°7648 0°7638 0°7648 

} 1°8 0°3363 | 0°3337 0°3337 

! 4°5 075258 075260 0°5258 

51 04987 04998 04987 

73 0°5393 0°5190 0°5393 


The first two cases are not very important, whilst an inspection of the differences of 
the 4th or 5th order leaves no doubt that the correct value in the next entry is 0°7638. I 


Biel 

have found by calculating |__cos }7u” du by Simpson’s rule (using 21 ordinates and check- 

} J 5-0 

ing with 11 ordinates) that the true value at «=5-1 1 is 0-4998. Again, a series expansion 

cequie only two terms to verify that C (0-1) is o:1000 and not 0-0999, whilst five terms 
uffice to show that the value of C (0-8) is nearer 0-7229 than 0-7230. There is thus no 

doubt that at least four, and possibly six, of the values in the table in the third edition are 


wrong. 
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One other criticism is possible, in respect of the abbreviations. The table of x! on 
p. 14 ends thus: 


el= x= (x+1) 


784 
10x2, 067 


___ This form is such as to leave some doubt as to the precise meaning, although actually 
it is correct. Expanded, the table would run: 


x | 

| fo) I Be 
3-6 | 13°381 | 13°572 13°766 
33 15°431 15°655 15°882 
ar 17°84 18:10 18°37 
3:9 20°67 | 20°98 DAD 
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Again the entry 11275 is difficult to interpret as 1°275 x 10! until one finds a general 
explanation of the notation, in a rather obscure position on p. xii. A reference to it by 
footnote would be distinctly useful. 

The last part of this review, dealing with blemishes on the book, is not to be taken as 
implying a general condemnation. The faults are mentioned since they are likely to be of 
use to readers, and as suggestions for a future edition. The book can be recommended for 
every college library and for the private libraries of all who do much calculation, though 
_users must be on the look-out for possible errors here and there. Ja Heal. 


Comité International des Poids et Mesures, Procés Verbaux des Séances, 2e Série, 
Tome XVIII. Pp. 310. (Paris: Gauthier-Villars, 1937.) 


This volume contains full reports of the proceedings at the meetings of the Inter- 
‘national Committee for Weights and Measures, and of its Consultative Committees for 
/Electricity and Photometry, held in June 1937. The first fifty pages contain accounts of 
\the work of the Committee and of the Bureau International for the period September 
(1935 to May 1937. The report of the Commission des Travaux, pp. 56-63, contains two 
resolutions, of which the first is a recommendation to the various national laboratories to 
jundertake further studies of sources, in particular cadmium and krypton, of mono- 
chromatic radiation suitable for use in the determination of standards of length, and the 
‘second is a decision to undertake a recomparison of the international kilogramme with its 
(\témoins—an operation which has not been carried out since the international standards 
were originally established in 1889. 

We learn on p. 79 that the Committee agreed to set up a new Consultative Committee 
‘for Thermometry, with a constitution parallel to those of the Consultative Committees for 
\Electricity and Photometry. 

The report of the Consultative Committee for Electricity carries one stage further the 
proposal to substitute the practical absolute system of electrical units for the existing 
‘international system, on and from 1 January 1940. Provisional mean values for the re- 
lationships of the present to the new units were adopted, and are as follows: 


1 ohmjnt. = 1:000 48 ohmaps. 


I voltint, = 1-000 36 voltaps. 

(The report is accompanied by fifteen appendices giving details of work effected and methods 
‘employed, at the Bureau International and at various national laboratories, in connexion 
)with electrical units. 

The report of the Consultative Committee for Photometry, now constituted inde- 
pendently of the Consultative Committee for Electricity, which formerly dealt with both 
subjects, contains an important resolution, p. 223, setting up, as from 1 January 1940, a 
new standard of luminous intensity to be called the “‘new candle”, and defined as such 
that the brightness of a black-body radiator, at the temperature of solidification of platinum, 
shall be 60 new candles per square centimetre. The new candle is thus approximately 
I part in 60 smaller than the international candle at present employed in France, Great 
‘Britain and America. Further resolutions deal with the question of colour temperature 
and the intercomparison of standards. This report is accompanied by six appendices. 
The volume concludes with obituary notices of four former members of the Inter- 
national Committee: Sir John Cunningham McLennan, Canada; Louis Bodola de 
Zagon, Hungary; Leonardo Torres y Quevedo, Spain; and Paul Janet, France. | ps, 
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